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Abstract: The present study investigates the influence of linear and nonlinear thermal radiation on Casson dusty fluid flow
over a stretching sheet in the presence of heat generation effects. The flow model incorporates viscous dissipation, convective
boundary condition, exponential heat generation, and volumetric heat source effects. The governing partial differential
equations describing the fluid and dust phases are transformed into a coupled system of nonlinear ordinary differential
equations using suitable similarity transformations. The resulting equations are solved numerically with the aid of the
Runge-Kutta-Fehlberg (RKF) method together with the shooting technique. The effects of important physical parameters
on the velocity and temperature distributions are examined in detail. The numerical results reveal that increasing the Casson
fluid parameter suppresses the velocity profiles while enhancing the thermal field. It is further observed that larger values
of the radiation parameter, Biot humber, Eckert number, and heat generation parameters significantly increase the
temperatures of both fluid and dust phases. Moreover, nonlinear radiation produces a stronger thermal enhancement
compared to linear radiation. The present investigation is useful in understanding thermal transport processes in
engineering applications involving radiative heat transfer, particulate suspensions, thermal energy systems, electronic

cooling, and metallurgical processes.
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I INTRODUCTION

Thermal radiation has become an important area of
research due to its crucial role in controlling heat transfer in
several engineering and industrial processes. Applications
such as nuclear reactors, thermal power systems, solar energy
devices, high-temperature manufacturing, electronic cooling,
and aerospace engineering frequently involve radiative heat
transfer effects. Motivated by these applications, many
researchers have examined fluid flow and heat transfer in the
presence of thermal radiation under different physical
conditions (Makinde [1], Mushtaq et al. [2], Sreedevi et al.
[3], Gireesha et al. [4], Sampath Kumar et al. [5], Jyoti et al.
[6]). Nevertheless, the majority of these investigations are
based on the assumption of linear thermal radiation, which is
valid only for flows involving relatively small temperature
differences. In practical thermal systems, however, large
temperature variations are often encountered, making the
linear approximation insufficient for accurate prediction of
heat transfer behavior. Consequently, nonlinear thermal
radiation has attracted considerable interest in recent years
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because it provides a more realistic representation of radiative
heat transport in  high-temperature  environments.
Pantokratoras et al. [7] investigated Sakiadis flow with
nonlinear Rosseland thermal radiation and demonstrated that
nonlinear radiation considerably modifies the thermal
boundary layer structure compared with the linear radiation
case. Cortell [8] later analyzed flow and heat transfer over a
stretching sheet considering nonlinear thermal radiation
effects. While Hayat et al. [9] explored three-dimensional
hydromagnetic viscoelastic fluid flow under nonlinear
thermal radiation. Nonlinear convective and radiated flow of
tangent hyperbolic liquid due to stretched surface with
convective  condition  numerically investigated by
Mahanthesh et al. [10]. Additional contributions and detailed
discussions on nonlinear thermal radiation can be found in the
works of (Refer [11-14])

The study of non-Newtonian fluid flow has attracted
considerable interest due to its important role in many
engineering and industrial processes. Unlike Newtonian
fluids, non-Newtonian fluids exhibit complex rheological
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characteristics such as variable viscosity, yield stress, and
shear-dependent behavior. To describe these complex flow
properties, several mathematical models have been proposed
in the literature, including the Carreau-Yasuda, Casson,
Cross, Maxwell, Powell-Eyring, Prandtl-Eyring, Ellis,
Jeffery, and generalized power-law models [15-17]. These
models have been widely utilized to analyze fluid transport
phenomena under different physical conditions and
geometrical configurations. Among the various non-
Newtonian fluid models, the Casson fluid model introduced
by Casson [18] in 1959 has received significant attention
because of its ability to represent the behavior of yield stress
fluids. The Casson model is particularly useful in describing
the flow of suspensions, emulsions, biological fluids, and
blood flow at low shear rates. Due to these characteristics,
Casson fluids have numerous applications in biomedical
engineering, food processing, cosmetic manufacturing,
pharmaceutical industries, and petroleum engineering.
Several investigations related to Casson fluid flow have been
reported in recent years. Mukhopadhyay et al. [19] analyzed
the unsteady two-dimensional flow of Casson fluid over a
stretching surface with prescribed thermal conditions.
Nandeppanavar et al. [20] examined the steady flow of
Casson nanofluid over an exponentially stretching sheet and
observed a reduction in fluid velocity with increasing Casson
parameter values. Awais et al. [21] studied the effects of heat
and mass transfer on MHD Casson fluid flow through a
porous medium over a shrinking surface. In addition,
numerous studies concerning Casson fluid and Casson
nanofluid flow under different physical situations have been
presented in Refs. [22-26].

Dusty fluid flow has attracted significant attention
because of its important applications in engineering and
industrial processes. A dusty fluid consists of a fluid
containing suspended solid particles, where the interaction
between the fluid and particle phases strongly influences the
momentum and heat transfer characteristics. Such flows are
encountered in combustion systems, aerosol transport,
geothermal engineering, petroleum industries, nuclear
reactors, and powder processing technologies. Owing to its
practical importance, dusty fluid flow under various physical
and thermal conditions has attracted considerable attention
from researchers in recent years [27-33].

Although several studies have been reported on Casson
fluid flow, dusty fluid flow, and thermal radiation effects,
comparatively little attention has been devoted to the
combined analysis of Casson dusty fluid flow over a
convectively heated stretching sheet in the presence of both
linear and nonlinear thermal radiation. Moreover, most of the
existing investigations are limited to either single-phase
Casson fluids or linear radiation models, while the
comparative influence of linear and nonlinear radiation on
fluid and dust phase heat transfer characteristics has not been
adequately addressed. In practical thermal engineering
systems involving particulate suspensions, high-temperature
manufacturing processes, thermal energy devices, electronic
cooling systems, and metallurgical operations, the interaction
between dust particles, magnetic field, and nonlinear
radiative heat transfer plays a significant role in controlling
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the transport phenomena. Motivated by these observations,
the present work aims to examine the effects of nonlinear
thermal radiation on Casson dusty fluid flow over a
convectively heated stretching sheet together with heat
generation mechanisms and viscous dissipation. Particular
emphasis is given to comparing the thermal behavior under
linear and nonlinear radiation conditions in order to provide a
better understanding of heat transfer enhancement in dusty
fluid transport systems.

» Mathematical Formulation

Consider a steady, two-dimensional boundary layer
flow of an incompressible and electrically conducting Casson
fluid containing suspended dust particles over a stretching
sheet. A Cartesian coordinate system is selected such that the
(x)-axis is taken along the surface of the sheet, while the (y)-
axis is normal to it. The sheet is stretched with a linear
velocity (U,, = bx), where (b > 0) is the stretching rate
parameter. The flow is generated due to the application of two
equal and opposite forces along the (x)-direction while
keeping the origin fixed, and the flow region is restricted to
(y > 0). A convective heating condition is imposed at the
sheet surface, where the lower side of the sheet is heated by a
hot fluid of constant temperature (T¢), while (T, ) represents
the ambient temperature far away from the surface. In
addition, the effects of thermal radiation are taken into
account in the energy transport process to analyze the
influence of radiative heat transfer on the fluid and dust phase
temperatures. The physical configuration of the problem is
illustrated in Figure 1.

. oo -
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Boundary Layers

.!_;\'\‘ Tf
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Fig 1 Schematic Diagram of Problem.

The simplified two-dimensional boundary layer
equations of continuity, momentum and heat transport for
both fluid phase and dust phase with usual notations are;

> Casson Fluid Phase:

ou v

ax Ay =0, @
ou ou 1\ 0%u |, KN
ua+va—v(1+5)ﬁ+7(up—u) (2)
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> Dust Phase:
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Where x and y denote the cartesian co-ordinates, (u, v)
and (u,, v,) are velocity components of fluid and dust phase
along x and y directions respectively, g -Casson fluid
parameter, v -kinematic viscosity coefficient,p and p, -
density of the fluid and dust particle respectively, K = 6mur
-strokes drag coefficient, N-number density of dust particles,
u dynamic viscosity of fluid, r radius of dust particle, k-
thermal conductivity of the fluid, T.-uniform ambient
temperature, T and T,,-temperature of fluid and dust particle,
Qg-exponential heat source, Q; -heat generation source, g, -
radiative heat flux, k -thermal conductivity of the fluid, B,-
magnetic field, C,-specific heat capacity at constant pressure,
C,-specific heat of dust particle, tT -relaxation time of the
dust particle, ag-electrical conductivity.

The heat flow expression for thermal radiation, as
approximated by the Rosseland approximation, is:

_ 160" .3 aT
qr = 3kq T 9z’ (7)

The symbol ¢* is constant according to the Stefan—
Boltzmann whereas the mean absorption coefficient is k.
Equation (7) in (3) yielded:

BT) 2°T p
T T ay? T

AR et -men(nfr) @

The relevant boundary conditions are;

DCm u\?
. (Tp - T)"'N(@) +Qr(T—-T,)

aT
u=1"U,v = 0,—k5=hf(T—Tf) aty = 0,
u - 0u, > 0v, >v,T > T,T,> T,asy > o (9)

Introduce the following similarity transformations:

b
u= bxf’(f)v v= _mf(f)v f = \/; Up = bxF’(f), Up = _M F({)F
T =T, +(T; — T,,)0(), T, =T+ (T; — T.,)8,(¢) (10)
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Using the transformations, into equations (2), (5), (6)
and (7) yeild;

(L42) 4 = 2+ B = [ =Mf =0 (1)
F'F — F24+B.(f' = F) = 0, (12)

((1+ R+ (6, — 188" + Prfo’' + lyB,Pr(6p — 6) + PrQ,6
EcPr(f'")? + PrQ, exp(—én) = 0, (13)
0,'F — B.(6,— ) = 0. (14)
Reduced boundary conditions are:

f@=0 =1 6 =-Bi(1-0)ats =0,
Fi§)= 0, )= 0, FE) = ) 0E) = 0, 6,(5) > 0 as§ — oo (19)

Where S -casson fluid parameter, M-magnetic
parameter, [-mass concentration of dust particles, g,-fluid
particle interaction parameter for velocity, Pr- Prandtl
number, f.-fluid particle interaction parameter for
temperature, Q.- thermal dependent heat source parameter,
R -nonlinear thermal radiation parameter, 6,, -temperature
ratio parameter, Re, -Reynolds number, Q.-exponential
source dependent heat source, Ec -Eckert number, Bi -Biot
number. They are defined as;

mN 1 m Uy _Cm __ Uwb?
l —T,,B,,—E,TV—;,RQ,C—E,]/— Cp'ReX = "
_ 160Te° _Tr _ ug . _hy
R = ok ew_Tw’EC_—Cp(Tf—Too)'Bl_ k,/v\b,
Pr=&ﬁ=iQ=iQ=i
k"t b, Y pCub’ ¢ pCub

The skin friction coefficient and Nusselt number in non-
dimentional form are:

JRe G = (1+7) f(0), (16)
e %

> Numerical Scheme

The nonlinear coupled ordinary differential equations
given in equations (11)-(14), together with the associated
boundary conditions (15), are solved numerically by
employing the Runge-Kutta-Fehlberg shooting technique.
For computational convenience, the governing higher-order
equations are transformed into a system of first-order
differential equations through the following substitutions:

=1.’=z.”=3.=4:,=5:=6:’=7:p=8
f=yuf =y2,f" =y, F =y, F =950 =y5,0 =y7,,0, =
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Accordingly, the transformed first-order system becomes:

!

Y1 =2

!

Y2 =Y3

S _ B
Y3 = 15 02 =13 = 1B, (s = y2) + My,)

. Vi =5
Vs = ;{yé =By (y2 —¥s)}

Ve =¥s

y7

~ {Pryy, + BBPr(y, — y,) + PrQBy, + EcPr(y,)? + PrQ.e” €V}
B {1+ RO + (6w — 1)y,)3)}

ys' = () (Vs — ¥e)

The corresponding boundary conditions are:
y1(0) =0, y2(0) =1, y3(0) = 54

y4(0) = 52, ys5(0) = s3
Y6(0) = 54, ¥7(0) —Bi(1 — y¢(0))

y8(0) = ss

Where (s;, S5, S3,54,) and (sg) are the unknown initial
guesses evaluated iteratively through the shooting procedure.
After transforming the boundary value problem into an
equivalent initial value problem, the resulting equations are
integrated numerically using the RKF method. The
computations are performed with a step size 4n = 0.001
and convergence tolerance 1076,

1. RESULTS AND DISCUSSION

The effects of the governing physical parameters on the
velocity and temperature profiles are illustrated graphically,
whereas the variations in the skin-friction coefficient and
local Nusselt number are presented through tables. Special
attention is given to the influence of the Casson fluid
parameter (8), radiation parameter (R), Eckert number (Ec),
volumetric heat generation parameter (Q,), and exponential
heat generation parameter (Q,). Unless otherwise stated, the
numerical computations are performed for the fixed
parameter values B = 15Bi = 0.5t = Bv =
0.8,Ec = 0.9,Qe = Qt = 0.2,R = 0.3,] = 0.6, 6w 2.
Furthermore, the effects of selected physical parameters on
the skin-friction coefficient and local Nusselt number are
summarized in Tables 1 and 2. Figure 2 present the influence
of the Casson fluid parameter (8) on the velocity and
temperature distributions of both fluid and dust phases. It is
observed from the velocity profiles that increasing the Casson
parameter reduces the fluid velocity in both phases.
Physically, larger values of (8) enhance the yield stress of the
Casson fluid, which strengthens the resistance to fluid motion
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and consequently suppresses the momentum boundary layer
development. The effects of the Casson parameter on the
temperature distributions for both fluid and dust phases are
displayed in figure 3. It is noticed that the temperature
profiles increase with increasing values of (B). The
enhancement in temperature is attributed to the increase in
fluid resistance, which weakens the fluid motion and reduces
the rate of heat transport away from the surface. As a result,
thermal energy accumulates within the boundary layer region,
leading to higher temperatures and thicker thermal boundary
layers. Figures 4 and 5 illustrate the influence of the Biot
number (Bi) and Eckert number (Ec) on the temperature
distributions of both the fluid phase (8(¢)) and dust phase
(6,(¢&)) under linear and nonlinear thermal radiation
conditions. It is observed from Figure 4 that increasing values
of the Biot number significantly enhance the temperature
profiles in both phases. Physically, a larger Biot number
corresponds to stronger convective heating at the sheet
surface, which supplies more thermal energy to the fluid and
consequently thickens the thermal boundary layer.
Furthermore, the temperature distributions obtained in the
presence of nonlinear radiation are comparatively higher than
those corresponding to linear radiation, indicating that
nonlinear radiation contributes additional heat energy to the
system. Figure 5 depicts the variation of temperature profiles
for different values of the Eckert number (Ec). It is clear that
the temperatures of both the fluid and dust phases increase
with increasing (Ec). This behavior occurs because the Eckert
number represents the conversion of Kinetic energy into
internal energy through viscous dissipation. As viscous
dissipation becomes stronger, additional heat is generated
within the fluid, leading to an enhancement in the thermal
boundary layer thickness. Moreover, nonlinear radiation
produces relatively higher temperature distributions
compared to linear radiation throughout the flow domain.
Overall, the combined influence of convective heating,
viscous dissipation, and nonlinear radiation intensifies the
thermal field more effectively than the linear radiation case.

Figures 6 and 7 depict the effects of the exponential heat
generation parameter (Q.) and volumetric heat generation
parameter (Q,) on the temperature distributions for both fluid
and dust phases. It is observed that the temperature profiles
increase substantially with increasing values of (Q,) and (Q,).
Physically, larger heat generation parameters introduce
additional thermal energy into the fluid domain, which
increases the internal energy of the system. As a result, the
thermal boundary layer becomes thicker and the temperature
of both phases rises considerably. Furthermore, the stronger
heat generation mechanism weakens the rate of heat
dissipation from the surface, leading to an overall
enhancement in the thermal field.

Figure 8 demonstrates the influence of the radiation
parameter (R) on the temperature distributions of both the
fluid phase (8($)) and dust phase (8,,($)) under linear and
nonlinear radiation conditions. It is observed that the
temperature profiles increase significantly with increasing
values of the radiation parameter. Physically, larger values of
(R) enhance the radiative heat flux within the fluid region,
which supplies additional thermal energy to the system and
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consequently raises the temperatures of both phases. As a
result, the thermal boundary layer thickness becomes larger
for higher radiation levels. Moreover, the effect of nonlinear
radiation is found to be more pronounced compared to linear
radiation, as the corresponding temperature distributions
remain considerably higher throughout the boundary layer
region. This indicates that nonlinear thermal radiation
contributes more effectively to heat transfer enhancement in
the Casson dusty fluid flow system. Tables 1 and 2 present
the variations in the skin-friction coefficient and local Nusselt
number for different values of the Casson fluid parameter (),
radiation parameter (R), exponential heat generation
parameter (Q.), and volumetric heat generation parameter
(Q;) under both linear and nonlinear radiation conditions.
From Table 1, it is observed that increasing values of the
Casson parameter reduce the magnitude of the skin-friction
coefficient and local Nusselt number for both radiation cases.
Physically, larger Casson parameter enhances the yield stress
of the fluid, which suppresses the fluid motion and weakens
the heat transfer rate. In contrast, increasing the radiation
parameter significantly enhances the local Nusselt number,
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particularly in the nonlinear radiation case, indicating
stronger thermal transport due to enhanced radiative heat
flux. Table 2 reveals that higher values of the heat generation
parameters (Q.) and (Q.) decrease the local Nusselt number
for both linear and nonlinear radiation conditions, owing to
the accumulation of thermal energy within the boundary
layer. Moreover, nonlinear radiation consistently produces
higher heat transfer rates compared to linear radiation,
demonstrating its stronger contribution to the thermal
enhancement of the Casson dusty fluid flow system.

Overall, the present investigation reveals that nonlinear
radiation produces a stronger enhancement in the thermal
field compared to linear radiation, leading to higher
temperature distributions and thicker thermal boundary layers
in both fluid and dust phases. These findings are significant
in several engineering and industrial applications involving
high-temperature heat transfer processes, such as thermal
energy systems, solar collectors, nuclear reactors, cooling of
electronic devices, metallurgical operations, and particulate
transport systems where radiative effects and dust particle
interactions play an important role.

Table 1 Variations in the Skin Friction Coefficient and Local Nusselt Number for Different
Values 8 and R for Linear and Non-Linear Radiation.

Linear Radiation Nonlinear radiation
B R CRe)” Nu,Re."? CRe)” Nu,Re."?
0.5 -1.97235 0.209794 -1.97235 0.605493
1.0 -1.60607 0.167219 -1.60607 0.518872
15 -1.46524 0.142955 -1.46524 0.471081
0.3 -1.46524 0.142955 -1.46524 0.471081
0.6 -1.46524 0.183422 -1.33840 0.850255
1.0 1.46524 0.236234 -1.33840 1.062603

Table 2 Variations in the Skin Friction Coefficient and Local Nusselt Number for Different
Values Q. and Q, for Linear and Non-Linear Radiation.

Q. Q. Linear Radiation Nonlinear radiation
C/Re)” Nu,Re."? C/Re,” Nu,Re."?
0.1 -1.46524 0.283420 -1.33840 0.798757
0.4 -1.46524 0.142955 -1.46524 0.471081
0.8 -1.46524 0.002490 -1.33840 0.272228
0.1 1.46524 0.213124 -1.33840 0.644400
0.4 -1.46524 0.142955 -1.46524 0.471081
0.8 1.46524 0.042970 -1.33840 0.362114
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Fig 2 Influence of the Casson Fluid Parameter () on the Velocity Distributions of the Fluid
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Fig 3 Influence of the Casson Fluid Parameter () on the Temperature Distributions of the Fluid

Phase 6(¢) and Dust Phase 6,,(¢).
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Fig 4 Influence of the Biot Number (Bi) on the Temperature Distributions of the Fluid Phase () and Dust Phase 6,,().
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» Concluding Remarks

The present study examined the effects of linear and
nonlinear thermal radiation on MHD Casson dusty fluid flow
over a convectively heated stretching sheet.  Further
considered the effects of exponential heat generation
mechanisms and viscous dissipation. The governing PDE
were transformed into ODE using suitable similarity
transformations and solved numerically through the RKF
shooting technique. The results revealed that increasing the
Casson fluid parameter suppresses the fluid motion while
enhancing the thermal field. It was further observed that
larger values of the radiation parameter, Biot number, Eckert
number, and heat generation parameters significantly
increase the temperatures of both fluid and dust phases.
Moreover, nonlinear radiation was found to produce
considerably higher temperature distributions and heat
transfer enhancement compared to linear radiation. The local
Nusselt number increased with the radiation parameter,
whereas stronger heat generation reduced the rate of heat
transfer. Overall, the study demonstrates that nonlinear
radiation plays a dominant role in enhancing the thermal
characteristics of Casson dusty fluid flow, which is relevant
to several engineering applications including thermal energy
systems, solar collectors, cooling of electronic equipment,
metallurgical processes, and particulate transport phenomena
involving radiative heat transfer.
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