Volume 11, Issue 8, August — 2026
ISSN No:-2456-2165

International Journal of Innovative Science and Research Technology
https://doi.org/10.38124/ijisrt/26aug927

Normal Spaces on Vague Sets

Vakithabegam R.!

LAssociate Professor, RVS Institute of Technology, Coimbatore — 641 402

Publication Date: 2026/09/09

Abstract: The concept of vague sets provides an effective mathematical framework for representing uncertainty by
considering both the evidence supporting and opposing the membership of an element. Integrating vague set theory with
topology leads to the development of vague topological spaces, which generalize classical topological concepts under
uncertain environments. In this paper, we introduce and investigate V- T,., ng-Ts,vag-Tl/zspaces and examines few

theorems pertaining to them. Several fundamental properties and characterization theorems of vague normal spaces are
established. The relationships between vague normality are examined, and the behaviour of vague normality under vague
continuous mappings and subspaces is discussed. Furthermore, sufficient conditions for a vague topological space to be
vague normal are presented, accompanied by suitable illustrative examples. The results obtained contribute to the theory of
vague topology and provide a foundation for further research in uncertainty modelling, decision-making, information
systems, and intelligent computing.

Keywords: V —normal space, V —38gnormal space, V —ultranormal space,V -s8g ultra normal space, V -
almost normal space, V -mildly normal space, V -.8g almost normal space, V -8g mildly normal space, V -
3g strongly normal space.

How to Cite: Vakithabegam R. (2026) Normal Spaces on Vague Sets. International Journal of Innovative Science and Research
Technology, 11(8), 3250-3258. https://doi.org/10.38124/ijisrt/26aug927

I INTRODUCTION examined a number of wgB normal spaces in intuitionistic
fuzzy topological spaces in 2016.
Zadeh [27] developed the fuzzy set notion in 1965 and

has since penetrated almost every area of mathematics. In
1967, Chang [8] developed the idea of fuzzy topological
spaces. In 1970, Levine [16] started looking into generalized
closed sets. Levine's semi-open sets [15] have been used
instead of open sets to extend many topological concepts.
Semi-generalized closed sets were implemented by
Bhattacharyya and Lahiri [7] via semi-openness. In
topological spaces, Arya and Nour [4] presented generalized
semi-open sets. Atanassov created the intuitionistic fuzzy set
(IFS) in 1986][5], which is another kind of fuzzy set that works
better in practical situations. Dogan Coker [9] put forward an
intuitionistic fuzzy topological space. Santhi R [19] presented
intuitionistic fuzzy semi-generalized closed sets and their
uses in 2010.

The topic of vague graphs with associated properties
was covered by Rashmanlou, H., and Samanta S [18] in
2016.Singal and Singal [23] independently provide up with t
he concept of mildly normal space.

Singal and Arya
[22] presented the fact that space is almost normal. In 2010,
Sharma and Kumar [21] also looked at the idea of wfS-
normality. Nidhi Sharma [17] investigated almost normality
in 2014. Hamant Kumar and Sharma [12] investigated into
almost y-normal spaces. Jothimani [13] presented and
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Abdul Gawad [1] also created and investigated the
concepts of normality and b- regularity in fuzzy intuitionistic
topological spaces during 2019. Later in 2018, Abdul Gawad
[2] introduced and studied the new kinds of fuzzy
intuitionistic topological spaces that are § and S* normal
spaces. Vague sets were initially put forward by Gau and
Buehrer [11] in 1993 as a consequence of fuzzy set theory.
Actually, Vakithabegam R and Helen [24], [25] presented
vague semi-generalized closed sets in vague topological
spaces in 2022. Vague semi-generalized continuous and
irresolute mappings in vague topological spaces were added
in 2024.

Although being a theoretical idea in topology, vague
normal spaces are useful in a wide range of fields, including
bioinformatics, robotic navigation, data analysis, urban
planning, and network performance optimization. Normal
spaces enhance theoretical understanding and practical
abilities to solve problems in practical situations by
simplifying the process of separate closed sets [3, 6, 14, 26].
Vague sets have occupied a large amount of space in these
articles.
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1. PREAMBLES

» Definition 2.1:[11]

Let us suppose that Y is a non-empty set. In the universe
of discourse Y, a vague set B, in order to describe two
membership functions are provided by,

e Ty :Y - [0,1] isatrue membership function and
e Fy :Y - [0,1] is a false membership function

Whereas Ty (y) is called “evidence for ¢” and is
lower bound on the grade of membership of ¢, Fp (y) is
called “evidence against ¢” and is an upper bound on the
negation of ¢ which satisfies the condition Ty (y) +

Fy (y) <1. Therefore, a subinterval (Tp, (y¢),1—
Fy (y)) of [0,1] is the grade of membership of 4 in the
vague set B,.This shows that Tp (¢) < p,(y) < 1-—
Fg,(y), where u,(y) is grade of membership. Hence
B, ={(y,(Ts, (4),1— Fg, (4)))/y € Y} is a vague in
B,.

> Definition 2.2:[11]
Let us suppose that B,, and C,, is a vague set of the form

B, ={(y,(Ts, (¥),1—F, () /g €Y} and ¢, =
{ty, (Te, @), 1 = Fe, ()4 € Y},

Then,

e B, CC,ifandonlyif Ty (y) <T¢, (¢)and1—
Fp, () <1-F (y)forally €Y

e B, =C,ifandonlyifB, € C,andC, € B,

o B ={(y,(Fs, ) 1- T, ) /9 € V)]

e B,NC, = {(y,, min (TBU (¥ Te, (y)) ,min (1 —
Fs, (1), 1 — Fe, ())) /4 € Y}

e B,UC, = {(y,, max (TBU (¥ Te, (y)),max 1-
Fa, (), 1~ Fe, ))) /4 € Y}

For simplicity, we shall use the notation B, =
(y,Tp,, 1—Fz ) instead of B, ={(y,(Ts, (¥)1-
Fz,(4) ))/4 € Y}.

» Definition 2.3:[10]

An  [Intuitionistic fuzzy topological space (Y,
£,)is called normal if for every
Intuitionistic fuzzy closed sets U and V such that there
exists disjoint Intuitionistic fuzzy open sets U,, V; such
that Uc U;andV €

» Definition 2.4:[22]

An Intuitionistic fuzzy topological space (Y,
¢, is called mildly normal if for every two disjoint sets
regular closed sets U and V such that there exists disjoint
Intuitionistic fuzzy open sets U;, V; such that U c U,
andVgV.
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> Definition 2.5:[23]

An Intuitionistic fuzzy topological space (Y,
£,)is called almost normal if for every
IFCS U,IF regular closed sets V such that UnV =0,
there exists disjoint Intuitionistic fuzzy open sets U, V;
suchthat U c U, andV € V.

> Definition 2.6:[20]

An Intuitionistic fuzzy topological space (Y,
¢,) is called strongly normal if for every two disjoint sets
IFCSU andV, there exists disjoint
Intuitionistic fuzzy open sets Uy, V; such that U € U,
andV c V.

. Vig- Ty, VigTy Vog-T1, SPACE

> Definition 3.1:

AVT (Y, &,) isdefined to be V,,- T, space if every V-
8gCS is V- »CS in Y. The collection of all V- #~0S in (Y,
¢,) isdenoted by V- »0(E,).

» Theorem 3.2:
Every V,,- T1/, space is V,,-T, space but the
converse need not true.

Proof: Assume that (Y, §,) isaV,,- T:l/2 space and let
B, beaV-8gCS . Let B, € V, - Tl/2 space. S0 B, is V-
8gCS . But since every V- CS is V- 8CS . Hence every V-
8gCS is V- 8CS. Thus B, € V, - T, space. Therefore, the
theorem is proved.

» Example 3.3:

LetY ={r,standleté, ={0,,1,,H,} beaVT onY
, Where H, = {(r,(0.4,0.9)),(s,(0.5,0.8))}. Let B, =
{(r,(0.3,0.4)),(s,(0.7,0.9) )} be any V- Sin Y. Therefore
B, isV- 8gCS but B, isnot V- CS in Y since V- ¢l (B,) =
H,° + B,.

» Theorem 3.4:
Every V,,- T, spaceisV,,-T1 /, Space but the converse

need not true.

Proof: Suppose that (Y, §,) a V,,- T,- space and let
B, €V —58gCS.S0B, is V-rCS.ButeveryV - »CS isV
- CS. Hence every V - 8gCS isV - CS. Therefore B, € V,
- T1,, space. Thus, the theorem is proved.

> Example 3.5:

LetY ={r,standleté, ={0,,1,,H,} beaVT onY
, where H, ={(r,(0.2,0.4)),(s,(0.5,0.6))}. Let B, =
{(r, (0.3,0.4)),(s, (0.6,0.8))} be any V-§ in Y. Therefore B,,
isV -s8gCS butB, isnotV - +»CS inY since V- cl (V-
int (B,)) = 0, # B,.

» Theorem 3.6:
Suppose that (Y, &,) be a V7. In turn, the following
assertions are true.
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e V-0(@,) cV-5890E,)
e (Y, 8,)isV,y, -T1/2 spaceif V-0 (¢,) =V -840 (E,)

e Proof: Proof is obvious.

» Theorem 3.7:
Suppose that (Y, €,) be a VT. In turn, the following
assertions are true.

e V-7r0 (Ev) cV- '59'0 (Ev)
e (Y, &) is Vy,-T, spaceif V- 0 (§,) =V -840 (§,)
e Proof: Proof is obvious.

» Theorem 3.8:
Suppose that (Y, €,) be a VT. In turn, the following
assertions are true.

e V-80 (Ev) cV "59'0 (Ev)
e (Y, §,) is Vy, -T, spaceif V -s0 (§,) =V -840 (§,)
e Proof: Proof is clear.

V. V -8g NORMAL SPACE

» Definition 4.1:

AVT (Y, €,)is called V -normal space (V -NS in
short), if for every two disjoint, V -CS B, and C,, then there
exists two disjoint, V -0§ H, and J, such that B, © H,,
andC, € J, .

> Definition 4.2:

A VT (Y, §,)is called V -s8g normal space (V -
8¢ NS in short), if for every two disjoint, V -CS B, and C,,
then there exists two disjoint, V -8g0§ H,, and J, such that
B, < H,andB, € J, .

» Theorem 4.3:

Every V -NS is V -sg NS. Proof: Assume that (Y,
¢,) isV -NS. So that for any two disjoint, V -CS B, andC,
inY , there exists disjoint V -0§ H,, and J,, such that B, ©
H,andC, S J,.Sinceevery V -0S isV -sg0S. Hence H,,
and J, are V -sg0s. Thus, for every two disjoint V - CS B,,
and ¢, two disjoint V -8g0s H, and J, exists such that
B, € H,andC, < J,. Therefore (Y, E,)isV -sg NS.

The example is shown below since the previous
theorem's reverse need not be true.

» Example 4.4:

LetY = {r,s}andlet, = {0,,1,,B,,C,}beaVT on
Y , where B, = {(r,(0.2,0.3)),(s,(04,09))}, C,=
{(r, (0.6,0.9)), (s, (0.4,0.9))}. For the pair of disjoint, V -CS
0, and B,° there exists a pair of disjoint, V -s¢0S 0, and
¢, such that0, €0, and B,° € C,. Hence (Y, &,) isV -
8¢ NS . But for the pair of V - ¢S 0, and C,°, there is no
distinct V -0S exists which satisfies the condition of V -
NS.Thus V -sg NS does not have to be equal to V - NS.

» Theorem 4.5:
Suppose that (Y, §,) aV -sg NSand V,, -T1,, space

then (Y, €,) isaV -NS. Proof: Assume that (Y, &,) isaV
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-3¢ NS. So that for every two disjoint, V -GS B,, and C,,, two
disjoint, V -8g0S8 H, and J, exists such thatB, < H, and
Cy € Jy- EveryV —sg08 isV -08, since (Y, &,) isaV,,
-T1 /, Space. Thus H,, and g, are V -8g0S in Y. Hence (Y,

&) isaV -NS.

» Theorem 4.6:
Suppose that (Y, §,) a VT.Consequently, the
following are similar to one another:

e YisaV -sg NS

e ForeverytwoV -0S§ H, and J, whose unionis1, ,there
exists V -8gCS B,, and C,, suchthatB, < H, andC, <
J,andB,UC,=1,.

e ForeveryV -C§S X, andeveryV -0S L, containing X,,,
there exists a V -8g0S H, suchthat X, € H, < V -
sgct(H,) < L,.

e For every pair of V -8gCS K, and L, of Y,aV -sg0S
., of Y exists that satisfies the condition ¥, S H,, and
V-sgct(H,) nL,=0,.

e For every pair of disjoint, V -sgCS , X, and L, of Y,
there exists a V -8g0s H,, and g, of Y such that X, ©
H, and L, SJ, andV -sgct(H,) NV -
8g ct(J,) = 0,.

e Proof: Proof is obvious.

> Definition 4.7:

Let anttwo VT be Yand Z. AV -&ijective mapping
p: VE,)- (Z,6,) is sad to be VYV -
C fiomeomorphism(V — C Hom in short) if p and p1
isV -CTM.

» Theorem 4.8:
V - normality satisfies the property of topology.

Proof is followed by definition.

> Theorem 4.9:

If p: (VE¢,)- (Z,6,) is a V -CTM, V-
bijective mapping, V - 8g strongly open mapping
fromaV -8 NS,YontoZ thenZ isV -sg NS.

Proof is followed by definition.

» Theorem 4.10:

If p: (YV,¢,) - (Z,8,) isaV -bijective mapping,
V -s8g strongly open mapping, V -IR function from7V -
8¢ NSYintoa VT Z,thenZ isV -sg NS.

Proof is obvious.

> Definition 4.11:

A function p: (Y,E,) - (Z,6,) is called V -
8g strongly continuous, p~* (7,) isV -0S in Y for every
V -80S 9, in L.
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> Definition 4.12:

A function p: (Y,§,) - (Z,6,) is called V -
closed mapping, if p(B,) isV -CS in Z for every V -CS
B, inY.

» Theorem 4.13:

If amappingp: (Y,8,)-> (Z,6,) is V -
8g strongly continuous,V -closed mapping and Z isV -
3¢ NS, then Y is V -NS.

Proof: Let us assume that E,, and E,, be two disjoint V -
CSinY. As pisV -closed mapping, p(E,) and p(F,)
are two disjoint V -CSinZ. Since Z is V -8g NS, there
exists disjoint V -sg08§ H,, and J, such that p(E,) € H,
and p(F,)c J,. Hence E, < p~'(H,) and F, <
P2 HJ). As pis V -sg strongly continuous, p~1(H,)
and p~1(J,) are disjoint V -0S§ in Y. Thus Y is V -NS.

» Definition 4.14:

A function p: (Y,¢,) » (Z,6,) is called V -
8g perfectly continuous, p~* (J,) is both V -clopen in
Y for every V -8g0S 7, in Z.

» Definition 4.15:

A space (Y,&,) is called V -wltra normal space if
for any pair of disjoint V -¢§ B, and C, in Y then two
disjointV — clopen sets H,, and J,, exists which satisfies B,
c H,, C, CTp-

» Definition 4.16:

A space (Y, &, ) is called V -sg wltra normal space
if for any pair of disjoint V -CS B, and C, in Y then two
disjoint V -sg clopen sets H, and J, exists which
satisfiesB, € H, andC, € J,.

» Theorem 4.17:
Every V -ultra normal space isaV -sg NS.

Proof is clear.

» Theorem 4.18:

If a mapping p: (V&) (Z,6,) is V -
3g perfectly continuous,V -injective, 14 -
closed mapping and Z is V -sg NS,then Y is V -
ultra normal space.

Proof is obvious.

> Definition 4.19:

Let Y and Z be any two VT, a mapping p : (Y,§,) -
(z,8,) iscalled V -sg contra continuous if for every V -
CS(V-08)J,InZ, p~1(J,)isV -80S (V -8gCS) inY.
» Theorem 4.20:

If a mappingp: Y,¢,)-> (Z,6,) is V -
8g contra continuous, V -injective,V -closed mapping
and Z isa V -ultra normal space, then Y isV -sg NS.

Proof is straightforward.
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> Theorem 4.21:
Let py: Y8, - (Z5,) be a V-
bijective mapping. If p isV — 8g open mapping,

V -CTM and (Y,&,) isaV -NS, Y then (Z,6,) isV -sg NS.
Proof is evident.

> Theorem 4.22:

Let p: (Y,E,) - (Z,6,) be a V -
bijective mapping. If p is V -closed mapping, V -
8¢ CTM and (Z,6,) isaV -NS,Y then (Y,¢,) isV -sg NS.

Proof is apparent.

» Theorem 4.23:

Let p: Y, - (Z5,) be a vV -
injective mapping. If p is V -sg IR function, V -
closed mapping and (Z,6,) isaV -sg NS, Y then (Y,§,)
isV -sg NS.

Proof is clear.

» Theorem 4.24:

The image of a V -sgNS under a V -
8g open mapping,V -CTM,V - injective function isV -
8¢ NS.

Proof is obvious.

V. V -8 ALMOST NORMAL SPACE AND VP -
8g MILDLY NORMAL SPACE

> Definition 5.1:

A space (Y,€,) is said to be V -
almost normal space (V -ANS in short) if for each V -GS
B, and V -»CS C, such that B, n¢, =0,, there exists
disjoint vV -0§ H,, and J,, suchthatB, € H, and C, S J,.

> Definition 5.2:

A space (Y, &,) is called V -mildly normal space (V
-MINS in short) if for every two disjoint V -»CS B, and C,, ,
two disjoint V -0Ss H,, and J,, exists which satisfies B,, <
H,and C, € J,.

> Definition 5.3:

A space (Y,€,) is called 14 -
8g almost normal space (V -8g ANS in short) if for each
v -¢§ B, and V -CS C, such that B, n¢, =0,, there
exists disjoint V -sg 0§ H,, and J,, such that B, € H, and
€, S J,.

> Definition 5.4:

A space (Y,€,) is called 14 -
sg mildly normal space (V -8g MINS in short) if for
every two disjoint V -»CS B, and C, , two disjoint V -
8g 0§ H,, and J,, exists which satisfies B, € H, and C, ©
-
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» Theorem 5.5:

Every V -NS is V -sg ANS. Proof: Let us assume that
B, beaV-CsandC, beaV -»CS suchthatB, nC, = 0,.
Every V -#CS isV -CS, which impliesC, isaV -CS. As (Y,
¢,) isV -NS§, so that for any two disjoint V -CS, there exists
V-0§ H, and J, suchthatB, € H,,C, < J, and K, N
J», = 0,. We know that, every V -0S8 isV -8g0S. Hence, for
theV -¢S B, and V -»CS C,, such thatB, n C, = 0,, there
exists a pair of disjoint V -sg0S H, and J,, inY, such that
B, H,,C,cJ,andH,nJ, =0,. Hence (Y, &,)is
V -84 ANS.

The example is shown below since the previous
theorem's reverse need not be true.

» Example 5.6:

AssumeY = {r,stand ¢, ={0,,1,,H,,B,} isa VT
on Y , where X, ={(r(1,0))¢(s, (0.50.5))}, B,
{(r, (1,0)),(s, (0.6,0.8))}. For the V -GS 0, and V —rCS
H,° such that 0, NH,° = 04,,
there exists a pair of disjoint, V
89080, and B, suchthat 0, <0, and %,°C B,.
Hence (Y, &,) isV -s¢ ANS . But for the V -GS 0,, and B,
there isno disjoint V -0S$ exists which satisfies V -NS. Hence
V -8g ANS does not have to be equal to V - NS.

» Theorem 5.7:

Every V -NS is V -sg MNS . Proof: Let us assume that
B, and C, bea?V - »CS such that B,nC, =0,. EveryV
-1 CS isV -CS, which implies B, and C,, are V -CS. As (Y,
¢,) ISV -NS, so that for the pair of disjoint V -CS, there exists
v-0§ ®, and J, such that B, c H,,C, € J, and H, N
J. = 0,. We know that, every V -0S is V -8g0S. Hence, for
the pair of V - CS B,, and C,, such thatB, n ¢, = 0, there
exists a pair of disjoint V -8g0§ H, and g, inY, such that
B, H,.C,cJ,andH,nJ, =0,. Hence (Y, &,)is
V -8g MINS .

The example is shown below since the previous
theorem's reverse need not be true.

» Example 5.8:

Assume Y = {r,stand ¢, ={0,,1,,H,,B,} isaVT
on Y , where H,={(r(1,0))(s, (0.7,0.7))}, B, =
{(r,(1,0)),(s, (0.4,0.4))}. For the pair of disjoint V - »CS
0, and ,° such that 0, NH,=0,,
there exists a pair of disjoint, V -
8908 0, and B, suchthat 0, <0, and H,°<S B,.
Hence (Y, &,) is V -8g MINS . But for the V -GS 0, and
B, S, there is no disjoint V -0S exists which satisfies V -N§.
Thus V -sg MINS does not have to be equal to V - NS.

» Theorem 5.9:
Let (Y,€,) bea VT.

o EveryV -s¢ NSisV -sg ANS.
o EveryV -s¢ NSisV -sg MNS.
o EveryV -sg ANS isV -sg MNS.

Proof is straightforward.
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The example is shown below since the previous
theorem's reverse need not be true.

» Example 5.10:

Suppose Y = {r,s} and &, =
{0,,1,,%,,B,.C,,D,,E,} isaVT onY , where H, =
{(r,(0.3,0.7)),(s, (0.4,0.8))},B, = {(r, (0,1)),
(s,(0.3,0.4))}, ¢, = {{r,(0.8,0.9)),(s,(0.3,0.6))}, D, =
{(r,(0.7,0.8)), (s,(0.1,0.5))}, E, = {{r,(1,0)),
(s, (0.7,0.7))}. For the pair of disjoint V -CS 0, and V- »CS
c,¢ such that 0,NnC,° =0,,
there exists a pair of disjoint, V -
8g08 0, and D, such that0, <0, andC,° € D,. Hence
(Y, &,) isV -sg ANS . But for the V -CS 0,, and E,,©, there
is no disjoint V -sg0S$ exists which satisfies V -sg NS. Thus
V -sg ANS does not have to be equal to V -sg NS.

» Example 5.11:

Let Y={r,s}and let§, ={0,,1,,B,,C,.D,} be a
VT onY , where B, = {(r, (0.5,0.8)),(s, (0,2,0.6))}, C,
{r, (1,0, (5, (0.1,0.7))}, D, =
{(r,(0.5,0.5)),(s, (0.6,0.9))}. For the pair of disjoint V -
+»¢S§ 0,and B, such that 0,NnB,° =0,,
there exists a pair of disjoint, V -
8¢0S 0, and D, such that0, < 0, andB,° S D,,. Hence
(Y, &,)isV -sg MINS . But for the pair of disjoint V -CS 0,,
and C,°, there is no disjoint V -8g0S exists which satisfies
V -8g NS. Thus V -sg MINS does not have to be equal to V
-89 NS.

» Example 5.12:

LetY={rs}and lett, ={0,,1,,H,,B,} be a VT
on Y , where ¥, ={(r, (1, 0)),(s, (0.1, 0.7))}, B, =
{(r, (1, 0)),(s, (0.6, 0.8))}. For the pair of disjoint V -»CS
0, and H,° such that 0, NH, =0,,
there exists a pair of disjoint v -
808 0, and B, suchthat 0, €0, and %,°<S B,.
Hence (Y, &,) isV -s¢g NS . But for the V -¢§ 0, and V -
7CS B, ° there is no disjoint V -8g0S exists which satisfiesV
-3¢ ANS. Hence V -sg MINS does not have to be equal to V
-8g ANS.

» Theorem 5.13:
V -almost normality satisfies the property of
topology.

Proof: Comparable to theorem 4.8

» Theorem 5.14:
V  -mild normality satisfies the property of

topology.
Proof: Comparable to theorem 4.8
» Theorem 5.15:
Suppose that (Y, §,) a 7VT.Consequently, the
following are similar to one another:

e (Y,%,) isV -sg ANS
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e For each two of VS M, and V,,,one setis V -OS and other
setis V - #0S that satisfies M, UN, =1,,aV -8g CS
B, and C,, exists such thatB, < M, andC, € IV, and
B,UC, =1,.

e [For every V -CS B, and every V - »0S C, containing
B, thereexistsaV -sg 0s P, suchthat B, € P, SV —
sgct (P,) cC,.

Proof: Comparable to theorem 4.6

» Theorem 5.16:

Let (VY,¢,)isaV-sg MNS andp : (Y,%,) - (Z,6,)
is a V -sgopenmapping,V -CTM and V -
injective mapping. Then p(Y) isaV -sg MINS.

Proof: Let us assume that B, and C,, be any two V -
7CS of p(Y) such that B,n¢, =0, . So p~* (B,) and
p7HC,) areV -rCS of Y. As Y is V -sg MINS , there are
two disjoint V -sg0S H, and J, in Y, such that
p (B, S H, , p () €I, and H,NJ, =0,.
Hence B, € p(#,) and C, < p(J,). Since p is V -
8g open mapping and V -injective mapping, p(H,)
and p(J,)are V -8g0S in Z. Then p(Y) isaV -sg MNS.

ll
= ()

Fig 1 Shows the Inter-Relationship Between V -sg NS, V -
39 ANS, V -sg MINS .

» Theorem 5.17:
Suppose that (Y, §,) a VT.Consequently, the
following are similar to one another:

o (Y,E,) isaV -sg MNS

e For each two V -»CS M, and N, that satisfies
M, UN, =1,, thereexistsV -8g 0OS B, and C,, such
thatB, <M, andC, € N, and B, UC, = 1,.

e ForanyV -»CS B, and every V - 08§ C, containing
B, there existsaV -8g 0§ P, suchthat B, € P, SV -
sgct (P,) €C,.

o For every pair of disjoint V -»CS B, and C,,, there exists
apairV -sg 0§ M, and v, such that B, € M, andC,
CN, andV -8g ct (M,) NV -8g ct (N,) =0,,.

Proof: Comparable to theorem 4.6
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> Definition 5.18:

Let Y and Z be any two VT, then a mapping p :
(v,¢,) - (Z,6,) is called 1% -
completely continuous mapping(V -
completely CTM in short), if p~1(J,)is V -+CS in
(Y,¢,) forevery V -CS J,, in (Z,6,).

» Theorem 5.19:

Ifp: (V,¢,) - (Z38,)isV -completely CTM, V -
bijective mapping, V -8g open mapping andYisaV -
MNS then ZisV -sg NS.

Proof is straightforward.

» Definition 5.20:

A mapping p: (V,E,) - (Z,8,) is called V -
7c preserving mapping if p(B,) is V -+CSinZ for
everyV -»CS B, inY.

» Definition 5.21:

A mapping p: (Y,¢,) > (Z,8,) is called V -
almost closed mapping, if p(B,) isV -CS in Z for every
V€SB, inY.

» Theorem 5.22:

If p: (V&) (Z,68,) is V -8¢gCTM, V -
almost closed mapping, V -surjective mapping and Z is
V -NS thenYisV -sg MNS.

Proof is straightforward.

> Theorem 5.23:

If p: (Y,¢,)—- (Z6,) is V -8gCTM, V -
7-c preserving mapping, V - injective mapping and Z is
V - MNS thenYisV -sg MNS.

Proof is straightforward.
VI. V-3¢ STRONGLY NORMAL SPACE

> Definition 6.1:

A space (Y,&,)is called 14 -
8g strongly normal space ( V -8g SNSinshort) if for
any pair of disjoint V -sg CS B,, and C,,, there exists disjoint
V-8 0§ H, and J, such that B, < H,,C, S J,.

» Proposition 6.2:
Let (Y,€,) bea V7.

Every V -8 SNS is V -NS.
Every V -8g SNS is V -sg MNS.
Every V -8 SNS is V -sg ANS.
Every V -8g SNS is V -sg NS.

Proof: (i) Let (Y,&,) be aV -sg SNS. Let us assume
that B,, and C,, be two disjoint V -CS in Y. Every V -CS is
V -8g CS, which implies B, and C,, are V -s¢ CS in Y and
they are disjoint. As (Y, €, ) isaV -sg SNS, for each disjoint
pair of V -8g CS B,, and C,,, there exists a pair of disjoint V

WWW.ijisrt.com 3255


https://doi.org/10.38124/ijisrt/26aug927

Volume 11, Issue 8, August — 2026
ISSN No:-2456-2165

-8g0S8 H,, and J,, such that B, € H,,,
&,) ISV -NS.

c J,- Hence (Y,

Proof of (ii) to (iv) is straightforward.

The example is shown below since the previous
theorem's reverse need not be true.

» Example 6.3:

Suppose Y = {r,s}and §, ={0,,1,,B,,C,,D,} is a
VT onY , where B, = {(r, (0.2,0.6)),(s, (0.5,0.8))}, C,
{(r, (1, 0)), (s, (0.2, 0. 3N D,
{(r,(0.6,0.9)),(s, (0.5,0.8))}. For the pair of disjoint V 65
0, and D, ¢, there exists a pair of disjoint 14 -
8908 0, and B,, such that0, € 0, andD,° < B,. Hence
(Y, &,) isV -sg NS . But for the pair of disjoint V -sg CS
0, and C,°, there is no disjoint V -8g0S exists which
satisfies V -s8g SNS. Thus V -sg NS does not have to be
equal to V -sg SNS.

» Example 6.4:

Suppose Y = {r,s}and &, ={0,,1,,H,,B,}isa VT
on Y , where #, = {(r, (0.4,0.8)),(s,(0.2,0.7))}, B, =
{(r,(0.5,0.8)),(s, (0.3,0.9))}. For the pair of disjoint V -
€S 0,and H,°, there exists a pair of disjoint V -
89080, and B, suchthat 0, €0, and %,°C B,.
Hence (Y, &,) is V -sg MINS. But for the pair of disjoint V
-8 CS 0, and B,°, there is no disjoint V -80S exists
which satisfies V -sg SNS. Thus V -sg MINS does not have
to be equal to V -sg SNS.

» Example 6.5:

Suppose Y ={r,s} and E, =
{0,,1,,%,,8B,,C,,D,,E,} isa VT onY , where H, =
{(r,(1,0)),(s,(0.3,0.3))}, B, =
{(r,(0.3,0.7)),(s, (0.4,0.9))}, Cp =
{(r,(0.5,0.8))s, (0.2,0.8))}, D, =
{(r,(0.1,0.5)),(s, (0.2,0.4))}, E, =

{(r,(0.4,0.7)), (s, (0.5,0.5))} . For the disjoint V -CS$ 0,, and
v -rCS B,°, there exists a pair of dls]omt 14
8908 0,, and C,, such that 0,, € 0, and B, S C,,. Hence
(Y, &,) isV -sg ANS . But for the pair of disjoint V -sg CS
0, and 7€,°, there is no disjoint V -80S exists which
satisfies V -8g SNS. Thus V -sg ANS does not have to be
equal to V -sg SNS.

» Example 6.6:

Suppose Y = {r,s}and ¢, ={0,,1,,B,,C,} isa VT
on Y , where B, = {(r,(0.3,0.5)),(s, (0.2,0.5))}, C, =
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{(r, (0.5,0.9)),(s, (0.6,0.8))}. For the pair of disjoint V -CS
0, and C,°, there exists a pair of disjoint, V -
8g0S 0, and B,, such that0,, <€ 0, and C,° < B,,. Hence
(Y, &,) isV -sg NS . But for the pair of disjoint V -8g CS
0, and B,°, there is no disjoint V -80S exists which
satisfies V -8g SNS. Thus V -sg NS does not have to be
equal to V -sg SNS.

» Theorem 6.7:
V -SNS satisfies the property of topology.

Proof: Comparable to theorem 4.8

» Theorem 6.8:
Assume (Y, &,) isaVT. If (Y,E,) is

e Vy -T1/2 space and V -sg NS, then itis V -sg SNS.

e VT, andV -sg MNS, then itisV -sg SNS.

* Vi T, Vay -T1, space and V -sg ANS, then itis V -
8g SNS.

* Vi -T1, space and V -N§, then itis V -sg SNS.

Proof is obvious.

> Theorem 6.9:

Let p: (Y,E,) - (Z56,) be a v -
bijective mapping. If p is aV -sg strongly open
mapping,V - CTM and (Y,&,) isV -sg SNS then (Z,6,)
isV -sg NS.

Proof is straightforward.

» Theorem 6.10:

If there is a V -surjective function, p: (Y,E,) -
(z,8,) such that p isV -sg perfectly continuous, V -
8g strongly open mapping then Z isV -sg SNS.

Proof is straightforward.

» Theorem 6.11:

Let p: (Y,E,) - (Z56,) be a v -
injective mapping,V -8g open mapping. If p isaV -
8g irresolute mapping and (Y, §,) is V -8g SNS then
(Z,8,) isV -5g SNS.

Proof is straightforward.
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Fig 2 Shows Inter-Relationship Between V -s8g SNS, V -NS,V -8¢ NS, V -8g ANS, V -sg MNS.

VII. CONCLUSION

Here Vyy- T, VT, Vi Ta /,SPaces are introduced

and few theorems related to these spaces are examined in this
study. Additionally, a number of theorems pertaining to the
above-mentioned spaces are introduced and investigated,
including vague normal spaces and vague semi generalized
normal  spaces. We also look into VvV -
3g slightly normal spaces, V-8g almost normal spaces
and V -sg strongly normal spaces in vague topological
spaces, as well as their properties. As we construct a
comprehensive framework for practical applications, we hope
that the findings in this document will aid numerous
researchers in their ongoing exploration of new topological
spaces.
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