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Abstract: Due to the intricacy of fractional derivatives and boundary conditions, finding trustworthy solutions for 

fractional partial differential equations (FPDEs) continues to be a significant challenge. In this research, a framework for 

effectively solving FPDEs using the Reduced Differential Transform Method (RDTM) is presented. Based on a 

straightforward recursive formulation, the proposed RDTM offers rapidly convergent analytical–approximate solutions 

without the need for discretization, linearization, or intricate integral computations. The accuracy and convergence of 

RDTM are methodically compared with those of ADM, HPM, RPS, and L-RPS. According to numerical studies, RDTM 

maintains computational simplicity while achieving greater numerical stability, faster convergence, and higher accuracy. 

The durability and efficacy of the proposed framework are confirmed by applications to fractional wave, telegraph, and 

Poisson equations, indicating its potential as a dependable tool for intricate fractional models in mathematical physics and 

engineering. 
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I. INTRODUCTION 

 

A vast range of physical phenomena, such as decay 

processes, rheology, diffusion, electrostatics, 

electrodynamics, fluid dynamics, and elasticity, can now be 

modeled and analyzed using fractional partial differential 

equations (FPDEs) [7–15]. Compared to conventional 

differential equations, FPDEs provide more realistic models 

of many natural systems by accounting for memory effects 

and nonlocal dynamics. Obtaining explicit analytical 

solutions for many fractional differential equations, 
especially linear partial cases, is often very difficult or even 

impossible. Therefore, it is essential to develop reliable 

numerical and approximation approaches [8–7]. 

 

Several semi-analytical methods, such as the Adomian 

Decomposition Method (ADM) [17], the Homotopy 

Perturbation Method (HPM) [10], the Variational Iteration 

Method (VIM) [10], and the Laplace Residual Power Series 

(L-RPS) method [9], have been widely used. Numerous 

FPDEs, including Navier–Stokes equations, wave equations, 

telegraph equations, and fractional Poisson equations, have 

been successfully solved using these methods. Nevertheless, 

the majority of these techniques require laborious and 

intricate calculations. 

 

In this work, we present a novel and effective method 

for solving linear fractional partial differential equations: the 

Reduced Differential Transform Method (RDTM) 

framework. RDTM is a reliable alternative to current 

techniques such as RPS, VIM, HPM, NIM, and L-RPS due 

to its straightforward recursive formulation, ease of 
implementation in computational software, and excellent 

accuracy. 

 

Comparative analyses validate the superior 

performance of the proposed RDTM framework in solving 

linear fractional partial differential equations, and the results 

demonstrate that it provides highly accurate approximate 

solutions with rapid convergence. 

 

https://doi.org/10.38124/ijisrt/26apr2253
http://www.ijisrt.com/
https://doi.org/10.38124/ijisrt/26apr2253


Volume 11, Issue 4, April – 2026                                             International Journal of Innovative Science and Research Technology 

ISSN No: -2456-2165                                                                                                            https://doi.org/10.38124/ijisrt/26apr2253 

 

 

IJISRT26APR2253                                                               www.ijisrt.com                                                                                  4866  

Definition 1.The real function 𝑓(𝑥)  for 𝑥 > 0  is in the space  𝐶𝛼 ,ℝ𝜖𝛼, If there exists a real number 𝑝 > 𝛼 such that 

 

𝑓(𝑥) =  𝑥𝑝 𝑓1(𝑥),Then 𝑓1(𝑥)  ∈  𝐶[0,∞). 
 

Definition 2. A real function 𝑓(𝑥) for 𝑥 > 0  is said to be in space  ,mC m N o


  If   
( )mf C . 

 

Definition 3. If f C  and 𝛼 > −1 then the left-hand Riemann-Liouville integral of order 𝜇 is defined as follows: 

 

𝐽𝑡
𝜇
𝑢(𝑥, 𝑡) =

1

Γ(𝜇)
∫  
𝑡

0

(𝑡 − 𝜏)𝜇−1𝑢(𝑥, 𝜏)𝑑𝜏, 𝜏 > 0 

 

Definition 4. If 𝑓 ∈  𝐶−1
𝑚  and 𝑚𝜖𝑁 ∪ {0} then the Caputo left-hand derivative of order 𝜇 is defined as follows. 

 

𝐷𝑡
𝜇
𝑢(𝑥, 𝑡) =

𝜕𝜇𝑢(𝑥, 𝑡)

𝜕𝑡𝜇
=

{
 

 
𝑑𝑚𝑢(𝑥, 𝑡)

𝑑𝑡𝑚
, 𝜇 = 𝑚

1

Γ(𝑚 − 𝜇)
∫  
𝑡

0

  (𝑡 − 𝜏)𝑚−𝜇−1
𝑑𝑚𝑢(𝑥, 𝜏)

𝑑𝑡𝑚
𝑑𝜏,𝑚 − 1 < 𝜇 ≤ 𝑚,𝑚 ∈ 𝑁

 

 

It is worth recalling that the following relations exist between the Caputo fractional derivative and the Riemann-Liouville 

fractional order integral: 
 

𝐽𝑡
𝜇
𝐷𝑡
𝜇
𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) − ∑  

𝑚−1

𝑘=0

 
𝑑𝑘𝑢(𝑥, 0)

𝑑𝑡𝑘
𝑡𝑘

Γ(𝑘 + 1)
,𝑚 − 1 < 𝜇 ≤ 𝑚,𝑚 ∈ 𝑁

𝐷𝑡
𝜇
𝐽𝑡
𝜇
𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡)

𝐽𝑡
𝜇
𝑡𝛼 =

Γ(𝛼 + 1)

Γ(𝛼 + 𝜇 + 1)
𝑡𝛼+𝜇

𝐷𝑡
𝜇
𝑡𝛼 =

Γ(𝛼 + 1)

Γ(𝛼 − 𝜇 + 1)
𝑡𝛼−𝜇 , 𝛼 > 𝜇 − 1

 

 

Table 1 Reduced Differential Transformation 

Fractional Reduced Differential 

Transformed Function 

Original Function 

0

( ) ( )
k

k k l k l

l

x x



      
 ( , ) ( , )DR x t x t   

( ) ( )x x      ( , ) ( , )DR x t x t   

1

( 2)
( )

( 1)
k

k
x

k


 


 
 

1

1
( , )DR x t

t


 
 
 

 

( 1)
( )

( 1)
k n

k n
x

k

 




  


 
 ( , )

n

D n
R x t

t






 
 
 

 

( 1)
( )

( 1)

n

k sn

k s
x

k x


   


  
 ( , )

n s

D n s
R x t

x t


 
 
  

 

( )
n

kn
x

x





 ( , )

n

D n
R x t

x


 
 
 

 

( )m

k nx x  ( , )m n

DR x t x t    

1,
( )

0,

m
k n

x k n
k n




  


 

m n

DR x t    
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!

k

k


 

,1 ( 1)k k    

t

DR e    

R x    

 

II. GENERAL REPRESENTATION OF THE EQUATION 

 

For more information, the general case of a fractional-order linear partial differential equation is given by: 

 
𝜕𝛼

𝜕𝑡𝛼
𝜑(𝑥, 𝑡) = ∑ 𝛽𝜈

𝜕𝜈𝜑(𝑥,𝑡)

𝜕𝑡𝜈
𝜂
𝜈=0 + 𝑓(𝑥, 𝑡), 𝜂 ∈ ℕ,𝑚 − 1 < 𝛼 ≤ 𝑚  (1)                                                                                 

 

With initial conditions: 

 

∑
𝜕𝑘𝜑(𝑥,𝑡)

𝜕𝑡𝑘
𝑚−1
𝑘=0 = ℎ𝑖(𝑥, 𝑡),      𝑖 = 0,1,2,…𝑚 − 1  (2)                                                                                                          

 

Given the initial conditions, we consider the solution series as follows: 

 

                                                                                                     (3) 

 

According to equation (2), we should assume the number of solution sequences equal to the number of initial conditions, and 

for each initial condition, only one solution sequence should be defined in such a way that they can be defined and combined 

together. In this paper, we work on fractional-order partial linear equations that often have two initial conditions; therefore, a 

reduced differential transformation is considered for each initial condition. Therefore, the hypothetical solution sequence given by 

equation (3) is presented. 

 

In this research, according to the definition of initial conditions, our assumption in each equation is that 1 2  . 

 
Therefore, the initial conditions are defined according to equation (2) from equation (1) as follows: 

 

0 0( , ) ,   0x t h for k  
                                                                                       

                                                (a.2) 

 

1

( , )
 ,   1

x t
and h for k

t


 


                                                                                                                            )b.2) 

 

Equations (2.a) and (2.b) are the initial conditions for the solutions of  ∑ 𝜙𝑘𝑡
𝑘𝛼∞

𝑗=0  and  ∑ 𝛷𝑘𝑡
𝑘𝛼+1∞

𝑘=0   in equation (1), 

respectively. 

 

Now, by applying the reduced differential transformation to equations (2.a) and (2.b), respectively, we have: 

 

   0 0 0 0( , ) ,  ( , ) ,R x t R h x t H   
 

 

  '

1 0 0

( , )
 ,  ( , )

x t
and R R h x t H

t

 
    

 

 

By applying differential transformation to equation (1), we have, in order of initial conditions: 
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 

0

1

0

0

1

( 1)
( , )

( 1)

( 1

( , )
( , ) ( , )

( , ) ( , )

( , ) ( , ) ,   0,1,2...
)

( , )
( 1)

kk

kk

x t
R x t R R f x t

t

x t F x t
t

x t F x

t

k

t for k

k
x t

k
x t

k t



 




 




 






 








 

 


 











   
    

   

 





 

  
   

  





  




 

  






 

 

 
 1

0

( , ) , ,  
)

1,2,3,... 
( 1 1

( , )
( 1)

nn x t F x t
n

n
t

n
x t



 


 







  


 

  
   

  
                                               )4(  

 

Also, for the initial condition (2.b), in equation (1), we have: 

 

𝑅 (
𝜕𝛼

𝜕𝑡𝛼
𝜑(𝑥, 𝑡)) = 𝑅 (∑𝛽𝜈

𝜕𝜈𝜑(𝑥, 𝑡)

𝜕𝑡𝜈

𝜂

𝜈=0

) + 𝑅[𝑓(𝑥, 𝑡)] 

 

𝛤(𝑘𝛼 + 𝛼 + 2)

𝛤(𝑘𝛼 + 2)
𝛷𝑘+1(𝑥, 𝑡) = (∑𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝛷𝑘(𝑥, 𝑡)

𝜂

𝜈=0

) + 𝐹(𝑥, 𝑡) 

 

By simplifying the above relationship, we have: 

 

𝛷𝑘+1(𝑥, 𝑡) =
𝛤(𝑘𝛼 + 2)

𝛤(𝑘𝛼 + 𝛼 + 2)
[(∑𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝛷𝑘(𝑥, 𝑡)

𝜂

𝜈=0

) + 𝐹(𝑥, 𝑡)] , 𝑓𝑜𝑟 𝑘 = 0,1,2. .. 

 

Therefore, for 𝑘 = 0,1,2. .. we have: 

 

𝛷2(𝑥, 𝑡) =
𝛤(𝛼 + 2)

𝛤(2𝛼 + 2)
[(∑𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝛷1(𝑥, 𝑡)

𝜂

𝜈=0

) + 𝐹(𝑥, 𝑡)] 

 

𝛷3(𝑥, 𝑡) =
𝛤(2𝛼 + 2)

𝛤(3𝛼 + 2)
[(∑𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝛷2(𝑥, 𝑡)

𝜂

𝜈=0

)+ 𝐹(𝑥, 𝑡)] 

 

𝛷3(𝑥, 𝑡) =
𝛤(3𝛼 + 2)

𝛤(4𝛼 + 2)
[(∑𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝛷3(𝑥, 𝑡)

𝜂

𝜈=0

)+ 𝐹(𝑥, 𝑡)] 

 
. 
. 
. 

𝛷𝑛(𝑥, 𝑡) =
𝛤((𝑛−1)𝛼+2)

𝛤(𝑛𝛼+2)
[(∑ 𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝛷𝑛−1(𝑥, 𝑡)

𝜂
𝜈=0 ) + 𝐹(𝑥, 𝑡)] , 𝑛 = 1,2,3, . ..                                                                       (5)  

 
Therefore, we consider the final solution of equations (1) and (2) according to definition (3) as follows: 

 

𝜑(𝑥, 𝑡) = ∑ 𝜙𝑘𝑡
𝑘𝛼 +∑𝛷𝑘𝑡

𝑘𝛼+1

∞

𝑘=0

𝑚−1

𝑗=0

 

 

By substituting relations (4) and (5) into the above equation, we have: 
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𝜑(𝑥, 𝑡) = ∑ 𝜙𝑘𝑡
𝑘𝛼 +∑𝛷𝑘𝑡

𝑘𝛼+1

∞

𝑘=0

𝑚−1

𝑗=0

 

 

           =∑
𝛤((𝑛 − 1)𝛼 + 1)

𝛤(𝑛𝛼 + 1)
[(∑𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝜙𝑛−1(𝑥, 𝑡)

𝜂

𝜈=0

) + 𝐹(𝑥, 𝑡)] 𝑡𝑘𝛼
∞

𝑛=1

 

 

          +∑
𝛤((𝑛−1)𝛼+2)

𝛤(𝑛𝛼+2)
[(∑ 𝛽𝜈

𝜕𝜈

𝜕𝑡𝜈
𝛷𝑛−1(𝑥, 𝑡)

𝜂
𝜈=0 ) + 𝐹(𝑥, 𝑡)] 𝑡𝑘𝛼+1∞

𝑛=1 , 𝑓𝑜𝑟 𝑘 = 0,1, . ..   (6)                                               

 

III. APPLICATIONS AND EXAMPLES 

 

 Example 1 Consider the Following Fractional Wave Equation in Homogeneous Space-Time: 

 
𝜕𝛼

𝜕𝑡𝛼
𝜑(𝑥, 𝑡) =

1

2
𝑥2

𝜕2

𝜕𝑥2
𝜑(𝑥, 𝑡), 𝑥 ∈ ℝ, 𝑡 ≥ 0,  0 < 𝛼 ≤ 2              (.11)                                                                                            

 

𝜑0(𝑥, 0) = 𝑥, 𝜑𝑡(𝑥, 0) = 𝑥
2  (1.2)                                                                                                                                       

 

Where 

 

 
 

With initial conditions [7]  

 

0 0( ,0) ( , )x x x t x = Þ =                                                                                                                                )1.3(  

 

Equation (5.2) can be written as follows: 

 

𝜙𝑘+1(𝑥, 𝑡) =
𝛤(𝑘𝛼+1)

𝛤(𝑘𝛼+𝛼+1)
[
𝑥2

2

𝜕2

𝜕𝑥2
𝜑(𝑥, 𝑡)] , 𝑓𝑜𝑟 𝑘 = 0,1,2, . ..                                                                                         (1.4)  

  

Now we obtain the differential transformation of equation (5.1) as follows: 

 

𝜑0(𝑥, 0) = 𝑥 ⇒ 𝜙0(𝑥, 𝑡) = 𝑥 

𝜙1(𝑥, 0) =
𝛤(𝑘𝛼 + 1)

𝛤(𝑘𝛼 + 𝛼 + 1)
[
𝑥2

2

𝜕2

𝜕𝑥2
𝜙0(𝑥, 𝑡)] = 0 

 

 
 

𝜙3(𝑥, 0) = 𝜙4(𝑥, 0) =. . . = 𝜙𝑛(𝑥, 0) = 0                         (5.1)                                                                                            

 
Now, according to definition (2.b), initial conditions (1.2) and relation (1.1), we have: 

 

𝜑𝑡(𝑥, 𝑡) = 𝑥
2 ⇒ 𝛷0(𝑥, 𝑡) = 𝑥

2 

𝛷𝑘+1(𝑥, 𝑡) =
𝛤(𝑘𝛼 + 2)

𝛤(𝑘𝛼 + 𝛼 + 2)
[
𝑥2

2

𝜕2

𝜕𝑥2
𝛷𝑘(𝑥, 𝑡)] , 𝑓𝑜𝑟 𝑘 = 0,1,2, . .. 

 

𝛷1(𝑥, 𝑡) =
𝛤(2)

𝛤(𝛼 + 2)
(
𝑥2

2

𝜕2

𝜕𝑥2
𝛷0(𝑥, 𝑡)) =

𝑥2

𝛤(𝛼 + 2)
 

 

𝛷2(𝑥, 𝑡) =
𝛤(𝛼 + 2)

𝛤(2𝛼 + 2)
(
𝑥2

2

𝜕2

𝜕𝑥2
𝛷0(𝑥, 𝑡)) =

𝑥2

𝛤(2𝛼 + 2)
 

https://doi.org/10.38124/ijisrt/26apr2253
http://www.ijisrt.com/
https://www.google.com/search?q=Fractional+Wave+Equation&sca_esv=73e86a78892c9231&sxsrf=AE3TifOBV12cQgFTicvZvvi0NT4qF9cnxA%3A1765341009752&ei=Ufc4aY3YLeSChbIP_5ia8Qw&ved=2ahUKEwjx4tXDmrKRAxVWUkEAHbLYE2AQgK4QegQIAhAB&oq=%29%29+%D9%85%D8%B9%D8%A7%D8%AF%D9%84%D9%87+%D8%AF%DB%8C%D9%81%D8%B1%D8%A7%D9%86%D8%B3%DB%8C%D9%84+%D9%85%D9%88%D8%AC+%DA%A9%D8%B3%D8%B1%DB%8C+%D9%81%D8%B6%D8%A7-+%D8%B2%D9%85%D8%A7%D9%86+%D9%85%D8%AA%D8%AC%D8%A7%D9%86%D8%B3%28%28+%D8%AF%D8%B1+%D8%B1%DB%8C%D8%A7%D8%B6%DB%8C+%D8%A8%D9%87+%D8%A7%D9%86%DA%AF%D9%84%DB%8C%D8%B3%DB%8C+%DA%86%DB%8C+%D9%85%DB%8C%D8%B4%D9%87%D8%9F&gs_lp=Egxnd3Mtd2l6LXNlcnAihgEpKSDZhdi52KfYr9mE2Ycg2K_bjNmB2LHYp9mG2LPbjNmEINmF2YjYrCDaqdiz2LHbjCDZgdi22KctINiy2YXYp9mGINmF2KrYrNin2YbYsygoINiv2LEg2LHbjNin2LbbjCDYqNmHINin2Ybar9mE24zYs9uMINqG24wg2YXbjNi02YfYn0gAUABYAHAAeAGQAQCYAQCgAQCqAQC4AQzIAQD4AQL4AQGYAgCgAgCYAwCSBwCgBwCyBwC4BwDCBwDIBwCACAE&sclient=gws-wiz-serp&mstk=AUtExfAlIu64V8TCsvCsgWvPEwJGRtFEWJfisDZy8LroSAiKhQ8Sjhpwa9KGicDeCkji-olGBXexB7QpjJwpzmtcJ2a6WRIeRvqnXFRL5ADVwKI5WluKMkh7UQnIrMRLv0Y1-IYLz-AvFlNVHxhoXp5G22hvBGkU-Gtr3wSxopkOmqGZTPg&csui=3


Volume 11, Issue 4, April – 2026                                             International Journal of Innovative Science and Research Technology 

ISSN No: -2456-2165                                                                                                            https://doi.org/10.38124/ijisrt/26apr2253 

 

 

IJISRT26APR2253                                                               www.ijisrt.com                                                                                  4870  

𝛷3(𝑥, 𝑡) =
𝛤(2𝛼+2)

𝛤(3𝛼+2)
(
𝑥2

2

𝜕2

𝜕𝑥2
𝛷0(𝑥, 𝑡)) =

𝑥2

𝛤(3𝛼+2)
        (6                                                                                                            )  

 

Using equation (6), we have: 

 

𝜑(𝑥, 𝑡) = ∑ 𝜙𝑘𝑡
𝑘𝛼 +

𝑚−1

𝑘=0

∑𝛷𝑘(𝑥, 𝑡)𝑡
𝑘𝛼+1

∞

𝑘=0

= 𝜙0 +𝛷0𝑡 + 𝛷1𝑡
𝛼+1 +𝛷2𝑡

2𝛼+1. .. 

 

By substituting the above relations, we have: 

 

𝜑(𝑥, 𝑡) = 𝑥 + 𝑥2 [𝑡 +
𝑡𝛼+1

𝛤(𝛼+2)
+

𝑡2𝛼+1

𝛤(2𝛼+2)
+

𝑡3𝛼+1

𝛤(3𝛼+2)
+. . . ]     (7.1)                                                                                            

 

Therefore: 

 

𝑓𝑜𝑟 𝛼 = 2 

𝜑(𝑥, 𝑡) = 𝑥 + 𝑥2 [𝑡 +
𝑡3

3!
+

𝑡5

5!
+

𝑡7

7!
+. . . ] = 𝑥 + 𝑥2 𝑠𝑖𝑛ℎ( 𝑡)                 (1.8)  

 

Hence, this solution is identical to that obtained using the Laplace Residual Power Series Method (L-RPSM) and the 

Residual Power Series Method (RPSM) as follows [7–9]. 

 
1 1

2 2

0

0 0 0

( , ) ( , ) ( , ) ( ) ( ),
(2 ) (2 )

n n

n

n n n

t t
x t x t x t x x x

n n

 

  
 

   

  

    
   

    

 

Therefore, the exact solution of equations (1.1) and (1.2)in closed form and using elementary functions will be as follows: 

 

𝜑(𝑥, 𝑡) = 𝑥 + 𝑥2sinh (𝑡). 
 

 
Fig 1 Corresponding to Example 1, for the Exact Solution with (α = 1.25,1.5) and (1.75). 
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 Example 2 Consider the Following Spatial Fractional Homogeneous Telegraph Equation [14-17] 
 

2
2

2

( , ) ( , )
( , ) 1,     ,  0,   1< 2x

x t x t
D x t x t x t

t t

  
 

 
       

 
¡                                                  )2.1(                   

 

Where 

 
2

0 1 20,  1,  1,  ( , ) 1f x t x t  = = = = - - +  

 

With initial conditions: 

 

(0, )
(0, ) ,     0,

t
t t

x





 

                                                                                                                                (2.2)

 

 

Applying the differential transformation in the initial conditions, we have: 

 

0( , ) ,x t t 
 

 

2

1 2

( 1)
( , ) ( , ) ( , ) ( 2) ( )( 1)

( 1)

  0,1,2,...

k k k

k
x t x t x t k k t

k t t

for k


    

 


    
      
     


 

 

1

2 3 4 5

1
( , ) (2 );

( 1)

1 1
( , ) ,   ( , ) ,   ( , ) ( , ) 0,

(2 1) (3 1)

x t t

x t x t x t x t




   
 

 
 


   
     

 

Since the second part of the initial conditions is zero, its reduced differential transform also becomes zero, resulting in the 

solution as follows: 
 

2 3

0

( , ) ( , ) (2 ) ,
( 1) (2 1) (3 1)

k

k

k

x x x
x t x t x t t

  
 

  





     
     


                                                  

)2.3(         

 

 

2 4 6

0

 =2

( , ) ( , ) (2 )
2! 4! 6!

k

k

k

for

x x x
x t x t x t t



 




     
                                                                                         )2.4(                     

 

The error in the reduced differential transformation method is the power of 𝑥2 that appears in the equation, since the power 

of 𝑥 cannot be a factor for the original structure of the solution series (𝑥2 = 𝑥0.𝛼+2), the error in the last term for the reduced 

differential method has arisen. However, the solution obtained from the reduced differential transformation method compared to 

the exact solution has an absolute error of (0.0541) and a relative error on the scale of approximately (3.2%), which is 
insignificant compared to the speed of reaching the solution in other methods. 

 

Of course, the solution obtained by the Residual Power Series (RPS) method is given as follows [7]: 

 

𝜑(𝑥, 𝑡) = 𝑡 + (2 − 𝑡)
𝑥𝛼

𝛤(𝛼+1)
− 2

𝑥𝛼+2

𝛤(𝛼+3)
−

𝑥2𝛼

𝛤(2𝛼+1)
. 

𝑓𝑜𝑟 𝛼=2 

𝜑(𝑥, 𝑡) = 𝑡 + (2 − 𝑡)
𝑥2

2!
−
𝑥4

8
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In this equation, the RPS method performed better than the methods mentioned in this study. 

 

But the solution obtained by method (ADM) is as follows[17] 

 

𝜑(𝑥, 𝑡) = 𝑡 + (1 − 𝑡)
𝑥𝛼

Γ(1 + 𝛼)
+ (1 + 𝑡)

𝑥𝛼

Γ(1 + 𝛼)
− 2

𝑥𝛼+2

Γ(3 + 𝛼)
− 𝑡

𝑥2𝛼

Γ(1 + 2𝛼)
. 

 

 Example 3 Consider the Following Spatial Fractional Homogeneous Telegraph Equation .[9]  

 

𝐷𝑥
𝛼𝜑(𝑥, 𝑡) =

𝜕2𝜑(𝑥,𝑡)

𝜕𝑡2
+

𝜕𝜑(𝑥,𝑡)

𝜕𝑡
− 𝑥𝛼 − 𝑡 + 1,    𝑥, 𝑡 ≥ 0,  1<𝛼 ≤ 2                                                                           (3.1)  

 

 

 
Fig 2 Numerical Solution of Example 2 and Comparison of the RPS, RDTM, and ADM Methods with the Exact Solution 

( α = 2 ). 
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With initial conditions: 
 

𝜑(0, 𝑡) = 𝑡,    
𝜕𝜑(0,𝑡)

𝜕𝑥
= 0,                                                                                                                                            (3.2)  

 

By applying differential transformation to the initial conditions, we have: 

 

𝑅[𝜑(0, 𝑡) = 𝑡] = 𝑅[𝑡], 
 

𝜙0(0, 𝑡) = 𝑡,  𝑎𝑛𝑑 𝑅 [
𝜕𝜑(0,𝑡)

𝜕𝑥
] = 𝑅(0),𝛷0(0, 𝑡) = 0,                    (3.3)                                                                                                 

 

By applying the differential transformation to both sides of equation (3.1), we have: 

 

𝜙𝑘+1(𝑥, 𝑡) =
𝛤(𝑘𝛼 + 1)

𝛤(𝑘𝛼 + 𝛼 + 1)
[
𝜕2

𝜕𝑡2
𝜙𝑘(𝑥, 𝑡) +

𝜕

𝜕𝑡
𝜙𝑘(𝑥, 𝑡) − 𝛿𝑘,1 − 𝛿𝑘,0(𝑡 − 1)] 

𝑓𝑜𝑟  𝑘 = 0,1,2, . .. 
 

Therefore we have: 

 

𝜙1(𝑥, 𝑡) =
1

𝛤(𝛼 + 1)
(2 − 𝑡) ;  𝑓𝑜𝑟 𝑘 = 0, 

 

𝜙2(𝑥, 𝑡) =
𝛤(𝛼 + 1)

𝛤(2𝛼 + 1)
[−

1

𝛤(𝛼 + 1)
− 1] ,=

−[1 + 𝛤(𝛼 + 1)]

𝛤(2𝛼 + 1)
, 𝑓𝑜𝑟 𝑘 = 1, 

 
𝜙3(𝑥, 𝑡) =,𝜙4(𝑥, 𝑡) = 𝜙5(𝑥, 𝑡) = 0,  𝑓𝑜𝑟 𝑘 ≥ 2, 

 
By placing the above relations in series, we have the answer: 

 

  1 2

0 0

1 ( 1)
, (2 )

( 1) (2 1)

k k

k k

k k

x
x t x t t t x


  

 
 

 


 

  
        

    
 

                                             

)3.4(         

 

 
2 4

 2

, (2 ) ,
2! 8

for

x x
x t t t







   
                                                                                                                             

 )3.5(                

 

Which is the same solution obtained from the (RPS) method, in equation (2.1). 

 

 Example 4 Consider the following homogeneous fractional-space telegraph equation [14-17 9- ] 

 
2

2

( , ) ( , )
( , ) ( , ),   ,  0,   0 2x

x t x t
D x t x t x R t

t t

  
  

 
      

                                                         

)4.1(       

 

Where: 
 

0 1 21,  1,  1,  ( , ) 0f x t  = = = =  

 

With initial conditions: 

 

(0, )
(0, ) ( ),   ( )

t
t Exp t Exp t

x





   


 

00( , ) ( ), ( , ) ( )x t pxE t x t pxE t     
                                                                                                          (4.2)

 

 

According to the definition of relation (1), and according to the initial conditions of relation (3.1), we have: 
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2

1 2

( , ) ( , )( 1)
( , ) ( , ) ,  0,1,2,...

( 1)

k k
k k

x t x tk
x t x t for k

k t t

 
 

 


   
    
     

 

 

Hence, 

 

1 2

3 4

1 1
( , ) ( ),  ( , ) ( )

( 1) (2 1)

1 1
( , ) ( ), ( , ) ( )

(3 1) (4 1)

x t Exp t x t Exp t

x t Exp t x t Exp t

 
 

 
 

   
   

   
   

 

 

Therefore, by continuing this process, we have 

 

 
1

( , ) ( )
1

n x t Exp t
n




 
 

                                                                                                                            )4.3(                  

 

Similarly, for the initial condition 0 ( , ) ( )x t pxE t   , we have: 

 

 

2

1 2

2

0 0
1 02

1 0

2

( , ) ( , )( 2)
( , ) ( , ) ,  0,1,2,...

( 2)

( , ) ( , )( 2)
( , ) ( , ) ,   0

( 2)

(2) 1
( , ) ( , ) ( ),   0

( 2) ( 2)

k k
k k

x t x tk
x t x t for k

k t t

x t x tk
x t x t for k

k t t

x t x t Exp t for k



 



 

 



    
     

     

    
     

     


     

   

 3

4

1 1
( , ) ( ),  ( , ) ( ),  ,1,2

(2 2) (3 2)

1
( , ) ( ),  3

(4 2)

x t Exp t x t Exp t for k

x t Exp t for k

 



     
   

   
 

 
 

So for the last relation we have: 

 

1
( , )  ( ),   0,1,2,...,

( 2)
n x t Exp t for k n

n
   

 
                                                                                    )4.5( 

 

Therefore, the answer is presented as follows: 

 

(4.6)                                                                                          
 

1
1

0 0

1

0

( , )

           = 
( 2)

( )
1

m
k k

k k

j k

k k

k

x t x

x
Exp

x

x

k
t

k

 

 

 



 


 








  

 
 
  

 



  

 

 

 

2 2 1

0

)
2

  2,

( , ) (
( 2)1 2

n n

n

for

x x
x t Exp t

nn










 
   

 


 


                                                                                              

)4.7( 
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According to the initial conditions in the (RPS) and (ADM) methods, for 𝛼 = 2 it results in the exact solution which is 

obtained as follows [7- -9 17] 

 
2 2 1

0

2 3 4

( , ) ( )
(2 1) (2 2)

         ( )(1 ...) ( ) ( ) ( )
2! 3! 4!

n n

n

x x
x t Exp t

n n

x x x
Exp t x Exp t Exp x Exp x t






 
   

    

          



 
 

 Example 5 Consider the following inhomogeneous fractional-space Poisson equation [7]. 

 
2

1

2

( , )
( , ) ( ),   ,  0,   1 2x

x t
D x t x Exp t x t

t

 
 

     
                                                                     (5.1)

 

 

According to the definition of relation (1) and the initial conditions of equation (4.1), we have: 

 

0 1 2

1 )0,  0,  1,  (( , )t x px xf E t   -= = = - =  

 

With initial conditions: 

 

0 0

( ,0) , ( ,0)

( , ) ,  ( , )

t t

x

t t

x e x e

x t e x t e

 



 

  
                                                                                                                                   (5.2)

 

 

By applying differential transformation to equation (5.1), we have 

 

 

2

1 2

2

0
1 2

2

1
2 2

( , )( 1)
( , ) ( 1) ,   0,1,2,...

( 1)

( , )( 1) 1
( , ) ( ),

( 1) ( 1)

( , )1 1
( , ) ( )

(2 1) (2 1)

.

.

.

1
( , )

( 1)

tk
k

n

n

x tk
x t k e for k

k t

x t
x t Exp t

t

x t
x t Exp t

t

x t Ex
n


  

 




 




 






  
     
    

   
  

     

 
  
     



 

( ).p t

                                             

)5.3( 

 

But the right-hand side of the equation appears as 
1x , which should be to the power of 1, , 1   . To fix this defect, the 

bounds of the solution series for the initial condition 0 ( , ) tx t e  must be formed as follows: 

 
2

1

0 0

( , )
n

k k

k k

n k

x t t t  
 



 

     

 

Therefore, by inserting relation (5.3) into the above series, we have: 
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Therefore, from the above relation we have: 
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While in the power series method, the residual is obtained as follows: 

 

0

( , ) ( 1)
( 1)

n
t n

n

x
x t e x

n










 
   

  
  

 

For 𝛼 = 2, the exact solution of the equation is obtained as follows[7]: 
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 Example 6 Consider the following inhomogeneous fractional-time Poisson equation [7]  
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By applying the differential transformation in (6.1), we have: 
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The solution obtained by the residual power series method is not significantly different from the solution obtained by the 

method in Example 5. 

 

Table 1 Comparison of Numerical Relative Errors for Example 1 When α = 1.5 

t x HPM ADM RPSM L-RPSM RDTM 

0.2 -10 5.51277 4.97102 × 10⁻⁵ 4.97102 × 10⁻⁵ 4.97102 × 10⁻⁵ 4.97102 × 10⁻⁵ 

0.2 1 5.51277 × 10⁻² 4.97102 × 10⁻⁷ 4.97102 × 10⁻⁷ 4.97102 × 10⁻⁷ 4.97102 × 10⁻⁷ 

0.2 10 5.51277 4.97102 × 10⁻⁵ 4.97102 × 10⁻⁵ 4.97102 × 10⁻⁵ 4.97102 × 10⁻⁵ 

0.4 -10 5.31407 2.24963 × 10⁻³ 2.24963 × 10⁻³ 2.24963 × 10⁻³ 2.24963 × 10⁻³ 

0.4 1 5.31407 × 10⁻² 2.24963 × 10⁻⁵ 2.24963 × 10⁻⁵ 2.24963 × 10⁻⁵ 2.24963 × 10⁻⁵ 

0.4 10 5.31407 2.24963 × 10⁻³ 2.24963 × 10⁻³ 2.24963 × 10⁻³ 2.24963 × 10⁻³ 

0.6 -10 4.64626 2.09224 × 10⁻² 2.09224 × 10⁻² 2.09224 × 10⁻² 2.09224 × 10⁻² 

0.6 1 4.64626 × 10⁻² 2.09224 × 10⁻⁴ 2.09224 × 10⁻⁴ 2.09224 × 10⁻⁴ 2.09224 × 10⁻⁴ 

0.6 10 4.64626 2.09224 × 10⁻² 2.09224 × 10⁻² 2.09224 × 10⁻² 2.09224 × 10⁻² 

0.8 -10 4.91059 1.01806 × 10⁻¹ 1.01806 × 10⁻¹ 1.01806 × 10⁻¹ 1.01806 × 10⁻¹ 

0.8 1 4.91059 × 10⁻² 1.01806 × 10⁻³ 1.01806 × 10⁻³ 1.01806 × 10⁻³ 1.01806 × 10⁻³ 

0.8 10 4.91059 1.01806 × 10⁻¹ 1.01806 × 10⁻¹ 1.01806 × 10⁻¹ 1.01806 × 10⁻¹ 

 

Table 2 Comparison of Numerical Relative Errors for Example 1 When  α = 1.75 

t x HPM ADM RPSM L-RPSM RDTM 

0.2 -10 1.15719 3.70435 × 10⁻⁶ 3.70435 × 10⁻⁶ 3.70435 × 10⁻⁶ 3.70435 × 10⁻⁶ 

0.2 1 1.15719 × 10⁻² 3.70435 × 10⁻⁸ 3.70435 × 10⁻⁸ 3.70435 × 10⁻⁸ 3.70435 × 10⁻⁸ 

0.2 10 1.15719 3.70435 × 10⁻⁶ 3.70435 × 10⁻⁶ 3.70435 × 10⁻⁶ 3.70435 × 10⁻⁶ 

0.4 -10 0.92375 2.81935 × 10⁻⁴ 2.81935 × 10⁻⁴ 2.81935 × 10⁻⁴ 2.81935 × 10⁻⁴ 

0.4 1 9.23749 × 10⁻³ 2.81935 × 10⁻⁶ 2.81935 × 10⁻⁶ 2.81935 × 10⁻⁶ 2.81935 × 10⁻⁶ 

0.4 10 0.92375 2.81935 × 10⁻⁴ 2.81935 × 10⁻⁴ 2.81935 × 10⁻⁴ 2.81935 × 10⁻⁴ 

0.6 -10 1.06133 3.55402 × 10⁻³ 3.55402 × 10⁻³ 3.55402 × 10⁻³ 3.55402 × 10⁻³ 

0.6 1 1.06133 × 10⁻² 3.55402 × 10⁻⁵ 3.55402 × 10⁻⁵ 3.55402 × 10⁻⁵ 3.55402 × 10⁻⁵ 

0.6 10 1.06133 3.55402 × 10⁻³ 3.55402 × 10⁻³ 3.55402 × 10⁻³ 3.55402 × 10⁻³ 

0.8 -10 1.73713 2.14579 × 10⁻² 2.14579 × 10⁻² 2.14579 × 10⁻² 2.14579 × 10⁻² 

0.8 1 1.73713 × 10⁻² 2.14579 × 10⁻⁴ 2.14579 × 10⁻⁴ 2.14579 × 10⁻⁴ 2.14579 × 10⁻⁴ 

0.8 10 1.73713 2.14579 × 10⁻² 2.14579 × 10⁻² 2.14579 × 10⁻² 2.14579 × 10⁻² 

 

Table 3 Comparison of numerical relative errors for Example 1 when α = 2 

t x HPM ADM RPSM L-RPSM RDTM 

0.2 -10 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 

0.2 1 2.53968 × 10⁻⁹ 2.53968 × 10⁻⁹ 2.53968 × 10⁻⁹ 2.53968 × 10⁻⁹ 2.53968 × 10⁻⁹ 

0.2 10 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 2.53968 × 10⁻⁷ 

0.4 -10 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 

0.4 1 3.25079 × 10⁻⁷ 3.25079 × 10⁻⁷ 3.25079 × 10⁻⁷ 3.25079 × 10⁻⁷ 3.25079 × 10⁻⁷ 

0.4 10 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 3.25079 × 10⁻⁵ 

0.6 -10 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 
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0.6 1 5.55429 × 10⁻⁶ 5.55429 × 10⁻⁶ 5.55429 × 10⁻⁶ 5.55429 × 10⁻⁶ 5.55429 × 10⁻⁶ 

0.6 10 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 5.55429 × 10⁻⁴ 

0.8 -10 4.16102 × 10⁻³ 4.16102 × 10⁻³ 4.16102 × 10⁻³ 4.16102 × 10⁻³ 4.16102 × 10⁻³ 

0.8 1 4.16102 × 10⁻⁵ 4.16102 × 10⁻⁵ 4.16102 × 10⁻⁵ 4.16102 × 10⁻⁵ 4.16102 × 10⁻⁵ 

0.8 10 4.16102 × 10⁻³ 4.16102 × 10⁻³ 4.16102 × 10⁻³ 4.16102 × 10⁻³ 4.16102 × 10⁻³ 

 

IV. CONCLUSION 

 

The Reduced Differential Transform Method (RDTM) 

is offered as an efficient method for the analytical–

numerical solution of linear fractional partial differential 

equations based on the findings of this work. Without the 

need for discretization, linearization, or intricate integral 

computations, RDTM can generate extremely accurate and 

quickly convergent solutions using a straightforward 

recursive relation. RDTM provides better convergence 

speed and numerical stability when compared to well-known 

techniques like the Adomian Decomposition Method 
(ADM), Homotopy Perturbation Method (HPM), Residual 

Power Series (RPS), and Laplace Residual Power Series (L-

RPS). 

 

The method's superior accuracy in solving equations 

such as the fractional wave equation, fractional telegraph 

equation, and fractional Poisson equation is amply 

demonstrated by the numerical data included in the error 

comparison tables. In particular, the RDTM solutions 

exactly match the analytical solutions and outcomes from 

other exact approaches in the classical case (\alpha=2). 
RDTM's flexibility in applying beginning and boundary 

conditions, ease of implementation, and capacity to extend 

to nonhomogeneous equations without requiring more 

computing work are some of its main features.Overall, 

RDTM is suggested as a dependable and potent method for 

resolving fractional problems in mathematical physics and 

engineering due to its shown effectiveness and computing 

advantages across numerous situations. 
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