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Abstract: The concept of vague sets provides an effective mathematical framework for representing uncertainty by 

considering both the evidence supporting and opposing the membership of an element. Integrating vague set theory with 

topology leads to the development of vague topological spaces, which generalize classical topological concepts under 

uncertain environments. In this paper, we introduce and investigate 𝓥𝓼𝓰- 𝑻𝓻, 𝓥𝓼𝓰-𝑻𝓼 , 𝓥𝓼𝓰-𝑻𝟏
𝟐⁄ spaces and examines few 

theorems pertaining to them. Several fundamental properties and characterization theorems of vague normal spaces are 

established. The relationships between vague normality are examined, and the behaviour of vague normality under vague 

continuous mappings and subspaces is discussed. Furthermore, sufficient conditions for a vague topological space to be 

vague normal are presented, accompanied by suitable illustrative examples. The results obtained contribute to the theory of 

vague topology and provide a foundation for further research in uncertainty modelling, decision-making, information 

systems, and intelligent computing. 
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I. INTRODUCTION 

 

Zadeh [27] developed the fuzzy set notion in 1965 and 

has since penetrated almost every area of mathematics. In 

1967, Chang [8] developed the idea of fuzzy topological 

spaces. In 1970, Levine [16] started looking into generalized 

closed sets. Levine's semi-open sets [15] have been used 

instead of open sets to extend many topological concepts. 

Semi-generalized closed sets were implemented by 

Bhattacharyya and Lahiri [7] via semi-openness. In 
topological spaces, Arya and Nour [4] presented generalized 

semi-open sets. Atanassov created the intuitionistic fuzzy set 

(IFS) in 1986[5], which is another kind of fuzzy set that works 

better in practical situations. Dogan Coker [9] put forward an 

intuitionistic fuzzy topological space. Santhi R [19] presented 

intuitionistic fuzzy semi-generalized closed sets and their 

uses in 2010. 

 

The topic of vague graphs with associated properties 

was covered by Rashmanlou, H., and Samanta S [18] in 

2016.Singal and Singal [23] independently provide up with t
he concept of mildly normal space.  

 

Singal and Arya 

[22] presented the fact that space is almost normal. In 2010, 

Sharma and Kumar [21] also looked at the idea of 𝜋𝛽-

normality. Nidhi Sharma [17] investigated almost normality 

in 2014. Hamant Kumar and Sharma [12] investigated into 

almost 𝛾-normal spaces. Jothimani [13] presented and 

examined a number of 𝜋𝑔𝛽 normal spaces in intuitionistic 

fuzzy topological spaces in 2016. 

 

Abdul Gawad [1] also created and investigated the 

concepts of normality and b- regularity in fuzzy intuitionistic 

topological spaces during 2019. Later in 2018, Abdul Gawad 

[2] introduced and studied the new kinds of fuzzy 

intuitionistic topological spaces that are 𝛽 𝑎𝑛𝑑 𝛽* normal 
spaces. Vague sets were initially put forward by Gau and 

Buehrer [11] in 1993 as a consequence of fuzzy set theory. 

Actually, Vakithabegam R and Helen [24], [25] presented 

vague semi-generalized closed sets in vague topological 

spaces in 2022. Vague semi-generalized continuous and 

irresolute mappings in vague topological spaces were added 

in 2024. 

 

Although being a theoretical idea in topology, vague 

normal spaces are useful in a wide range of fields, including 

bioinformatics, robotic navigation, data analysis, urban 

planning, and network performance optimization. Normal 
spaces enhance theoretical understanding and practical 

abilities to solve problems in practical situations by 

simplifying the process of separate closed sets [3, 6, 14, 26]. 

Vague sets have occupied a large amount of space in these 

articles. 
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II. PREAMBLES 

 

 Definition 2.1:[11] 

Let us suppose that 𝕐 is a non-empty set. In the universe 

of discourse 𝕐, a vague set ℬ𝓋 in order to describe two 

membership functions are provided by, 

 

 𝑇ℬ𝓋
: 𝕐 → [0,1]  is a true membership function and 

 𝐹ℬ𝓋
: 𝕐 → [0,1] is a false membership function 

 

Whereas 𝑇ℬ𝓋
(𝓎)  is called “evidence for 𝓎” and is 

lower bound on the grade of membership of 𝓎, 𝐹ℬ𝓋
(𝓎)  is 

called “evidence against 𝓎” and is an upper bound on the 

negation of 𝓎 which satisfies the condition 𝑇ℬ𝓋
(𝓎)  +

𝐹ℬ𝓋
(𝓎) ≤ 1. Therefore, a subinterval (𝑇ℬ𝓋

(𝓎), 1 −

𝐹ℬ𝓋
(𝓎) ) of [0,1] is the grade of membership of 𝓎 in the 

vague set ℬ𝓋 . This shows that 𝑇ℬ𝓋
(𝓎)  ≤ 𝜇𝓋(𝓎) ≤  1 −

𝐹ℬ𝓋
(𝓎), where 𝜇𝓋(𝓎) 𝑖𝑠 grade of membership. Hence 

ℬ𝓋  = {〈𝓎, (𝑇ℬ𝓋
(𝓎), 1 − 𝐹ℬ𝓋

(𝓎) )〉/𝓎 ∈ 𝕐} is a vague in 

ℬ𝓋. 
 

 Definition 2.2:[11] 

Let us suppose that ℬ𝓋 and 𝒞𝓋  is a vague set of the form 

ℬ𝓋  = {〈𝓎, (𝑇ℬ𝓋
(𝓎), 1 − 𝐹ℬ𝓋

(𝓎) )〉/𝓎 ∈ 𝕐} and 𝒞𝓋  =

{〈𝓎, (𝑇𝒞𝓋
(𝓎), 1 − 𝐹𝒞𝓋

(𝓎))〉/𝓎 ∈ 𝕐}. 

 

Then, 

 

 ℬ𝓋 ⊆ 𝒞𝓋  if and only if  𝑇ℬ𝓋
(𝓎) ≤ 𝑇𝒞𝓋

(𝓎) and 1 −

𝐹ℬ𝓋
(𝓎) ≤ 1 − 𝐹𝒞𝓋

(𝓎) for all 𝓎 ∈ 𝕐 

 ℬ𝓋 = 𝒞𝓋  if and only if ℬ𝓋 ⊆ 𝒞𝓋 and 𝒞𝓋 ⊆ ℬ𝓋 

 ℬ𝓋
𝑐 = {〈𝓎, (𝐹ℬ𝓋

(𝓎), 1 − 𝑇ℬ𝓋
(𝓎)) /𝓎 ∈ 𝕐〉} 

 ℬ𝓋 ∩ 𝒞𝓋 = {〈𝓎, min (𝑇ℬ𝓋
(𝓎), 𝑇𝒞𝓋

(𝓎)) , min  (1 −

𝐹ℬ𝓋
(𝓎), 1 − 𝐹𝒞𝓋

(𝓎))〉 /𝓎 ∈ 𝕐} 

 ℬ𝓋 ∪ 𝒞𝓋 = {〈𝓎, max (𝑇ℬ𝓋
(𝓎), 𝑇𝒞𝓋

(𝓎)) , max  (1 −

𝐹ℬ𝓋
(𝓎), 1 − 𝐹𝒞𝓋

(𝓎))〉 /𝓎 ∈ 𝕐} 

 

For simplicity, we shall use the notation ℬ𝓋 =
〈𝓎, 𝑇ℬ𝓋

, 1 − 𝐹ℬ𝓋
〉 instead of ℬ𝓋  = {〈𝓎, (𝑇ℬ𝓋

(𝓎), 1 −

𝐹ℬ𝓋
(𝓎) )〉/𝓎 ∈ 𝕐}. 

 

 Definition 2.3:[10] 

An 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝕐,
ξ𝓋) is called normal if for every 

𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠 𝑈 𝑎𝑛𝑑 𝑉 such that there 

exists disjoint 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡𝑠 𝑈1, 𝑉1 such 

that  𝑈 ⊆ 𝑈1 and 𝑉 ⊆  𝑉1 

 
 Definition 2.4:[22] 

An 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝕐,
ξ𝓋) is called 𝑚𝑖𝑙𝑑𝑙𝑦 𝑛𝑜𝑟𝑚𝑎𝑙 if for every two disjoint sets 

𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠 𝑈 𝑎𝑛𝑑 𝑉 such that there exists disjoint 

𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡𝑠 𝑈1, 𝑉1 such that  𝑈 ⊆ 𝑈1 

and 𝑉 ⊆  𝑉1  . 

 

 Definition 2.5:[23] 

An 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝕐,
ξ𝓋) is called 𝑎𝑙𝑚𝑜𝑠𝑡 𝑛𝑜𝑟𝑚𝑎𝑙  if for every 

𝐼𝐹𝐶𝑆 𝑈, 𝐼𝐹 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠 𝑉 such that 𝑈 ∩ 𝑉 = 0, 
there exists disjoint 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡𝑠 𝑈1, 𝑉1 

such that  𝑈 ⊆ 𝑈1 and 𝑉 ⊆  𝑉1 . 

 

 Definition 2.6:[20] 

An 𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝕐,
ξ𝓋) is called 𝑠𝑡𝑟𝑜𝑛𝑔𝑙𝑦 𝑛𝑜𝑟𝑚𝑎𝑙  if for every two disjoint sets 

𝐼𝐹𝐶𝑆 𝑈 𝑎𝑛𝑑 𝑉, there exists disjoint 

𝐼𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡𝑠 𝑈1, 𝑉1 such that  𝑈 ⊆ 𝑈1 

and 𝑉 ⊆  𝑉1 . 

 

III. 𝓥𝓼𝓰- 𝑻𝓻,  𝓥𝓼𝓰-𝑻𝓼, 𝓥𝓼𝓰-𝑻𝟏
𝟐⁄  SPACE 

 

 Definition 3.1:   

A 𝒱𝒯 (𝕐, ξ𝓋) is defined to be 𝒱𝓈ℊ- 𝑇𝓇 space if every 𝒱- 

𝓈ℊ𝒞𝒮 is 𝒱- 𝓇𝒞𝒮 in 𝕐. The collection of all 𝒱- 𝓇𝒪𝒮 in (𝕐,
ξ𝓋)  is denoted by 𝒱- 𝓇𝒪(ξ𝓋). 

 

 Theorem 3.2:  

Every 𝒱𝓈ℊ- 𝑇1
2⁄  𝑠𝑝𝑎𝑐𝑒 is 𝒱𝓈ℊ- 𝑇𝓈  𝑠𝑝𝑎𝑐𝑒 but the 

converse need not true. 

 

Proof: Assume that (𝕐, ξ𝓋)  is a 𝒱𝓈ℊ- 𝑇1
2⁄  space and let 

ℬ𝓋 be a 𝒱- 𝓈ℊ𝒞𝒮 . Let ℬ𝓋 ∈ 𝒱𝓈ℊ- 𝑇1
2⁄   space. So ℬ𝓋  is 𝒱- 

𝓈ℊ𝒞𝒮 . But since every 𝒱- 𝒞𝒮 is 𝒱- 𝓈𝒞𝒮 . Hence every 𝒱- 

𝓈ℊ𝒞𝒮 is 𝒱- 𝓈𝒞𝒮. Thus ℬ𝓋 ∈ 𝒱𝓈ℊ- 𝑇𝓈 space. Therefore, the 

theorem is proved. 

 

 Example 3.3:  

Let 𝕐 = {𝑟, 𝑠} and let ξ𝓋 = {0𝓋, 1𝓋, ℋ𝓋} be a 𝒱𝒯 on 𝕐 

, where ℋ𝓋 = {〈𝑟, (0.4, 0.9)〉, 〈𝑠, (0.5, 0.8)〉}. Let  ℬ𝓋 =
{〈𝑟, (0.3, 0.4)〉, 〈𝑠, (0.7, 0.9) 〉} be any 𝒱- 𝒮in 𝕐. Therefore 

ℬ𝓋 is 𝒱- 𝓈ℊ𝒞𝒮 but ℬ𝓋 is not 𝒱- 𝒞𝒮 in 𝕐 since 𝒱- 𝒸l (ℬ𝓋) =
ℋ𝓋

𝑐 ≠ ℬ𝓋. 

 

 Theorem 3.4:   

Every 𝒱𝓈ℊ- 𝑇𝓇  space is 𝒱𝓈ℊ- 𝑇1
2⁄  space but the converse 

need not true. 

 

Proof: Suppose that (𝕐, ξ𝓋) a 𝒱𝓈ℊ- 𝑇𝓇 space and let 

ℬ𝓋 ∈ 𝒱 − 𝓈ℊ𝒞𝒮. So ℬ𝓋 is  𝒱 - 𝓇𝒞𝒮. But every 𝒱 - 𝓇𝒞𝒮 is 𝒱 

- 𝒞𝒮. Hence every 𝒱 - 𝓈ℊ𝒞𝒮 is 𝒱 - 𝒞𝒮. Therefore  ℬ𝓋 ∈ 𝒱𝓈ℊ 

- 𝑇1
2⁄  space. Thus, the theorem is proved. 

 

 Example 3.5:  

Let 𝕐 = {𝑟, 𝑠} and let ξ𝓋 = {0𝓋, 1𝓋, ℋ𝓋} be a 𝒱𝒯 on 𝕐 

, where ℋ𝓋 = {〈𝑟, (0.2, 0.4)〉, 〈𝑠, (0.5, 0.6)〉}. Let ℬ𝓋 =
{〈𝑟, (0.3, 0.4)〉, 〈𝑠, (0.6, 0.8)〉} be any 𝒱-𝒮 in 𝕐. Therefore ℬ𝓋 

is 𝒱 - 𝓈ℊ𝒞𝒮  but ℬ𝓋 is not 𝒱 - 𝓇𝒞𝒮  in 𝕐 since 𝒱- 𝒸l (𝒱 - 
𝒾nt (ℬ𝓋)) = 0𝓋 ≠ ℬ𝓋. 
 

 Theorem 3.6:  

Suppose that (𝕐, ξ𝓋) be a 𝒱𝒯. In turn, the following 

assertions are true. 
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 𝒱 - 𝒪 (ξ𝓋) ⊂ 𝒱 - 𝓈ℊ𝒪 (ξ𝓋) 

 (𝕐, ξ𝓋)  is  𝒱𝓈ℊ - 𝑇1
2⁄  space if  𝒱 - 𝒪 (ξ𝓋) = 𝒱 - 𝓈ℊ𝒪 (ξ𝓋) 

 Proof: Proof is obvious. 

 

 Theorem 3.7:  

Suppose that (𝕐, ξ𝓋) be a 𝒱𝒯. In turn, the following 

assertions are true. 

 

 𝒱 -  𝓇𝒪 (ξ𝓋) ⊂ 𝒱 - 𝓈ℊ𝒪 (ξ𝓋) 

 (𝕐, ξ𝓋)  is  𝒱𝓈ℊ- 𝑇𝓇 space if  𝒱 -  𝓇𝒪 (ξ𝓋) = 𝒱 - 𝓈ℊ𝒪 (ξ𝓋) 

 Proof: Proof is obvious. 

 

 Theorem 3.8:  

Suppose that (𝕐, ξ𝓋) be a 𝒱𝒯. In turn, the following 

assertions are true. 

 

 𝒱 -𝓈𝒪 (ξ𝓋) ⊂ 𝒱 -𝓈ℊ𝒪 (ξ𝓋) 

 (𝕐, ξ𝓋)  is  𝒱𝓈ℊ -𝑇𝓈 space if  𝒱 -𝓈𝒪 (ξ𝓋) = 𝒱 -𝓈ℊ𝒪 (ξ𝓋) 

 Proof: Proof is clear. 

 

IV. 𝓥 -𝓼𝓰 𝓝𝐎𝐑𝐌𝐀𝐋 𝓢𝐏𝐀𝐂𝐄 

 

 Definition 4.1:  

A 𝒱𝒯 (𝕐, ξ𝓋) is called 𝒱 -𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 ( 𝒱 -ℕ𝕊 in 

short), if for every two disjoint, 𝒱 -𝒞𝒮 ℬ𝓋 and 𝒞𝓋   then there 

exists two disjoint, 𝒱 -𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that ℬ𝓋 ⊆  ℋ𝓋 

and 𝒞𝓋 ⊆ 𝒥𝓋  . 
 

 Definition 4.2:  

A 𝒱𝒯 (𝕐, ξ𝓋) is called 𝒱 -𝓈ℊ 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 (𝒱 -

𝓈ℊ ℕ𝕊 in short), if for every two disjoint, 𝒱 -𝒞𝒮 ℬ𝓋 and 𝒞𝓋  

then there exists two disjoint, 𝒱 -𝓈ℊ𝒪𝒮  ℋ𝓋 and 𝒥𝓋 such that 

ℬ𝓋 ⊆  ℋ𝓋 and ℬ𝓋 ⊆ 𝒥𝓋  . 
 

 Theorem 4.3:  

Every 𝒱 -ℕ𝕊 is 𝒱 -𝓈ℊ ℕ𝕊. Proof: Assume that (𝕐,
ξ𝓋) is 𝒱 -ℕ𝕊. So that for any two disjoint, 𝒱 -𝒞𝒮 ℬ𝓋 and 𝒞𝓋  

in 𝕐 , there exists disjoint 𝒱 -𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that ℬ𝓋 ⊆
 ℋ𝓋 and 𝒞𝓋 ⊆ 𝒥𝓋. Since every 𝒱 -𝒪𝒮 is 𝒱 -𝓈ℊ𝒪𝒮. Hence ℋ𝓋 

and 𝒥𝓋 are 𝒱 -𝓈ℊ𝒪𝒮. Thus, for every two disjoint 𝒱 - 𝒞𝒮 ℬ𝓋 

and 𝒞𝓋 , two disjoint 𝒱 -𝓈ℊ𝒪𝒮  ℋ𝓋 and 𝒥𝓋 exists such that 

ℬ𝓋 ⊆  ℋ𝓋 and 𝒞𝓋 ⊆ 𝒥𝓋. Therefore (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ ℕ𝕊. 

 

The example is shown below since the previous 

theorem's reverse need not be true. 

 

 Example 4.4:  

Let 𝕐 = {𝑟, 𝑠} and let ξ𝓋 = {0𝓋, 1𝓋, ℬ𝓋, 𝒞𝓋} be a 𝒱𝒯 on 

𝕐 , where ℬ𝓋 = {〈𝑟, (0.2, 0.3)〉, 〈𝑠, (0.4, 0.9)〉}, 𝒞𝓋 =
{〈𝑟, (0.6, 0.9)〉, 〈𝑠, (0.4, 0.9)〉}. For the pair of disjoint, 𝒱 -𝒞𝒮 

0𝓋  and ℬ𝓋
𝑐 there exists a pair of disjoint, 𝒱 -𝓈ℊ𝒪𝒮 0𝓋  and 

𝒞𝓋  such that 0𝓋 ⊆ 0𝓋  and ℬ𝓋
𝑐 ⊆  𝒞𝓋. Hence (𝕐, ξ𝓋)  is 𝒱 -

𝓈ℊ ℕ𝕊 . But for the pair of 𝒱 - 𝒞𝒮 0𝓋  and 𝒞𝓋
𝑐 , there is no 

distinct 𝒱 -𝒪𝒮 exists which satisfies the condition of 𝒱 -

ℕ𝕊.Thus 𝒱 -𝓈ℊ ℕ𝕊 does not have to be equal to 𝒱 - ℕ𝕊. 

 

 Theorem 4.5:  

Suppose that (𝕐, ξ𝓋) a 𝒱 -𝓈ℊ ℕ𝕊 and 𝒱𝓈ℊ -𝑇1
2⁄   space 

then (𝕐, ξ𝓋)  is a 𝒱 -ℕ𝕊. Proof: Assume that (𝕐, ξ𝓋) is a 𝒱 

-𝓈ℊ ℕ𝕊. So that for every two disjoint, 𝒱 -𝒞𝒮 ℬ𝓋 and 𝒞𝓋, two 

disjoint, 𝒱 -𝓈ℊ𝒪𝒮  ℋ𝓋 and 𝒥𝓋 exists such that ℬ𝓋 ⊆  ℋ𝓋 and 

𝒞𝓋 ⊆ 𝒥𝓋. Every 𝒱 − 𝓈ℊ𝒪𝒮 is 𝒱 -𝒪𝒮, since (𝕐, ξ𝓋) is a 𝒱𝓈ℊ 

-𝑇1
2⁄   space. Thus ℋ𝓋 and 𝒥𝓋 are 𝒱 -𝓈ℊ𝒪𝒮 in 𝕐. Hence (𝕐,

ξ𝓋)  is a 𝒱 -ℕ𝕊. 

 

 Theorem 4.6:  

Suppose that (𝕐, ξ𝓋)  a  𝒱𝒯. Consequently, the 

following are similar to one another: 

 

 𝕐 is a 𝒱 -𝓈ℊ ℕ𝕊 

 For every two 𝒱 -𝒪𝒮 ℋ𝓋 and 𝒥𝓋 whose union is 1𝓋  , there 

exists 𝒱 -𝓈ℊ𝒞𝒮 ℬ𝓋 and 𝒞𝓋  such that ℬ𝓋 ⊆  ℋ𝓋 and 𝒞𝓋 ⊆
𝒥𝓋 and ℬ𝓋 ∪ 𝒞𝓋 = 1𝓋  . 

 For every 𝒱 -𝒞𝒮  𝒦𝓋 and every 𝒱 -𝒪𝒮 ℒ𝓋 containing 𝒦𝓋, 

there exists a 𝒱 -𝓈ℊ𝒪𝒮  ℋ𝓋 such that 𝒦𝓋 ⊆  ℋ𝓋 ⊆  𝒱 -

𝓈ℊ 𝒸ℓ(ℋ𝓋) ⊆  ℒ𝓋. 

 For every pair of 𝒱 -𝓈ℊ𝒞𝒮  𝒦𝓋  and ℒ𝓋 of 𝕐, a 𝒱 -𝓈ℊ𝒪𝒮 

ℋ𝓋 of 𝕐 exists that satisfies the condition  𝒦𝓋 ⊆  ℋ𝓋 and 

𝒱 -𝓈ℊ 𝒸ℓ(ℋ𝓋)  ∩ ℒ𝓋 = 0𝓋. 
 For every pair of disjoint, 𝒱 -𝓈ℊ𝒞𝒮 , 𝒦𝓋  and ℒ𝓋 of 𝕐, 

there exists a 𝒱 -𝓈ℊ𝒪𝒮 ℋ𝓋 and 𝒥𝓋 of 𝕐 such that  𝒦𝓋 ⊆
 ℋ𝓋 and ℒ𝓋  ⊆ 𝒥𝓋   and 𝒱 -𝓈ℊ 𝒸ℓ(ℋ𝓋)  ∩ 𝒱 -

𝓈ℊ 𝒸ℓ(𝒥𝓋) = 0𝓋 . 
 Proof: Proof is obvious. 

 

 Definition 4.7:  

Let ant two 𝒱𝒯 be 𝕐 and ℤ. A 𝒱 -𝒷𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 

𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is said to be 𝒱 - 

𝒞 𝒽𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚(𝒱 − 𝒞 ℋ𝑜𝑚 in short ) if 𝓅 and 𝓅−1  

is 𝒱 -𝒞𝑇𝑀. 
 

 Theorem 4.8:  

𝒱 - 𝓃𝑜𝑟𝑚𝑎𝑙𝑖𝑡𝑦  satisfies the property of topology. 

 

Proof is followed by definition. 

 

 Theorem 4.9:  

If 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is a 𝒱 -𝒞𝑇𝑀, 𝒱 −
𝒷𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝒱 - 𝓈ℊ 𝓈trongly open 𝓂apping 

 from a 𝒱 -𝓈ℊ ℕ𝕊, 𝕐 𝑜𝑛𝑡𝑜 ℤ  then ℤ is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof is followed by definition. 

 

 Theorem 4.10:  

If 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is a 𝒱 -𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔, 

𝒱 -𝓈ℊ strongly open mapping , 𝒱 -𝐼𝑅 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  from 𝒱 -

𝓈ℊ ℕ𝕊 𝕐 𝑖𝑛𝑡𝑜 𝑎 𝒱𝒯 ℤ, then ℤ is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof is obvious. 

 

 Definition 4.11:  

A function 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is called 𝒱 -

𝓈ℊ 𝓈𝑡𝑟𝑜𝑛𝑔𝑙𝑦 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠,  𝓅−1 (ℐ𝓋) is 𝒱 -𝒪𝒮 in 𝕐 for every 

𝒱 -𝓈ℊ𝒪𝒮 ℐ𝓋 in ℤ. 
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 Definition 4.12:  

A function 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is called 𝒱 -

𝒸losed 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, if 𝓅( ℬ𝓋) is 𝒱 -𝒞𝒮 in ℤ for every 𝒱 -𝒞𝒮 

ℬ𝓋 𝑖𝑛 𝕐. 
 

 Theorem 4.13:  

If a 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is 𝒱 -

𝓈ℊ 𝓈𝑡𝑟𝑜𝑛𝑔𝑙𝑦 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝒱 -𝒸losed 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and ℤ is 𝒱 -

𝓈ℊ ℕ𝕊, then 𝕐 is 𝒱 -ℕ𝕊. 
 

Proof: Let us assume that 𝐸𝓋 and 𝐹𝓋 be two disjoint 𝒱 -

𝒞𝒮 in 𝕐 . As 𝓅 is 𝒱 -𝒸losed 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝓅(𝐸𝓋) and 𝓅(𝐹𝓋) 

are two disjoint  𝒱 -𝒞𝒮 in ℤ . Since ℤ is 𝒱 -𝓈ℊ ℕ𝕊, there 

exists disjoint 𝒱 -𝓈ℊ𝒪𝒮 ℋ𝓋 𝑎𝑛𝑑 𝒥𝓋  such that 𝓅(𝐸𝓋) ⊆ ℋ𝓋 

and 𝓅(𝐹𝓋) ⊆ 𝒥𝓋. Hence 𝐸𝓋 ⊆  𝓅−1(ℋ𝓋) and 𝐹𝓋 ⊆
 𝓅−1(𝒥𝓋). As 𝓅 is 𝒱 -𝓈ℊ 𝓈𝑡𝑟𝑜𝑛𝑔𝑙𝑦 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝓅−1(ℋ𝓋) 

and 𝓅−1(𝒥𝓋) are disjoint 𝒱 -𝒪𝒮 in 𝕐.  Thus 𝕐 is 𝒱 -ℕ𝕊. 
 
 Definition 4.14:  

A function 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is called 𝒱 -

𝓈ℊ 𝓅𝑒𝑟𝑓𝑒𝑐𝑡𝑙𝑦 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠,  𝓅−1 (ℐ𝓋) is both 𝒱 -𝒸𝑙𝑜𝑝𝑒𝑛  in 

𝕐 for every 𝒱 -𝓈ℊ𝒪𝒮 ℐ𝓋 in ℤ. 

 

 Definition 4.15:  

A space (𝕐, ξ𝓋) is called 𝒱 -𝓊𝑙𝑡𝑟𝑎 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒 if 

for any pair of disjoint 𝒱 -𝒞𝒮 ℬ𝓋 and 𝒞𝓋   in 𝕐 then two 

disjoint 𝒱 − 𝒸𝑙𝑜𝑝𝑒𝑛 sets ℋ𝓋 and 𝒥𝓋 exists which satisfies ℬ𝓋 

⊆  ℋ𝓋, 𝒞𝓋 ⊆ 𝒥𝓋. 
 

 Definition 4.16:  

A space (𝕐, ξ𝓋) is called 𝒱 -𝓈ℊ 𝓊𝑙𝑡𝑟𝑎 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒 

if for any pair of disjoint 𝒱 -𝒞𝒮 ℬ𝓋 and 𝒞𝓋   in 𝕐 then two 

disjoint 𝒱 -𝓈ℊ 𝒸𝑙𝑜𝑝𝑒𝑛 sets ℋ𝓋 and 𝒥𝓋 exists which 

satisfies ℬ𝓋 ⊆  ℋ𝓋 and 𝒞𝓋 ⊆ 𝒥𝓋 . 
 

 Theorem 4.17:  

Every 𝒱 -𝓊𝑙𝑡𝑟𝑎 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒 is a 𝒱 -𝓈ℊ ℕ𝕊. 

 

Proof is clear. 

 

 Theorem 4.18:  

If a mapping 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is 𝒱 -

𝓈ℊ 𝓅𝑒𝑟𝑓𝑒𝑐𝑡𝑙𝑦 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝒱 -injective, 𝒱 -

𝒸losed 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and ℤ is 𝒱 -𝓈ℊ ℕ𝕊, then 𝕐 is 𝒱 -

𝓊𝑙𝑡𝑟𝑎 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒. 
 

Proof is obvious. 

 

 Definition 4.19:  

Let 𝕐 and ℤ be any two 𝒱𝒯, a mapping 𝓅 ∶  (𝕐, ξ𝓋) →
 (ℤ, δ𝓋) is called 𝒱 -𝓈ℊ 𝒸𝑜𝑛𝑡𝑟𝑎 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 if for every 𝒱 -

𝒞𝒮 (𝒱 -𝒪𝒮) 𝒥𝓋 in ℤ ,  𝓅−1(𝒥𝓋) is 𝒱 -𝓈ℊ𝒪𝒮 ( 𝒱 -𝓈ℊ𝒞𝒮)  𝑖𝑛 𝕐. 
 

 Theorem 4.20:   

If a 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is 𝒱 -

𝓈ℊ 𝒸𝑜𝑛𝑡𝑟𝑎 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝒱 -injective, 𝒱 -𝒸losed 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 

and ℤ is a 𝒱 -𝓊𝑙𝑡𝑟𝑎 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒, then 𝕐 is 𝒱 -𝓈ℊ ℕ𝕊. 

 

Proof is straightforward. 

 

 Theorem 4.21:  

Let 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) be a 𝒱 −
𝒷𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔. If 𝓅 is 𝒱 − 𝓈ℊ open 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 
 

𝒱 -𝒞𝑇𝑀 and (𝕐, ξ𝓋) is a 𝒱 -ℕ𝕊, 𝕐  then (ℤ, δ𝓋) is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof is evident. 

 

 Theorem 4.22:  

Let 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) be a 𝒱 -

𝒷𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔. If 𝓅 is 𝒱 -𝒸losed 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝒱 -

𝓈ℊ 𝒞𝑇𝑀 and (ℤ, δ𝓋) is a 𝒱 -ℕ𝕊, 𝕐  then  (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof is apparent. 

 

 Theorem 4.23:  

Let 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) be a 𝒱 -

 𝒾𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔. If 𝓅 is 𝒱 -𝓈ℊ 𝐼𝑅 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝒱 -

𝒸losed 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and (ℤ, δ𝓋) is a 𝒱 -𝓈ℊ ℕ𝕊, 𝕐  then  (𝕐, ξ𝓋) 

is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof is clear. 

 

 Theorem 4.24:  

The image of a 𝒱 -𝓈ℊ ℕ𝕊 under a 𝒱 -

𝓈ℊ open 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝒱 -𝒞𝑇𝑀, 𝒱 - 𝒾𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝒻𝑢𝑛𝑐𝑡𝑖𝑜𝑛 is 𝒱 -

𝓈ℊ ℕ𝕊. 

 

Proof is obvious. 

 

V. 𝓥 -𝓼𝓰 𝓐𝐋𝐌𝐎𝐒𝐓 𝐍𝐎𝐑𝐌𝐀𝐋 𝐒𝐏𝐀𝐂𝐄  AND 𝓥 -

𝓼𝓰 𝓜𝐈𝐋𝐃𝐋𝐘 𝐍𝐎𝐑𝐌𝐀𝐋 𝐒𝐏𝐀𝐂𝐄 

 

 Definition 5.1:   

A 𝑠𝑝𝑎𝑐𝑒 (𝕐, ξ𝓋) is said to be 𝒱 -

𝒶𝑙𝑚𝑜𝑠𝑡 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒 (𝒱 -𝔸ℕ𝕊 in short) if for each 𝒱 -𝒞𝒮 

ℬ𝓋 and 𝒱 -𝓇𝒞𝒮 𝒞𝓋  such that ℬ𝓋 ∩ 𝒞𝓋 = 0𝓋 , there exists 

disjoint 𝒱 -𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that ℬ𝓋 ⊆ ℋ𝓋 and  𝒞𝓋 ⊆ 𝒥𝓋. 

 

 Definition 5.2:   

A space (𝕐, ξ𝓋) is called 𝒱 -𝓂𝑖𝑙𝑑𝑙𝑦 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒 (𝒱 

-𝕄ℕ𝕊 in short) if for every two disjoint 𝒱 -𝓇𝒞𝒮 ℬ𝓋 and 𝒞𝓋  , 

two disjoint 𝒱 -𝒪𝒮 ℋ𝓋 and 𝒥𝓋 exists which satisfies ℬ𝓋 ⊆
ℋ𝓋 and  𝒞𝓋 ⊆ 𝒥𝓋. 

 

 Definition 5.3:  

A space (𝕐, ξ𝓋) is called 𝒱 -

𝓈ℊ 𝒶𝑙𝑚𝑜𝑠𝑡 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒 (𝒱 -𝓈ℊ 𝔸ℕ𝕊 in short) if for each 

𝒱 -𝒞𝒮 ℬ𝓋 and 𝒱 -𝓇𝒞𝒮 𝒞𝓋  such that ℬ𝓋 ∩ 𝒞𝓋 = 0𝓋 , there 

exists disjoint 𝒱 -𝓈ℊ 𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that ℬ𝓋 ⊆ ℋ𝓋 and 

𝒞𝓋 ⊆ 𝒥𝓋. 

 

 Definition 5.4:  

A space (𝕐, ξ𝓋) is called 𝒱 -

𝓈ℊ 𝓂𝑖𝑙𝑑𝑙𝑦 𝓃𝑜𝑟𝑚𝑎𝑙 𝓈𝑝𝑎𝑐𝑒 (𝒱 -𝓈ℊ 𝕄ℕ𝕊 in short) if for 

every two  disjoint 𝒱 -𝓇𝒞𝒮 ℬ𝓋 and 𝒞𝓋  , two disjoint 𝒱 -

𝓈ℊ 𝒪𝒮 ℋ𝓋 and 𝒥𝓋 exists which satisfies ℬ𝓋 ⊆ ℋ𝓋 and  𝒞𝓋 ⊆
𝒥𝓋. 
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 Theorem 5.5:  

Every 𝒱 -ℕ𝕊 is 𝒱 -𝓈ℊ 𝔸ℕ𝕊. Proof: Let us assume that 

ℬ𝓋 be a 𝒱 -𝒞𝒮 and 𝒞𝓋  be a 𝒱 -𝓇𝒞𝒮 such that ℬ𝓋 ∩ 𝒞𝓋 = 0𝓋. 

Every 𝒱 -𝓇𝒞𝒮 is 𝒱 -𝒞𝒮, which implies 𝒞𝓋  is a 𝒱 -𝒞𝒮. As (𝕐,
ξ𝓋) is 𝒱 -ℕ𝕊, so that for any two disjoint 𝒱 -𝒞𝒮, there exists 

𝒱 -𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that ℬ𝓋 ⊆  ℋ𝓋, 𝒞𝓋 ⊆ 𝒥𝓋 and ℋ𝓋 ∩
𝒥𝓋 = 0𝓋. We know that, every 𝒱 -𝒪𝒮 is 𝒱 -𝓈ℊ𝒪𝒮. Hence, for 

the 𝒱 -𝒞𝒮 ℬ𝓋 and 𝒱 -𝓇𝒞𝒮 𝒞𝓋  such that ℬ𝓋 ∩ 𝒞𝓋 = 0𝓋 , there 

exists a pair of disjoint 𝒱 -𝓈ℊ𝒪𝒮  ℋ𝓋 and 𝒥𝓋 in 𝕐, such that 

ℬ𝓋 ⊆  ℋ𝓋 , 𝒞𝓋 ⊆ 𝒥𝓋  and ℋ𝓋 ∩ 𝒥𝓋 = 0𝓋 .  Hence (𝕐, ξ𝓋) is 

𝒱 -𝓈ℊ 𝔸ℕ𝕊. 

 

The example is shown below since the previous 

theorem's reverse need not be true. 

 

 Example 5.6:  

Assume 𝕐 = {𝑟, 𝑠} and ξ𝓋 = {0𝓋 , 1𝓋, ℋ𝓋, ℬ𝓋} is a 𝒱𝒯 

on 𝕐 , where ℋ𝓋 = {〈𝑟, (1, 0)〉, 〈𝑠, (0.5, 0.5)〉}, ℬ𝓋 =
{〈𝑟, (1, 0)〉, 〈𝑠, (0.6, 0.8)〉}. For the 𝒱 -𝒞𝒮 0𝓋 and 𝒱 -𝓇𝒞𝒮 

ℋ𝓋
𝑐 such that 0𝓋 ∩ ℋ𝓋

𝑐 = 0𝓋,
there exists a pair of disjoint, 𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and ℬ𝓋 such that 0𝓋 ⊆ 0𝓋 and ℋ𝓋
𝑐 ⊆  ℬ𝓋 . 

Hence (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝔸ℕ𝕊 . But for the 𝒱 -𝒞𝒮 0𝓋  and ℬ𝓋
𝑐, 

there is no disjoint 𝒱 -𝒪𝒮 exists which satisfies 𝒱 -ℕ𝕊. Hence 

𝒱 -𝓈ℊ 𝔸ℕ𝕊 does not have to be equal to 𝒱 - ℕ𝕊. 

 

 Theorem 5.7:  

Every 𝒱 -ℕ𝕊 is 𝒱 -𝓈ℊ 𝕄ℕ𝕊 . Proof: Let us assume that 

ℬ𝓋 and 𝒞𝓋  be a 𝒱 - 𝓇𝒞𝒮 such that  ℬ𝓋 ∩ 𝒞𝓋 = 0𝓋. Every 𝒱 

- 𝓇𝒞𝒮 is 𝒱 -𝒞𝒮, which implies ℬ𝓋 and 𝒞𝓋  are 𝒱 -𝒞𝒮. As (𝕐,
ξ𝓋) is 𝒱 -ℕ𝕊, so that for the pair of disjoint 𝒱 -𝒞𝒮, there exists 

𝒱 -𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that ℬ𝓋 ⊆  ℋ𝓋, 𝒞𝓋 ⊆ 𝒥𝓋 and ℋ𝓋 ∩
𝒥𝓋 = 0𝓋. We know that, every 𝒱 -𝒪𝒮 is 𝒱 -𝓈ℊ𝒪𝒮. Hence, for 

the pair of 𝒱 - 𝓇𝒞𝒮 ℬ𝓋 and 𝒞𝓋 such that ℬ𝓋 ∩ 𝒞𝓋 = 0𝓋, there 

exists a pair of disjoint 𝒱 -𝓈ℊ𝒪𝒮  ℋ𝓋 and 𝒥𝓋 in 𝕐, such that 

ℬ𝓋 ⊆  ℋ𝓋 , 𝒞𝓋 ⊆ 𝒥𝓋  and ℋ𝓋 ∩ 𝒥𝓋 = 0𝓋 .  Hence (𝕐, ξ𝓋) is 

𝒱 -𝓈ℊ 𝕄ℕ𝕊 . 
 

The example is shown below since the previous 

theorem's reverse need not be true. 

 

 Example 5.8:  

Assume 𝕐 = {𝑟, 𝑠} and ξ𝓋 = {0𝓋 , 1𝓋, ℋ𝓋, ℬ𝓋} is a 𝒱𝒯 

on 𝕐 , where ℋ𝓋 = {〈𝑟, (1, 0)〉, 〈𝑠, (0.7, 0.7)〉}, ℬ𝓋 =
{〈𝑟, (1, 0)〉, 〈𝑠, (0.4, 0.4)〉}. For the pair of disjoint 𝒱 - 𝓇𝒞𝒮 

0𝓋  and ℋ𝓋
𝑐 such that 0𝓋 ∩ ℋ𝓋

𝑐 = 0𝓋 ,
there exists a pair of disjoint, 𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and ℬ𝓋 such that 0𝓋 ⊆ 0𝓋 and ℋ𝓋
𝑐 ⊆  ℬ𝓋 . 

Hence (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝕄ℕ𝕊 . But for the 𝒱 -𝒞𝒮 0𝓋  and 

ℬ𝓋
𝑐 , there is no disjoint 𝒱 -𝒪𝒮 exists which satisfies 𝒱 -ℕ𝕊. 

Thus 𝒱 -𝓈ℊ 𝕄ℕ𝕊 does not have to be equal to 𝒱 - ℕ𝕊. 

 

 Theorem 5.9:  

Let (𝕐, ξ𝓋) be a 𝒱𝒯. 
 

 Every 𝒱 -𝓈ℊ ℕ𝕊 is 𝒱 -𝓈ℊ 𝔸ℕ𝕊. 

 Every 𝒱 -𝓈ℊ ℕ𝕊 is 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 Every 𝒱 -𝓈ℊ 𝔸ℕ𝕊 is 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 

Proof is straightforward. 

The example is shown below since the previous 
theorem's reverse need not be true. 

 

 Example 5.10:  

Suppose 𝕐 = {𝑟, 𝑠} and ξ𝓋 =
{0𝓋 , 1𝓋 , ℋ𝓋, ℬ𝓋, 𝒞𝓋 , 𝒟𝓋 , 𝐸𝓋} is a 𝒱𝒯 on 𝕐 , where ℋ𝓋 =
{〈𝑟, (0.3, 0.7)〉, 〈𝑠, (0.4, 0.8)〉},ℬ𝓋 = {〈𝑟, (0, 1)〉,
〈𝑠, (0.3, 0.4)〉}, 𝒞𝓋 = {〈𝑟, (0.8, 0.9)〉, 〈𝑠, (0.3, 0.6)〉}, 𝒟𝓋 =
{〈𝑟, (0.7, 0.8)〉, 〈𝑠, (0.1, 0.5)〉}, 𝐸𝓋 = {〈𝑟, (1, 0)〉,
〈𝑠, (0.7, 0.7)〉}. For the pair of disjoint 𝒱 -𝒞𝒮 0𝓋  and 𝒱- 𝓇𝒞𝒮 

𝒞𝓋
𝑐 such that 0𝓋 ∩ 𝒞𝓋

𝑐  = 0𝓋,
there exists a pair of disjoint, 𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and 𝒟𝓋 such that 0𝓋 ⊆ 0𝓋 and 𝒞𝓋
𝑐 ⊆  𝒟𝓋. Hence 

(𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝔸ℕ𝕊 . But for the 𝒱 -𝒞𝒮 0𝓋  and 𝐸𝓋
𝑐 , there 

is no disjoint 𝒱 -𝓈ℊ𝒪𝒮 exists which satisfies  𝒱 -𝓈ℊ ℕ𝕊. Thus 

𝒱 -𝓈ℊ 𝔸ℕ𝕊 does not have to be equal to 𝒱 -𝓈ℊ ℕ𝕊. 
 

 Example 5.11:  

Let 𝕐 = {𝑟, 𝑠} and let ξ𝓋 = {0𝓋 , 1𝓋, ℬ𝓋, 𝒞𝓋 , 𝒟𝓋} be a 

𝒱𝒯 on 𝕐 , where ℬ𝓋 = {〈𝑟, (0.5, 0.8)〉, 〈𝑠, (0,2, 0.6)〉}, 𝒞𝓋 =
{〈𝑟, (1, 0)〉, 〈𝑠, (0.1, 0.7)〉}, 𝒟𝓋 =
{〈𝑟, (0.5, 0.5)〉, 〈𝑠, (0.6, 0.9)〉}. For the pair of disjoint 𝒱 -

𝓇𝒞𝒮 0𝓋 and ℬ𝓋
𝑐 such that 0𝓋 ∩ ℬ𝓋

𝑐  = 0𝓋 ,
there exists a pair of disjoint, 𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and 𝒟𝓋 such that 0𝓋 ⊆ 0𝓋 and ℬ𝓋
𝑐 ⊆  𝒟𝓋 . Hence 

(𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝕄ℕ𝕊 . But for the pair of disjoint 𝒱 -𝒞𝒮 0𝓋  

and 𝒞𝓋
𝑐 , there is no disjoint 𝒱 -𝓈ℊ𝒪𝒮 exists which satisfies 

𝒱 -𝓈ℊ ℕ𝕊. Thus 𝒱 -𝓈ℊ 𝕄ℕ𝕊 does not have to be equal to 𝒱 

-𝓈ℊ ℕ𝕊. 

 

 Example 5.12:  

Let 𝕐 = {𝑟, 𝑠} and let ξ𝓋 = {0𝓋, 1𝓋, ℋ𝓋, ℬ𝓋} be a 𝒱𝒯 

on 𝕐 , where ℋ𝓋 = {〈𝑟, (1, 0)〉, 〈𝑠, (0.1, 0.7)〉}, ℬ𝓋 =
{〈𝑟, (1, 0)〉, 〈𝑠, (0.6, 0.8)〉}. For the pair of disjoint 𝒱 -𝓇𝒞𝒮 

0𝓋  and ℋ𝓋
𝑐 such that 0𝓋 ∩ ℋ𝓋

𝑐  = 0𝓋 ,
there exists a pair of disjoint 𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and ℬ𝓋 such that 0𝓋 ⊆ 0𝓋 and ℋ𝓋
𝑐 ⊆  ℬ𝓋 . 

Hence (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ ℕ𝕊 . But for the 𝒱 -𝒞𝒮 0𝓋  and 𝒱 -

𝓇𝒞𝒮 ℬ𝓋
𝑐 there is no disjoint 𝒱 -𝓈ℊ𝒪𝒮 exists which satisfies𝒱 

-𝓈ℊ 𝔸ℕ𝕊. Hence 𝒱 -𝓈ℊ 𝕄ℕ𝕊 does not have to be equal to 𝒱 

-𝓈ℊ 𝔸ℕ𝕊. 

 

 Theorem 5.13:  

𝒱 - 𝒶𝑙𝑚𝑜𝑠𝑡 𝓃𝑜𝑟𝑚𝑎𝑙𝑖𝑡𝑦  satisfies the property of 

topology. 

 

Proof:  Comparable to theorem 4.8 
 

 Theorem 5.14: 

𝒱 -𝓂𝑖𝑙𝑑 𝓃𝑜𝑟𝑚𝑎𝑙𝑖𝑡𝑦  satisfies the property of 

topology. 

 

Proof: Comparable to theorem 4.8 

 

 Theorem 5.15:  

Suppose that (𝕐, ξ𝓋)  a  𝒱𝒯. Consequently, the 

following are similar to one another: 
 

 (𝕐, ξ𝓋)  is 𝒱 -𝓈ℊ 𝔸ℕ𝕊 
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 For each two of 𝒱𝒮 ℳ𝓋 and 𝒩𝓋,one set is 𝒱 -𝒪𝒮 and other 

set is 𝒱 - 𝓇𝒪𝒮 that satisfies  ℳ𝓋 ∪ 𝒩𝓋 = 1𝓋 , a 𝒱 -𝓈ℊ 𝒞𝒮 

ℬ𝓋 and 𝒞𝓋  exists such that ℬ𝓋  ⊆ ℳ𝓋  and 𝒞𝓋  ⊆ 𝒩𝓋  and  

ℬ𝓋 ∪ 𝒞𝓋 = 1𝓋. 
 For every 𝒱 -𝒞𝒮 ℬ𝓋 and every 𝒱 - 𝓇𝒪𝒮 𝒞𝓋  containing 

ℬ𝓋, there exists a 𝒱 -𝓈ℊ 𝒪𝒮 𝒫𝓋 such that ℬ𝓋 ⊆ 𝒫𝓋 ⊆ 𝒱 −
𝓈ℊ 𝒸ℓ (𝒫𝓋) ⊆ 𝒞𝓋 . 

 

Proof:   Comparable to theorem 4.6 

 

 Theorem 5.16:  

Let (𝕐, ξ𝓋) is a 𝒱 -𝓈ℊ 𝕄ℕ𝕊  and 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋)  

is a 𝒱 -𝓈ℊ ℴpen 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝒱 - 𝒞𝑇𝑀 and 𝒱 -

𝒾𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔. Then 𝓅(𝕐) is a 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 

Proof:   Let us assume that ℬ𝓋 and 𝒞𝓋  be any two 𝒱 -

 𝓇𝒞𝒮 of 𝓅(𝕐) such that ℬ𝓋 ∩ 𝒞𝓋 = 0𝓋  . So 𝓅−1 (ℬ𝓋) and 

𝓅−1(𝒞𝓋) are 𝒱 - 𝓇𝒞𝒮 of 𝕐. As 𝕐 is 𝒱 -𝓈ℊ 𝕄ℕ𝕊 , there are 

two disjoint 𝒱 -𝓈ℊ𝒪𝒮  ℋ𝓋 and 𝒥𝓋 in 𝕐, such that 

𝓅−1 (ℬ𝓋)  ⊆  ℋ𝓋 , 𝓅−1 (𝒞𝓋)  ⊆ 𝒥𝓋 and ℋ𝓋 ∩ 𝒥𝓋 = 0𝓋 . 
Hence ℬ𝓋 ⊆ 𝓅(ℋ𝓋) and 𝒞𝓋 ⊆ 𝓅(𝒥𝓋). Since 𝓅 is 𝒱 -

𝓈ℊ ℴpen 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and 𝒱 -𝒾𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝓅(ℋ𝓋) 

and 𝓅(𝒥𝓋)are 𝒱 -𝓈ℊ𝒪𝒮 in ℤ. Then 𝓅(𝕐) is a 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 

 
Fig 1 Shows the Inter-Relationship Between 𝒱 -𝓈ℊ ℕ𝕊, 𝒱 -

𝓈ℊ 𝔸ℕ𝕊, 𝒱 -𝓈ℊ 𝕄ℕ𝕊 . 

 

 Theorem 5.17:  

Suppose that (𝕐, ξ𝓋)  a  𝒱𝒯. Consequently, the 

following are similar to one another: 
 

 (𝕐, ξ𝓋)  is a 𝒱 -𝓈ℊ 𝕄ℕ𝕊 

 For each two 𝒱 - 𝓇𝒞𝒮 ℳ𝓋 and 𝒩𝓋that satisfies 

ℳ𝓋 ∪ 𝒩𝓋 = 1𝓋 ,  ,there exists 𝒱 -𝓈ℊ 𝒪𝒮 ℬ𝓋 and 𝒞𝓋  such 

that ℬ𝓋  ⊆ ℳ𝓋  and 𝒞𝓋  ⊆ 𝒩𝓋  and  ℬ𝓋 ∪ 𝒞𝓋 = 1𝓋. 
 For any 𝒱 - 𝓇𝒞𝒮 ℬ𝓋 and every 𝒱 - 𝓇𝒪𝒮 𝒞𝓋  containing 

ℬ𝓋, there exists a 𝒱 -𝓈ℊ 𝒪𝒮 𝒫𝓋 such that ℬ𝓋 ⊆ 𝒫𝓋 ⊆ 𝒱 -

𝓈ℊ 𝒸ℓ (𝒫𝓋) ⊆ 𝒞𝓋 . 

 For every pair of disjoint 𝒱 -𝓇𝒞𝒮 ℬ𝓋 and 𝒞𝓋 , there exists 

a pair 𝒱 -𝓈ℊ 𝒪𝒮 ℳ𝓋 and 𝒩𝓋 such that ℬ𝓋  ⊆ ℳ𝓋  and 𝒞𝓋  

⊆ 𝒩𝓋  and 𝒱 -𝓈ℊ 𝒸ℓ (ℳ𝓋) ∩ 𝒱 -𝓈ℊ 𝒸ℓ (𝒩𝓋) =0𝓋 . 
 

Proof: Comparable to theorem 4.6 

 

 

 

 Definition 5.18:  

Let 𝕐 and ℤ be any two 𝒱𝒯, then a mapping 𝓅 ∶
 (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is called 𝒱 - 

𝒸𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝓂𝑎𝑝𝑝𝑖𝑛𝑔(𝒱 -

𝒸𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝒞𝑇𝑀 in short), if 𝓅−1(𝒥𝓋) is 𝒱 - 𝓇𝒞𝒮 in 
(𝕐, ξ𝓋) for every 𝒱 -𝒞𝒮 𝒥𝓋 in (ℤ, δ𝓋). 

 

 Theorem 5.19:  

If 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is 𝒱 -𝒸𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝒞𝑇𝑀, 𝒱 -

𝒷𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝒱 -𝓈ℊ open 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and 𝕐 is a 𝒱 -

𝕄ℕ𝕊 then  ℤ is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof is straightforward. 

 

 Definition 5.20:  

A mapping 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is called 𝒱 -

 𝓇c 𝓅reserving 𝓂apping if 𝓅(ℬ𝓋) is 𝒱 - 𝓇𝒞𝒮 in ℤ for 

every 𝒱 - 𝓇𝒞𝒮 ℬ𝓋  in 𝕐. 

 

 Definition 5.21:  

A mapping 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is called 𝒱 -

𝒶lmost 𝒸losed 𝓂apping, if 𝓅(ℬ𝓋) is 𝒱 -𝒞𝒮 in ℤ for every 

𝒱 -𝒞𝒮 ℬ𝓋 in 𝕐. 

 

 Theorem 5.22:  

If 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is 𝒱 -𝓈ℊ 𝒞𝑇𝑀, 𝒱 -

𝒶lmost 𝒸losed 𝓂apping, 𝒱 -𝓈𝑢𝑟𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and ℤ is 

𝒱 - ℕ𝕊  then 𝕐 is 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 

Proof is straightforward. 

 

 Theorem 5.23:  

If 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) is 𝒱 -𝓈ℊ 𝒞𝑇𝑀, 𝒱 –

 𝓇c 𝓅reserving mapping, 𝒱 - 𝒾𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and ℤ is 

𝒱 - 𝕄ℕ𝕊  then 𝕐 is 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 

Proof is straightforward. 

 

VI. 𝓥 -𝓼𝓰 𝓢𝐓𝐑𝐎𝐍𝐆𝐋𝐘 𝐍𝐎𝐑𝐌𝐀𝐋 𝐒𝐏𝐀𝐂𝐄 

 

 Definition 6.1:  

A space (𝕐, ξ𝓋) is called 𝒱 -

𝓈ℊ 𝓈trongly 𝓃ormal 𝓈pace ( 𝒱 -𝓈ℊ 𝕊ℕ𝕊 in short ) if for 

any pair of disjoint 𝒱 -𝓈ℊ 𝒞𝒮 ℬ𝓋 and 𝒞𝓋 , there exists disjoint 

𝒱 -𝓈ℊ 𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that  ℬ𝓋 ⊆  ℋ𝓋, 𝒞𝓋 ⊆ 𝒥𝓋 . 

 

 Proposition 6.2:  

Let (𝕐, ξ𝓋) be a 𝒱𝒯. 

 

 Every 𝒱 -𝓈ℊ 𝕊ℕ𝕊 is 𝒱 -ℕ𝕊. 
 Every 𝒱 -𝓈ℊ 𝕊ℕ𝕊 is 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 Every 𝒱 -𝓈ℊ 𝕊ℕ𝕊 is 𝒱 -𝓈ℊ 𝔸ℕ𝕊. 
 Every 𝒱 -𝓈ℊ 𝕊ℕ𝕊 is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof:  (i) Let (𝕐, ξ𝓋) be a 𝒱 -𝓈ℊ 𝕊ℕ𝕊. Let us assume 

that ℬ𝓋 and 𝒞𝓋  be two disjoint 𝒱 -𝒞𝒮 in 𝕐.  Every 𝒱 -𝒞𝒮 is 

𝒱 -𝓈ℊ 𝒞𝒮, which implies ℬ𝓋 and 𝒞𝓋  are 𝒱 -𝓈ℊ 𝒞𝒮 in 𝕐 and 

they are disjoint. As (𝕐, ξ𝓋) is a 𝒱 -𝓈ℊ 𝕊ℕ𝕊, for each disjoint 

pair of 𝒱 -𝓈ℊ 𝒞𝒮 ℬ𝓋 and 𝒞𝓋 , there exists a pair of disjoint 𝒱 
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-𝓈ℊ𝒪𝒮 ℋ𝓋 and 𝒥𝓋 such that ℬ𝓋 ⊆  ℋ𝓋, 𝒞𝓋 ⊆ 𝒥𝓋. Hence (𝕐,
ξ𝓋) is 𝒱 -ℕ𝕊. 
 

Proof of (ii) to (iv) is straightforward. 

 

The example is shown below since the previous 

theorem's reverse need not be true. 

 

 Example 6.3:  

Suppose 𝕐 = {𝑟, 𝑠} and ξ𝓋 = {0𝓋 , 1𝓋 , ℬ𝓋, 𝒞𝓋, 𝒟𝓋} is a  

𝒱𝒯 on 𝕐 , where ℬ𝓋 = {〈𝑟, (0.2, 0.6)〉, 〈𝑠, (0.5, 0.8)〉}, 𝒞𝓋 =
{〈𝑟, (1, 0)〉, 〈𝑠, (0.2, 0.3)〉}, 𝒟𝓋 =
{〈𝑟, (0.6, 0.9)〉, 〈𝑠, (0.5, 0.8)〉}. For the pair of disjoint 𝒱 -𝒞𝒮 

0𝓋  and 𝒟𝓋
𝑐, there exists a pair of disjoint 𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and ℬ𝓋 such that 0𝓋 ⊆ 0𝓋 and 𝒟𝓋
𝑐 ⊆  ℬ𝓋 . Hence 

(𝕐, ξ𝓋) is 𝒱 -𝓈ℊ ℕ𝕊 . But for the pair of disjoint 𝒱 -𝓈ℊ 𝒞𝒮 

0𝓋  and 𝒞𝓋
𝑐 , there is no disjoint 𝒱 -𝓈ℊ𝒪𝒮 exists which 

satisfies 𝒱 -𝓈ℊ 𝕊ℕ𝕊. Thus 𝒱 -𝓈ℊ ℕ𝕊 does not have to be 

equal to 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 

 Example 6.4:  

Suppose 𝕐 = {𝑟, 𝑠} and ξ𝓋 = {0𝓋 , 1𝓋 , ℋ𝓋 , ℬ𝓋} is a  𝒱𝒯 

on 𝕐 , where ℋ𝓋 = {〈𝑟, (0.4, 0.8)〉, 〈𝑠, (0.2, 0.7)〉}, ℬ𝓋 =
{〈𝑟, (0.5, 0.8)〉, 〈𝑠, (0.3, 0.9)〉}. For the pair of disjoint 𝒱 -

𝓇𝒞𝒮 0𝓋 and ℋ𝓋
𝑐, there exists a pair of disjoint  𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and ℬ𝓋 such that 0𝓋 ⊆ 0𝓋 and ℋ𝓋
𝑐 ⊆  ℬ𝓋 . 

Hence (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝕄ℕ𝕊. But for the pair of disjoint 𝒱 

-𝓈ℊ 𝒞𝒮 0𝓋  and ℬ𝓋
𝑐, there is no disjoint 𝒱 -𝓈ℊ𝒪𝒮 exists 

which satisfies 𝒱 -𝓈ℊ 𝕊ℕ𝕊. Thus 𝒱 -𝓈ℊ 𝕄ℕ𝕊 does not have 

to be equal to 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 

 Example 6.5:  

Suppose 𝕐 = {𝑟, 𝑠} and ξ𝓋 =
{0𝓋 , 1𝓋 , ℋ𝓋, ℬ𝓋, 𝒞𝓋 , 𝒟𝓋, 𝐸𝓋} is a 𝒱𝒯 on 𝕐 , where ℋ𝓋 =
{〈𝑟, (1, 0)〉, 〈𝑠, (0.3, 0.3)〉}, ℬ𝓋 =
{〈𝑟, (0.3, 0.7)〉, 〈𝑠, (0.4, 0.9)〉}, 𝒞𝓋 =
{〈𝑟, (0.5, 0.8)〉〈𝑠, (0.2, 0.8)〉}, 𝒟𝓋 =
{〈𝑟, (0.1, 0.5)〉, 〈𝑠, (0.2, 0.4)〉}, 𝐸𝓋 =
{〈𝑟, (0.4, 0.7)〉, 〈𝑠, (0.5, 0.5)〉} . For the disjoint 𝒱 -𝒞𝒮 0𝓋 and 

𝒱 -𝓇𝒞𝒮 ℬ𝓋
𝑐 , there exists a pair of disjoint, 𝒱  

𝓈ℊ𝒪𝒮 0𝓋  and 𝒞𝓋 such that 0𝓋 ⊆ 0𝓋 and ℬ𝓋
𝑐 ⊆  𝒞𝓋. Hence 

(𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝔸ℕ𝕊 . But for the pair of disjoint 𝒱 -𝓈ℊ 𝒞𝒮 

0𝓋  and ℋ𝓋
𝑐, there is no disjoint 𝒱 -𝓈ℊ𝒪𝒮 exists which 

satisfies 𝒱 -𝓈ℊ 𝕊ℕ𝕊. Thus 𝒱 -𝓈ℊ 𝔸ℕ𝕊 does not have to be 

equal to 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 

 Example 6.6:  

Suppose 𝕐 = {𝑟, 𝑠} and ξ𝓋 = {0𝓋 , 1𝓋 , ℬ𝓋, 𝒞𝓋} is a 𝒱𝒯 

on 𝕐 , where ℬ𝓋 = {〈𝑟, (0.3, 0.5)〉, 〈𝑠, (0.2, 0.5)〉}, 𝒞𝓋 =

{〈𝑟, (0.5, 0.9)〉, 〈𝑠, (0.6, 0.8)〉}. For the pair of disjoint 𝒱 -𝒞𝒮 

0𝓋  and 𝒞𝓋
𝑐 , there exists a pair of disjoint, 𝒱 -

𝓈ℊ𝒪𝒮 0𝓋  and ℬ𝓋 such that 0𝓋 ⊆ 0𝓋 and 𝒞𝓋
𝑐 ⊆  ℬ𝓋. Hence 

(𝕐, ξ𝓋) is 𝒱 -𝓈ℊ ℕ𝕊 . But for the pair of disjoint 𝒱 -𝓈ℊ 𝒞𝒮 

0𝓋  and ℬ𝓋
𝑐, there is no disjoint 𝒱 -𝓈ℊ𝒪𝒮 exists which 

satisfies 𝒱 -𝓈ℊ 𝕊ℕ𝕊. Thus 𝒱 -𝓈ℊ ℕ𝕊 does not have to be 

equal to 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 
 

 Theorem 6.7:  

𝒱 -𝕊ℕ𝕊  satisfies the property of topology. 

 

Proof:  Comparable to theorem 4.8 

 

 Theorem 6.8:  

Assume (𝕐, ξ𝓋) is a 𝒱𝒯. If (𝕐, ξ𝓋) is 

 

 𝒱𝓈ℊ -𝑇1
2⁄  space and 𝒱 -𝓈ℊ ℕ𝕊, then it is  𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 𝒱𝓈ℊ -𝑇𝓇 and 𝒱 -𝓈ℊ 𝕄ℕ𝕊, then it is 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 𝒱𝓈ℊ -𝑇𝓇, 𝒱𝓈ℊ -𝑇1
2⁄ space and 𝒱 -𝓈ℊ 𝔸ℕ𝕊, then it is 𝒱 -

𝓈ℊ 𝕊ℕ𝕊. 

 𝒱𝓈ℊ -𝑇1
2⁄  space and 𝒱 -ℕ𝕊, then it is 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 

Proof is obvious. 

 

 Theorem 6.9:  

Let 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) be a 𝒱 -

𝒷𝒾𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔.  If 𝓅 is a𝒱 -𝓈ℊ 𝓈𝑡𝑟𝑜𝑛𝑔𝑙𝑦 ℴ𝑝𝑒𝑛 

𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝒱 - 𝒞𝑇𝑀 and (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝕊ℕ𝕊  then ( ℤ, δ𝓋) 

is 𝒱 -𝓈ℊ ℕ𝕊. 
 

Proof is straightforward. 

 

 Theorem 6.10:  

If there is a 𝒱 -𝓈urjective 𝒻unction,  𝓅 ∶  (𝕐, ξ𝓋) →
 (ℤ, δ𝓋) such that 𝓅 is 𝒱 -𝓈ℊ 𝓅𝑒𝑟𝑓𝑒𝑐𝑡𝑙𝑦 𝒸𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝒱 -

𝓈ℊ 𝓈𝑡𝑟𝑜𝑛𝑔𝑙𝑦 ℴ𝑝𝑒𝑛 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 then ℤ is 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 

Proof is straightforward. 

 
 Theorem 6.11: 

Let 𝓅 ∶  (𝕐, ξ𝓋) →  (ℤ, δ𝓋) be a 𝒱 -

𝒾𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔, 𝒱 -𝓈ℊ ℴ𝑝𝑒𝑛 𝓂𝑎𝑝𝑝𝑖𝑛𝑔. If 𝓅 is a 𝒱 -

𝓈ℊ 𝒾𝑟𝑟𝑒𝑠𝑜𝑙𝑢𝑡𝑒 𝓂𝑎𝑝𝑝𝑖𝑛𝑔 and (𝕐, ξ𝓋) is 𝒱 -𝓈ℊ 𝕊ℕ𝕊  then 
(ℤ, δ𝓋) is 𝒱 -𝓈ℊ 𝕊ℕ𝕊. 

 

Proof is straightforward. 
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Fig 2 Shows Inter-Relationship Between 𝒱 -𝓈ℊ 𝕊ℕ𝕊, 𝒱 -ℕ𝕊, 𝒱 -𝓈ℊ ℕ𝕊, 𝒱 -𝓈ℊ 𝔸ℕ𝕊, 𝒱 -𝓈ℊ 𝕄ℕ𝕊. 

 

 

VII. CONCLUSION 

 

Here 𝒱𝓈ℊ- 𝑇𝓇 ,  𝒱𝓈ℊ-𝑇𝓈 , 𝒱𝓈ℊ-𝑇1
2⁄ spaces are introduced 

and few theorems related to these spaces are examined in this 

study. Additionally, a number of theorems pertaining to the 

above-mentioned spaces are introduced and investigated, 

including vague normal spaces and vague semi generalized 

normal spaces. We also look into 𝒱 -

𝓈ℊ 𝓈lightly 𝓃ormal 𝓈paces, 𝒱-𝓈ℊ almost 𝓃ormal 𝓈paces 

and 𝒱 -𝓈ℊ 𝓈trongly 𝓃ormal 𝓈paces in vague topological 

spaces, as well as their properties. As we construct a 
comprehensive framework for practical applications, we hope 

that the findings in this document will aid numerous 

researchers in their ongoing exploration of new topological 

spaces. 
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