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L INTRODUCTION

Uncertain set was Presented by L.A.Zadeh [10] in
1965. The idea of fuzzy topology was announced by
C.L.Chang [3] in 1968. The generalized cld.sets in general
topology remained initialy by N.Levine [9] in 1970.
K.Atanassov [2] in 1986 presented the perception of
intuitionistic fuzzy sets. The notion of vague set theory was
introduced by W.L.Gau and D.J.Buehrer [7] in 1993.
D.Coker [6] in 1997 announced intuitionistic fuzzy topo.sps.
Bipolar- valued fuzzy sets, which was presented by K.M.Lee
[8] in 2000 is an leeway of fuzzy sets whose membership
degree range is distended from the interval [0, 1] to [-1,1]. A
innovative class of generalized bip.vag sets was announced
by S.Cicily Flora and I.Arockiarani [4] in 2016. The
persistence of this paper is to present and study the thought
of inter-val bip.vag Volterra spaces and an inter-val bip.vag
weakly Volterra spaces.

II. PRELIMINARIES

At this time in this paper the bip.vag topo.sps are meant
by (Y, BV,,). The bipolar vague and interval-valued meant
by bip.vag and inter-val correspondingly. Also, the bip.vag
interior, bip.vag closure of a bip.vag set B are represented by
BVInt(B) and BVCI(B). The complement of a bip.vag set B
is denoted by B° and the empty set and whole sets are
symbolized by 0..» and 1_~ separately.

» Definition 2.1:

[8] Let Y be the universe. Then a bipolar valued fuzzy
sets, B on Y is demarcated by positive membership function
ug, thatis uf: Y- [0,1], and a negative membership function
Ug, that is pg: Y— [-1,0]. For the own good of simplicity,
we shall use the representation.
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B={y,ug ), uz(y)):y € Y}.

» Definition 2.2:

[8] Let B and C be two bipolar valued fuzzy sets then
their union, intersection and complement are clear as
follows:

Hpuc=max {ug(¥), uE ()}
Hpuc=min {ug (¥), ue ()}
Upne=min {uf ), ut ()}
Henc= max {up (), ue (¥)}
tge(y) = 1-uf (y) and pge(y) = -1-uz () forally € Y.

» Definition 2.3:
[7] A vague set B in the universe of discourse W is a

pair of (¢g, f5)

where
tp: W-[0,1], fy:

W-[0,1] are the mapping such that t; + fz < 1 forallw €
W . The function tg and f5 are called true membership
function and false membership function respectively. The
interval [tz, 1 — fg] is called the vague value of w in B, and
denoted by vy (w), that is.

vg (W) = [tg(w), 1 = f(W)].

» Definition 2.4:

[7] Let B be a non-empty set and the vague set B and C
in the form B = {(y,t3(¥),1-fzr(»)):y €Y}, C =
{tc() 1= fc(¥)):y €Y} Then
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e Bc Cifandonlyif tz(y) < tc(y)and1— fz(y) <
1-fc()
e BUC = {(max(tz() t:()), max(1-fz(y),1—
fe@M/y €Y}
e BNC = {(min(t;»)t:(), min(1-fzr(»),1—
feOM)/y €Y}
o B ={y,f5(3),1-tz(y)):y €Y}.

» Definition 2.5:

[1] Let Y be the universe of discourse. A bipolar-valued
vague set B in Y is an object having the form B =
O 1-fFOLI-1-f5 0tz :y €Y}
where [tF,1— f5]:Y>[0,1]and [-1 — fz,t5] : Y-[-1,0]
are the mapping such that tZ(y) + f3'(y) < 1 and -1<
tz+fy. The positive membership degree [t7(y),1—
f5" (¥)] denotes the satisfaction region of an element x to the
property corresponding to a bipolar-valued set B and the
negative membership degree [—1 — f5 (), t5 (y)] denotes
the satisfaction region of x to some implicit counter property
of A. For a sake of simplicity, we shall use the notion of
bip.vag set vi = [tF,1 — fg]l and vy =[-1 — f5, t5].

» Definition 2.6:

[5] A bip.vag set B = [v{,v5] of a set W with vi=0
implies that t§ =0, 1 — fz'=0and vg= 0 implies that t5 =
0, —1 — fz =0 for all x € U is called zero bip.vag set and it
is denoted by 0.

» Definition 2.7:

[5] A bip.vag set B = [vg,vg] of a set W with v =
implies that t = 1, 1 — fg= 1 and vz = -1 implies that t5 =
-1,—=1—fz =-1for all y € W is called unit bip.vag set and
it is denoted by 1.

» Definition 2.8:

[4] Let B=(y,[t5,1—f5']l,[-1—f5,t5]) and C =
x[t5,1—fF1[-1— fZ,tz]) be two bip.vag sets then
their union, intersection and complement are defined as
follows:

e BU C = {nlthcO1=fcO) -1~
fB_uc(J’)' tEuc()’)])/y €Y} where tguc()’) = max
{ts ), tE )}, tgoc(y) = min {tz (), t; (y)} and 1 —
fB+uc(J’) =max {1—fz'(y),1- fc+(Y)} -1- fB_uc(Y) =
min {—1 - fz (), -1 - fe )}.

e Bn C = {01 =fancO)[-1-
fB_nc(J’)' tEnc()’)])/y €Y} where tgnc()’) = min
{ts ), tE()}s tone¥) = max {tz (¥),t; (¥)} and
1= fgnc@) =min {1—fr (), 1 - fF O}, -1-
feue @) =max {-1— fz (¥),—1 - fo (M}

o B = (o 1-tom]-1-G0).f00/
y €Y}

» Definition 2.9:

[4] Let B and C be two bip.vag sets defined over a
universe of discourse Y. We say that B € C if and only if
) < 20, 1-ffO) < 1-fF() and t5(y) 2
te, “1-fz (M z21-fr @) foraly €Y.
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» Definition 2.10:

[4] A bip.vag topology (BVT) on a non-empty set Y is
a family BV, of bip.vag set in Y satisfying the following
axioms:

e 0.,1.-€BV,

e T.NnT, €BV,, foranyT;,T, € BI,

e UT,; € BV,, for any arbitrary family {T:T; € Bl,,, i €
I}.

In this case the pair (Y, Bl,,) is called a bip.vag
topological space and any bip.vag set (BVS) in Bl is
known as bip.vag open set in Y. The complement B¢ of a
bip.vag open set (BVOS) B in a bip.vag topological space
(X, BIZ,) is called a bip.vag closed set (BVCS) in Y.

» Definition 2.11:

[4] Let (Y, BIZ,) be a bip.vag topological space B =
W, [tE, 1= f5],[—1— fy, tg]) be a bip.vag set in Y. Then
the bip.vag interior and bip.vag closure of B are defined by,
BVInt(B) = U {T: T is a bip.vag open set in Y and T € B},
BVCI(B) = n {J: J is a bip.vag closed set in Y and BC J}.
Note that BVCI(B) is a bip.vag closed set and BVInt(B) is a
bip.vag open set in X. Further,

e Bisabip.vag closed set in Y if and only if BVCI(B) = B,
e Bisabip.vag open set in Y if and only if BVInt(B) = B.

» Definition 2.12:

[4] Let (Y, BV,,) be a bip.vag topological space. A
bip.vag set B in (Y, BIZ,) is said to be a generalized bip.vag
closed set if BVCI(B) € T whenever BC T and T is bip.vag
open. The complement of a generalized bip.vag closed set is
generalized bip.vag open set.

» Definition 2.13:

[4] Let (Y, BIZ,) be a bip.vag topological space and B
be a bip.vag set in Y. Then the generalized bip.vag closure
and generalized bip.vag interior of B are defined by,
GBVCI(B) = n {T: T is a generalized bip.vag closed set in Y
and BE T}, GBInt(B) =U {T: T is a generalized bip.vag open
setin Yand AB2 T}.

III. INTER-VAL BIP. VAG VOLTERRA SPACES

» Definition 3.1:
An inter-val bip.vag sets BBVover a universe of
discourse Y is defined as an object of the form BBV =

{<yi. [[tgrw(xi). 1- fng(yi)], [—1 -

Fan O G 0D||y: ve €Y} where [t 1~ fiy] -
Y-D[0,1] and [-1-— fg}ﬁ,, tgﬁ,] : Y-DI[-1,0] are the
mapping such that tgﬁ, + fgﬁ, < land-1< tpy+ f 5y The

positive membership degree [tgﬁ, ) 1- fgﬁ/ (yl-)]
denotes the satisfaction region of an element y; to the
property corresponding to an inter-val bipolar-valued set BV
and the negative membership degree [—1-—

f78v 1), t 2w (¥1)] denotes the satisfaction region of y; to

WWW.ijisrt.com 1682


https://doi.org/10.38124/ijisrt/25jun1073
http://www.ijisrt.com/

Volume 10, Issue 6, June — 2025
ISSN No: 2456-2165

some implicit counter property of BEV. For a sake of
simplicity, we shall use the notion of inter-val bip.vag set

V;:PT/ = [t;‘—ﬁ/, 1-— fgﬁ/] and V;ﬁ/ = [—1 - fE_ﬁ,, ts;ﬁ,]
» Definition 3.2:

An inter-val bip.vag topology (IBVT) on Y is a family
IBV,, of interval- valued bip.vag sets (IBVS) in Y satisfying
the following axioms:

e 0..,1..€IBV,
e T,NT, forany T, T, € IBV,
e UT; € 1BV, for any family {T;/i € J}< IBV,,

In this case the pair (Y, IBI;,) is called an inter-val
bip.vag topological space (IBVTS) and any inter-val bip.vag
set (IBVS) in IBV, is known as an inter-val bip.vag open set
(IBVOS) in Y. The complement of an inter-val bip.vag open
set A® in an inter-val bip.vag topological space (Y, IBV,,) is
called an inter-val bip.vag closed set (IBVCS) in Y.

» Definition 3.3:

Let Y= {a, b}, B=(y, [[0.3, 0.4][0.5, 0.6],[-0.5,-0.6] [-
0.3,-0.4]1,[[0.4,0.5][0.7,0.8] ,[-0.7,-0.8][-0.4,-0.5]]) and C =
{y, [[0.4, 0.5][0.6, 0.7],[-0.6,-0.7][-0.4,-0.5]], [[0.5, 0.6] [0.7,
0.8], [-0.7,-0.8][-0.5,-0.6]]). Then the family T * =
{0.-, A, B, 1_.}of an inter-val bip.vag sets in Y is an inter-
val bip.vag topology on Y.

» Definition 3.4:

Let B = (y[lta"O) "I - fif'" (), 1 -
UL [-1 =510, -1 = U (), tzY (1D
and B = (y[t&O 2O - ()1 -

YOI = £ 0D —1 = VNI )t OO
be two inter-val bip.vag sets then their union, intersection
and complement are defined as follows:

e BU C = {<Y'[ [tasc (), tBUC(y)][l fooe @)1 -
faoeLI-1 = froe O, [-1
fBuc(}’)] [tBLIJC(J’)' tEL?C(}’)]])/Y eyY } where tBUC(y) =
max  {t3"(y), ta" ()}, taoc) = max
{ta" ), tE' O}, tabe(y) = min {tz" (), tz*(¥)} and
tzoc(¥) = min {tzV(), ()} 1 - froc () = max
1-fOM 1=} 1- () = max {1-
fB+U(J’)'1 _fc+U(Y)}: -1 _fB_uLc(Y) = min {-1-
fit @), =1 -7 ()} and—1 - frje(y) = min {1 —
', 1=}

e BnC= {(Y:[ [tarc (), tBnC(y)][l fone),1—
anc(J’)] [-1- anc(Y);
anc(J’)] [tBnc(Y) tEnc()’) ])/y € Y} where tBnc()’) =
min {tz"(y), t2* )}, tghc @) =min {3V ), 27 )},
tzhe () = max {tz" (), tz* ()} and tz7:(y) = max
{tz" (), th(Y)} 1- anc(Y) min {1 - fF"(y),1-
fF O 1= fEne @) =min {1 = fFY(y), 1 - fFY )3,

1= froe ) =max {~1— fz*(y),—1 - f*(¥)} and
1- fB_UUC(Y) =max {~1— '), -1- 7'}

e B2 = {[GHOHFIOIN - taE )1 -
tg'MI[-1-tz" (), -1 -
DI O, O/ y € Y-
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» Proposition 3.5:

Let (Y, BV,,) be an inter-val bip.vag topological space
and let B, C belongs to an inter-val bip.vag set in Y. Then the
following properties hold:

0.-€Bc1._.
BUC=CUB:BNC=CnB
B,CCBUC:BNCCB,C

BN (U, C;)=UBNC)andBU (N, C;)=n,BUC)
0°=1_;1.5=0_0

(B =B

(U; B)*=n; Bf and (N; B;)° =V, Bf

4

v’ Proof: Obvious

» Definition 3.6:

Let (Y, IBV,,) be an inter-val bip.vag topological space
and B = ([[FO) YOI - f(), 1~
UL -1 = f5 00, =1 = f Ot ), eV 1))
be an interval--valued bip.vag set in Y. Then the inter-val
bip.vag interior and an inter-val bip.vag closure defined by,
IBVInt(B) =U {T: T is an inter-val bip.vag open set in Y and
T € B}, IBVCI(B) = n {J: J is an inter-val bip.vag closed set

inY and AC K}.

Note that for any inter-val bip.vag set B in (Y, IBV,,),
we have IBVCI(B®) = (IBVInt(B))° and IBVInt(B¢) =
(IBVCI(B)) and IBVCI(B) is an inter-val bip.vag closed set
and IBVInt(B) is an inter-val bip.vag open set in Y. Further
we have, if B is an inter-val bip.vag closed set in Y, then
IBVCI(B) = B and if B is an inter-val bip.vag open set in Y,
then IBVInt(B) = B.

» Example 3.7:

LetY={b,c} and7 *={0_», B, C, 1.} be an inter-val
vague topology on Y, where B = (y,[[0.2, 0.3][0.4,0.5],[-0.4,-
0.5]-0.2,-0.311,[[0.3,0.5][0.6, 0.71,[-0.6,-0.7][-0.3,-0.5]]), C
= {y, [[0.3, 0.4][0.5,0.6],[-0.5,-0.6][-0.3,-0.4]],
[[0.4,0.5][0.7,0.8],[-0.7,-0.8][-0.4,-0.5]]). Here the op.sets
are 0_», B, Cand 1_.. If R =y, [[0.2, 0.5] [0.6, 0.8],[-0.6,-
0.8]-0.2,-0.511,[[0.3, 0.4] [0.5, 0.3],[-0.5,-0.3][-0.3,-0.4]]) is
an inter-val bip.vag set then, IBVCI(Q) = N {J: J is an inter-
val bip.vag closed set in Y and Q € J} =1_. IBVInt(Q) = U
{E: E is an inter-val bip.vag open setin Yand Q 2 E} =0~

» Proposition 3.8:

Let (Y,IBV,,) be an inter-val bip.vag set and let B, C
belongs to an inter-val bip.vag set in Y. Then the following
properties hold:

BVInt(B) c B

Bc C implies BVInt(B) € BVInt(C)

B is a bip.vag open set if and only if BVInt(B) = B
BVInt(BVInt(B)) = BVInt(B)

BVInt(0..») =0._», BVInt(1..») =1_»

BVInt(B N C) = BVInt(B) N BVInt(C)

v" Proof: The proof is obvious
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» Proposition 3.9:

Let (Y,IBV,,) be an inter-val bip.vag set and let B, C
belongs to an inter-val bip.vag set in Y. Then the following
properties hold:

B < BVCI(B)

B c C implies BVCI(B) c BVCI(C)

B is a bip.vag closed set if and only if BVCI(B) = B
BVCI(BVCI(B)) = BVCI(B)

BVCI(0.-)=0_.,, BVCI(1.-)=1_-

BVCI(B U C)=BVCI(B) U BVCI(C)

v" Proof: The proof is obvious.

» Definition 3.10:

An inter-val bip.vag set B in an inter-val bip.vag
topological space (Y,IBV,,) is called an inter-val bip.vag
dense if there exists no inter-val bip.vag closed set C in
(Y,1BV,,) suchthat Bc C c 1.

» Definition 3.11:

An inter-val bip.vag set B in an inter-val bip.vag
topological space (Y,IBV,,) is called an inter-val bip.vag
nowhere dense set if there exists no inter-val bip.vag open set
C in (Y,IBV,,) such that C ¢ IBVCI(B). That is IBVInt
(IBVCI(B)) =0...

» Proposition 3.12:

If B is an inter-val bip.vag dense and inter-val bip.vag
open set in an inter-val bip.vag topological space (Y, IBV,,),
then B¢ is an interval- valued bip.vag nowhere dense set in
(Y, IBW,.).

e Proof:

Let B be an inter-val bip.vag dense and inter-val
bip.vag open set in (Y, IBV,,). Then we have IBVCI(B) =1_
and IBVInt(B) = B. Now we have to show that
IBVInt(IBVCI(B®)) = 0_.. Let IBVCI(B) = (IBVInt(B))* =
B¢ which implies that IBVInt(IBVCI(B°)) = IBVInt(B¢) =
(IBVCI(B))° = 1= 0_.. That is, IBVInt(IBVCI(B®)) = 0_...
Hence B° is an inter-val bip.vag nowhere dense set in
(Y, 1BY.).

» Proposition 3.13:

Let B be an inter-val bip.vag set. If B is an inter-val
bip.vag closed set in (Y, IBV,,) with IBVInt(B) = 0._-, then B
is an inter-val bip.vag nowhere dense set in (Y, IBV,,).

e Proof:

Let B be an inter-val bip.vag closed set in (Y,IBV,,).
Then IBVCI(B) = B. Now IBVInt(IBVCI(B)) = IBVInt(B) =
0..» and hence B is an inter-val bip.vag nowhere dense set in
(Y, IBV,.).

» Proposition 3.14:

Let B be an inter-val bip.vag closed set in (Y,IBV,,),
then B is an inter-val bip.vag nowhere dense set in (Y, IBV;,)
if and only if IBVInt(B) = 0.

IJISRT25JUN1073

International Journal of Innovative Science and Research Technology

https://doi.org/10.38124/ijisrt/25jun1073

e Proof:

Let B be an inter-val bip.vag closed set in (Y, IBV,,),
with IBVInt(B) = 0... Then by Proposition 3.13, B is an
inter-val bip.vag nowhere dense set in (Y,IBV,,).
Conversely, let B be an inter-val bip.vag nowhere dense set
in (Y,IBV,,). Then IBVInt(IBVCI(B)) = 0., which implies
that IBVInt(B) = 0... Since B is an inter-val bip.vag closed,
IBVCI(B) = B.

» Proposition 3.15:

If B is an inter-val bip.vag nowhere dense set in an
inter-val bip.vag topological space (Y, IBV,,), then IBVCI(B)
is also an inter-val bip.vag nowhere dense set in (Y, IBV,,).

e Proof:

Let B be an inter-val bip.vag nowhere dense set in
(Y,1BV,,). Then, IBVInt(IBVCI(B)) = 0... Now
IBVCI(IBVCI(B)) = IBVCI(B). Hence

IBVInt(IBVCI(IBVCI(B))) = IBVInt(IBVCI(B)) = 0_..
Therefore IBVCI(B) is also an inter-val bip.vag nowhere
dense set in (Y, IBV,).

» Definition 3.16:
An inter-val bip.vag topological space (Y,IBV,,) is
called an interval- valued bip.vag first category set if B =
i24 B;, where B;’s are inter-val bip.vag nowhere dense set
in (Y,IBV,,). Any other inter-val bip.vag set in (Y, IBV,,) is
said to be an inter-val bip.vag second category.

» Definition 3.17:

An inter-val bip.vag set B in an inter-val vague
topological space (Y, IBV,,) is called an inter-val bip.vag Hs-
sets in (Y, IBV,,) if B= U2, B; where B; € IBV,, fori€ I.

» Definition 3.18:

An inter-val bip.vag set B in an inter-val bip.vag
topological space (Y, IBV,,) is called an inter-val bip.vag J -
sets in (Y, IBV,) if B = U2, B; where Bf € IBV,
fori€ L
» Definition 3.19:

An inter-val bip.vag topological space (Y,IBV,,) is
called an inter-val bip.vag Volterra space if IBVCI(NY., B;)
= 1_,, where B;’s are inter-val bip.vag dense and inter-val
bip.vag Hg-sets in (Y, IBV,,).

» Example 3.20:

Let Y = {b, c}. Define an inter-val bip.vag sets B, C, D
and E as follows, B = (y,[[0.4,0.6][0.8,0.9],[-0.8,-0.9][-0.4, -
0.6]1,[[0.2,0.3][0.6,0.71,[-0.6,-0.7][-0.2,-0.3]]),C = ¢y, [[0.4,
0.5][0.7,0.8],[-0.7,-0.8][-0.4,-0.5]1,[[0.3,0.4][0.6, 0.8], [-
0.6,-0.8][-0.3,-0.4]] ), D = (y, [[0.4,0.5][0.7,0.81,[-0.7,-0.8][-
0.4,-0.5]],[[0.2,0.3][0.6, 0.7] ,[-0.6,-0.7][-0.2,-0.3]] ) and E
= (y,[[0.4,0.6][0.8,0.91,[-0.8,-0.9][-0.4,-0.6]],[[0.3,0.4][0.6,
0.8] ,[-0.6,-0.8][-0.3,-0.4]]). Clearly 7 * = {0_., B, C, D, E,
1_.} is an inter-val bip.vag topology on Y, thus (Y, IBV,,) is
an inter-val bip.vag topological space. Let F = {BN CN D
1,G={BNCNE}and H={BNCN DNE} whereF,
G and H are inter-val bip.vag Hg-sets in (Y, IBV,,). Also, we
have IBVCI(F) = 1_, IBVCI(G) =1_.and IBVCI(H) = 1_..
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Also, we have IBVCI(F N G N H) = 1_... Therefore,
(Y, IBVZ,) is an inter-val bip.vag Volterra space.

» Proposition 3.21:

An inter-val bip.vag topological space (Y,IBV,,) is an
inter-val bip.vag Volterra space, if and only if
IBVInt(UY., Bf) = 0_., where B;’s are inter-val bip.vag
dense and an inter-val bip.vag Hg-sets in (Y, IBV,,).

e Proof:

Let (Y, IBV,,) be an inter-val bip.vag Volterra space and
B;’s are inter-val bip.vag dense and inter-val bip.vag Hs-sets
in (X,1BV,,). Then we have IBVCI(NY, Bf) = 1_.. Now
IBVInt(U, Bf) = IBVCI(NY, B;))° = 0_.. Conversely, let
IBVInt(U, Bf) = 0_,, where B;’s are inter-val bip.vag
dense and inter-val bip.vag Js-sets in (Y,IBV,,). Then
(IBVInt(N¥, B;)°) = 0.. implies IBVCI(NX; B;) = 1...
Hence (Y, IBV,,) is an inter-val bip.vag Volterra space.

» Proposition 3.22:

Let (Y, IBV,,) be an inter-val bip.vag topological space.
If IBVInt(UX., B;) = 0., where B;’s are inter-val bip.vag
nowhere dense and an inter-val bip.vag J;-sets in (Y, IBV,,),
then (Y, IBV;,) is an inter-val bip.vag Volterra space.

e Proof:

Let IBVInt(UY,B;) = 0., this implies that
(IBVInt(UY, B;))° = 1... That is IBVCI(NY,B;) = 1.
where B;’s are inter-val bip.vag nowhere dense and an inter-
val bip.vag J,-sets implies that Bf’s are inter-val bip.vag
dense and an inter-val bip.vag Hg-sets in (Y, IBV,,) and also
IBVCI(NX, Bf)=1_.. Then (Y, IB,) is an inter-val bip.vag
Volterra space.

» Definition 3.23:

Let B be a bip.vag first category set in an inter-val
bip.vag topological space (Y,IBV,,). Then B° is called an
inter-val bip.vag residual sets in (Y, [BV,,).

» Definition 3.24:

An inter-val bip.vag topological space (Y,IBV,,) is
called an inter-val bip.vag &.- Volterra space if
IBVCI(NY., B;) = 1., where B;’s are inter-val bip.vag dense
and an inter-val bip.vag residual sets in (Y, IBV,,).

» Proposition 3.25:

Let (Y, IBV,,) be an inter-val bip.vag €,- Volterra space,
then IBVInt(UY.; B;) = 0_., where B;’s are inter-val bip.vag
first category sets such that IBVInt(B;) = 0_- in (Y, IBV,,).

e Proof:

Let B;’s (i =1 to N) be an inter-val bip.vag first
category sets such that IBVInt(B;) = 0_» in (Y,IBV,,). Then
Bf is an inter-val bip.vag residual sets such that IBVCI(Bf)
=1_ in (Y, 1BV,,). That is Bf is an inter-val bip.vag residual
sets and an inter-val bip.vag dense sets in (Y, IBV;,). Since
(Y, IBV,,) is an inter-val bip.vag €,- Volterra space, IBVCI(
NN, Bf) =1_. and hence we have IBVInt(UX, B;) = 0_
where B;’s are inter-val bip.vag first category sets such that
IBVInt(B;) = 0. in (Y, IBV,,).
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» Proposition 3.26:

If each an inter-val bip.vag nowhere dense set is an
inter-val bip.vag closed set in an inter-val bip.vag Volterra
space in (Y, IBV,,), then (Y, IBV,,) is an inter-val bip.vag €,.-
Volterra space.

e Proof:

Let B;’s (i=1 to N) be an inter-val bip.vag nowhere
dense set and an inter-val bip.vag residual set in (Y, IBV,,).
Since B;’s are inter-val bip.vag residual sets, Bf’s are inter-
val bip.vag first category set in (Y,IBV,,). Now Bf =
i=1 Cij, where C;;’s are an inter-val bip.vag nowhere dense
set in (Y, IBV,,). By hypothesis, an inter-val bip.vag nowhere
dense set C;;’s are inter-val bip.vag cld.sets and hence B’s
are inter-val bip.vag J-sets in (Y, IBV,,). This implies that
Bf’s are inter-val bip.vag Hs-sets in (Y, IBV,). Hence Bf’s
are inter-val bip.vag dense and an inter-val bip.vag Hg-sets
in (Y, IBIZ,). Since (Y, IBV,,) is an inter-val bip.vag Volterra
space, IBVCI(NY., B;) = 1_.. Hence IBVCI(NY., B;) = 1.,
where B;’s are inter-val bip.vag dense and an inter-val
bip.vag residual sets in (Y, IBV,,) implies that (Y, IBV,,) is an
inter-val bip.vag €,- Volterra space.

» Definition 3.27:

Let (Y, IBV,,) be an inter-val bip.vag topological space.
Then (Y, IBV;,) is called an inter-val bip.vag Baire space if
IBVInt(Ui2, B;) = O..where B;’s are inter-val bip.vag
nowhere dense sets in (Y, IBV,,).

» Proposition 3.28:
Let (Y, IBV,,) be an inter-val bip.vag topological space.
Then the following are equivalent:

e (Y,IBV,,) is an inter-val bip.vag Baire space.

e IBVInt(B)=0.., for every inter-val bip.vag first category
set B in (Y, IBV,).

e IBVCI(B)=1.., for every inter-val bip.vag residual set B
in (Y,IBV,.).

» Proof:

e = (ii) Let B be an inter-val bipolar first category set in
(Y,IBV,,). Then B = U2, B;, where B;’s are inter-val
bip.vag nowhere dense sets in (Y, IBV},). Now IBVInt(B)
= IBV( U2, B;) = 0., since (Y,IBV,,) is an inter-val
bip.vag Baire space. Therefore IBVInt(B) =0._..

e = (iii) Let B be an inter-val bip.vag residual set in
(Y,IBV,,). Then C¢ is an inter-val bip.vag first category
set in (Y, IBV,,). By hypothesis IBVInt(C®) = 0. which
implies that (IBVCI(B))° = 0..». Hence IBVCI(B) = 1_..

e = (i) Let B be an inter-val bip.vag first category set in
(Y,IBV,). Then B = U2, B;, where B;’s are inter-val
bip.vag nowhere dense sets in (Y,IBV,,). Now B is an
inter-val bip.vag first category set implies that B€ is an
inter-val bip.vag residual set in (Y, IBV,,). By hypothesis,
we have IBVCI(B®) = 1._» which implies that (IBVInt(B)
= 1_.)¢. Hence IBVInt(B) = 0_.. IBVInt(U%, B;) = 0.,
where B;’s are inter-val bip.vag nowhere dense sets in
(Y,1BV,,). Hence (Y,IBV,,) is an inter-val bip.vag Baire
space.
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» Proposition 3.29:

If Uj2, B; is the inter-val bip.vag sets, B;’s are inter-val
bip.vag nowhere dense sets in an inter-val bip.vag Baire
space in (Y, IBV,,),then (Y,IBV,,) is an inter-val bip.vag €,.-
Volterra space.

e  Proof:

Let B be an inter-val bip.vag Baire space and B;’s (i =
1 to N) be an inter-val bip.vag dense and inter-val bip.vag
residual sets in (Y,IBV,,). Since B;’s are inter-val bip.vag
residual set, Bf’s are inter-val bip.vag first category sets in
(Y,IBV,,). Now Bf = U3, C;;, where C;;’s are inter-val
bip.vag nowhere dense sets in (Y, IBV,,). By hypothesis Bf
is an inter-val bip.vag nowhere dense sets in (Y, IBV,,). Let
C,’s be an inter-val bip.vag nowhere dense sets in (Y, IBV,,)
in which N inter-val bip.vag nowhere dense sets be Bf. Since
(Y,1BV,,) is an inter-val Dbip.vag Baire space,
IBVInt(U2,C,) = O.. But IBVInt(UY,B;) <
IBVInt(Ug-,C,) and IBVInt(Ugz-,C,) = O0... Then
IBVInt(U2, Bf) = O0... Therefore IBVCI(NX,B;) =
1_~where B;’s (i=1 to N) are inter-val bip.vag dense set and
inter-val bip.vag residual set in (Y,IBV,,). Therefore
(Y, IBVZ,) is an inter-val bip.vag €,- Volterra space.

» Proposition 3.30:

If an inter-val bip.vag €,- Volterra space is an inter-val
bip.vag Baire space, then IBVCI(NY., B;) = 1._», where B;’s
(i=1to N) are inter-val bip.vag residual sets in (Y, IBV,,).

e Proof:

Let B;’s (i=1to N) are inter-val bip.vag residual set in
(Y, 1BV,,). Since (Y,IBV,,) is an inter-val bip.vag Baire
space, (By Proposition 3.28) IBVCI(B;) =1.» ¥ i. Then B;’s
are inter-val bip.vag dense and an inter-val bip.vag residual
sets in (Y, IBV,,). Since (Y, IBV,,) in an inter-val bip.vag €,.-
Volterra space, IBVCI(NM,;B;) = 1... Therefore,
IBVCI(NX., B;) = 1. where B;’s (i=1 to N) are inter-val
bip.vag residual sets in (Y, [BV,,).

» Proposition 3.31:

If NY_, B;, where B;’s (i = 1to N) are inter-val bip.vag
residual sets in an inter-val bip.vag Baire space (Y, IBV,,),
then (Y, IBV,,) is an inter-val bip.vag €,- Volterra space.

e Proof:

Let B;’s (i = 1to N) be an inter-val bip.vag dense and
an inter-val bip.vag residual sets in (Y,IBV,,). Then by
hypothesis, N, B; is an inter-val bip.vag residual sets in
(Y,1BV,,). Since (Y,IBV,,) is an inter-val bip.vag Baire
space, therefore (By Proposition 3.28) IBVCI(NY., B;) =1.-.
Hence IBVCI(NY, B;) = 1., where A;’s are inter-val
bip.vag dense set and an inter-val bip.vag residual set
(Y, 1BV,,). Therefore (Y,IBV,,) is an inter-val bip.vag €,-
Volterra space.
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Iv. INTER-VAL BIP. VAG WEAKLY VOLTERRA
SPACES

» Definition 4.1:

Let (Y, IBV,,) be an inter-val bip.vag topological space.
An inter-val bip.vag set B in (Y, IBV,,) is called an inter-val
bip.vag g-nowhere dense set if B is an inter-val bip.vag J,
set in (Y,IBV,,) such that IBVInt(B)=0_..

» Definition 4.2:

Let (Y, IBV,,) be an inter-val bip.vag topological space.
Then (Y, IBV,,) is called an inter-val bip.vag o-Baire space if
IBVInt(Ui2, B;) = 0., where B;’s are inter-val bip.vag o-
nowhere dense sets.

» Proposition 4.3:

In an inter-val bip.vag topological space (Y, IBV,,). An
inter-val bip.vag set B is an inter-val bip.vag g-nowhere
dense set in (Y, IBV,,) if and only if B® is an inter-val bip.vag
dense and an inter-val bip.vag Hg-set in (Y, IBV,,).

» Proof:

Let B be an inter-val bip.vag o-nowhere dense set in
(Y,1BV,,). Then B= U, B; where B;° € IBV,,, fori€ I and
IBVInt(B) = 0..» Then (IBVInt(B))® = (0..»)° = 1._» implies
that IBVCI(B®) =1 _.. Also, B° = (U2, B;)* = N{2; B; where
B;° € IBV,,, for i€ 1. Hence, we have B° is an inter-val
bip.vag dense and an inter-val bip.vag Hg-set in (Y, IBV,,).

Conversely, let B be an inter-val bip.vag dense and an
inter-val Hg-set in (Y,IBV,,). Then B= N2, B; where B; €
IBY,,, for i € I. Now B¢ = (N2, B; )* = Uj2; B;“. Hence B*
is an inter-val bip.vag J; set in (Y, IBV;,) and since B is an
inter-val bip.vag dense set we have IBVInt( B°) = 0...
Therefore, B¢ is an inter-val bip.vag o-nowhere dense set in
(Y,1BV,.).

» Proposition 4.4:

If B is an inter-val bip.vag dense set in (Y, IBV,,) such
that C € B¢, where C is an inter-val bip.vag J, set in
(Y, IBV,,), then C is an inter-val bip.vag -nowhere dense set
in (Y, IBV..).

» Proof:

Let B be an inter-val bip.vag dense set in (Y, IBV,,).
Now C <€ B¢ implies that IBVInt(C) S IBVInt( B°) =
(IBVCI(B))¢ = 0..» and hence IBVInt(C) = 0_.. Therefore, C
is an inter-val bip.vag g-nowhere dense set in (Y, IBV,,).

» Proposition 4.5:

If B is an inter-val bip.vag J, set and an inter-val
bip.vag nowhere dense set in (Y, IBV,,), then B is an inter-val
bip.vag o-nowhere dense set in (¥, IBV,,).

» Proof:

Now B S IBVCI(B) for any inter-val bip.vag set in
(Y, IBV,,). Then, IBVInt(B) € IBVInt(IBV(CI(B))). Since B
is an inter-val bip.vag nowhere dense set in (Y,IBV,,),
IBVInt(IBVCI(B)) = 0..» and hence IBVInt(B) = 0._.» and B
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is an inter-val bip.vag J, set implies that B is an inter-val
bip.vag o-nowhere dense set in (Y, IBV,,).

» Proposition 4.6:

If B;’s (i =1 to N) are inter-val bip.vag g-nowhere
dense set in (Y,IBV,,) and IBVInt(UM,B;) = 0_., then
(Y, IBV,,) is an inter-val bip.vag Volterra space.

» Proof:

Let B;’s (i=1 to N) are inter-val bip.vag g-nowhere
dense set in (Y, IBV,,) then B;’s are inter-val bip.vag J; set
with IBVInt(B;) = 0..».Now (IBVInt(B;))° = 1..». Then, we
have IBVCI(B;€) =1_.. That is, B;’s are inter-val bip.vag
dense set in (Y, IBV,,). Since B;’s are inter-val bip.vag J, set,
B;“are inter-val bip.vag Hg-sets in (Y,IBV,,). Hence B;“are
inter-val bip.vag dense and an inter-val bip.vag Hg-sets in
(X,IB,,). Now IBVCI(NY, B,°) = (IBVInt(UY., B))* =
0.-°=1_.. Hence (Y,IBV,,) is an inter-val bip.vag Volterra
space.

» Definition 4.7:

An inter-val bip.vag topological space (Y,IBV,,) is
called an inter-val bip.vag weakly Volterra space if
IBVCI(NY., B;) # 0.., where B;’s are inter-val bip.vag
dense and an inter-val bip.vag Hg-sets in (Y, IBV,,).

» Example 4.8:

Let Y = {b, c}. The inter-val bip.vag sets are defined as
follows B = (y, [[0.3, 0.4][0.6,0.8],[-0.6,-0.8][-0.3,-
0.4]1,[[0.3,0.4][0.6, 0.91,[-0.6,-0.9][-0.3,-0.411), C =y, [[0.3,
0.5][0.6,0.7],[-0.6,-0.7][-0.3,-0.5]1,[[0.2,0.3][0.4, 0.5],[-0.4,-
0.5][-0.2,-0.31]), D=y, [[0.3, 0.4][0.6,0.7],[-0.6,-0.7][-0.3,-
0.4]1,[[0.1,0.3][0.4, 0.5],[-0.4,-0.5][-0.1,-0.3]]) and E = (y,
[[0.3, 0.5][0.6,0.8],[-0.6,-0.8][-0.3,-0.5]1,[[0.3,0.4][0.6,
0.9],[-0.6,-0.9][-0.3,-0.4]]). Clearly T * = {0.., B, C, D, E,
1_.} is an inter-val bip.vag topology in Y. Then (Y, IBV,,) is
an inter-val bip.vag topological space IBVCI(B) = 1_.,
IBVCI(C) =1_., IBVCI(E) = 1_... Now IBVCI(BN C N E)
# 0_.. Therefore (Y,IBV,,) is an inter-val bip.vag weakly
Volterra space but it is not an inter-val bip.vag Volterra space.

» Definition 4.9:

Let (Y, IBV,,) be an inter-val bip.vag topological space.
An inter-val bip.vag set B in (Y, IBV,,) is called an inter-val
bip.vag o- first category if B = U;2; B;, where B;’s are inter-
val bip.vag o- nowhere dense set in (Y,IBV,,). Any other
inter-val bip.vag set in (Y,IBV,,) is said to be an inter-val
bip.vag og-second category in (Y,IBV,,).

» Definition 4.10:

An inter-val bip.vag topological space (Y, IBV,,) is an
inter-val bip.vag o- first category space if 1.» = U2, B;,
where B;’s are inter-val bip.vag o- nowhere dense set in
(Y, 1BV,,). (Y, IBV,,) is called an inter-val bip.vag o- second
category space if it is not an inter-val bip.vag o-first category
space.
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» Proposition 4.11:

If the inter-val bip.vag topological space (Y,IBV,,) is
an inter-val bip.vag - second category space, then (Y, IBV},)
is an inter-val bip.vag weakly Volterra space.

» Proof:

Let B;’s (i=1,2,.....N) be an inter-val bip.vag dense and
an inter-val bip.vag Hg-set in (Y, IBV,,). Then by Proposition
4.3 Bf’s are an inter-val bip.vag o-nowhere dense set in
(Y,IBV,,). LetC,(a =1, 2, .....00 ) be an inter-val bip.vag o-
nowhere dense set in (Y,IBV,,) in which let us take the first
N(C,)’s as Bf. Since (Y,IBV,,) is an inter-val bip.vag o-
second category space, Ug—; C, # 1..». Then (Ug=; C,)¢ #
1.»= Ng=1 CS # 0_». Then we have IBVCI(Ng=1(Cy)°).
Since IBVCI(NY_,(C,)°) < IBVCI(NG-1(C,)¢ # 0. then
we have IBVCI(Ng=1(Cy)) # 0.., where B;’s (i=1,2,....N)
are an inter-val bip.vag dense and an inter-val bip.vag Hg-set
in (Y,1BV,,). Therefore (Y,IBV,,) is an inter-val bip.vag
weakly Volterra space.

» Proposition 4.12:

e Let (X, IBV,,) be an inter-val bip.vag weakly Volterra
space if UY, B; =1_., where B;’s are an inter-val bip.vag
Js — set in (Y,IBV,,) then there exits atleast one B; in
(Y, IBV,,) with IBVInt(B;) # 0_-.

e If UY,B;=1_. where B;’s are an inter-val bip.vag J, —
set in (Y, IBV;,) and if, IBVInt(B;) # 0. for atleast one (i
=1,2,....N) then (Y, IBV,,) is an inter-val bip.vag weakly
Volterra space.

» Proof:

(1) =(ii). Suppose that IBVInt(B;) = 0.. for all
(i=1,2,...N). Then (IBVInt(B,))° = 1_» = IBVCI(B;*) = 1....
Therefore Bf’s are an inter-val bip.vag dense set in Y. B;’s
are an inter-val bip.vag J; — setin (Y, IBV,,) implies that Bf’s
are an inter-val bip.vag Hg-set. Now, IBVCI(NY, B;°) =
IBVCI(UX, B;)* = IBVCI(1..) = 0_», where Bf’s are an
inter-val bip.vag dense set and an inter-val bip.vag Hs-set.
This implies (Y,IBV,,) is not an inter-val bip.vag Volterra
space, which is a contradiction. Therefore IBVInt(B;) # 0.
for atleast one i(i=1,2,.....N) in (Y, IBV,,). (ii) =(i). Suppose
that (Y,IBV,,) is not an inter-val bip.vag weakly Volterra
space. IBVCI(N; B;) = 0_.. where B;’s are an inter-val
bip.vag dense and an inter-val bip.vag Hg-set in (Y, IBV,,).
This implies that IBVInt(UN,(Bf)) = 1.» = UX,(Bf) =
1., where Bf’s are an inter-val bip.vag ], —set in (Y, IBV,)
and IBVInt(Bf) = 0..(because IBVCI(B;) = 1.V i =
1,2,.....N) which is a contradiction to the hypothesis. Hence
(Y, IBV,,) must be an inter-val bip.vag weakly Volterra space.

» Definition 4.13:

An inter-val bip.vag topological space (Y, IBV,,) is an
inter-val bip.vag almost resolvable space if U2, B; = 1.,
where the inter-val bip.vag sets B;’s in (Y,IBV,,) are such
that IBVInt(B;) = 0 _.. Otherwise, (Y, IBV,,) is called an inter-
val bip.vag almost irresolvable.
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» Definition 4.14:

An inter-val bip.vag topological space (Y,IBV,,) is
called an inter-val bip.vag P-space if countable intersection
of an inter-val bip.vag op.sets in (Y,IBV,,) is an inter-val
bip.vag open in (Y, IBV,,).

» Definition 4.15:

An inter-val bip.vag topological space (Y,IBV,,) is
called an inter-val bip.vag submaximal space if for each an
inter-val bip.vag set B in (Y, IBV,,) such that IBVCI(B) =
1_.,then B € 1 *.

» Proposition 4.16:

If the inter-val bip.vag topological space (Y, IBV,,) is
an inter-val bip.vag almost irresolvable space, then (Y, IBV,,)
is an inter-val bip.vag weakly Volterra space.

» Proof:

Let B;’s (i=1,2,....N) be an inter-val bip.vag dense and
an inter-val bip.vag Hg-set in (Y, IBV,,). Now IBVCI(B;) =
IBVInt(Bf) = 0... Since (Y,IBV,,) is an inter-val bip.vag
almost irresolvable space, Ui2,(C;) # 1., where the inter-
val bip.vag sets C;’s in (Y, IBV,) are such that IBVInt(C;) =
0.-. Let us take the first N((C;)’s as Bf’s in (Y, IBV,,). Now,
UZ.(C) #= 1. = (U2,(C)) # 0. This implies that
N{2,(C;)° # 0.» and thus IBVCI(NZ,(C;)°) # 0.-. Since
IBVCI(NX,(C)°) < IBVCI(N{2,(C;)°) then
IBVCI(NY.,(C;)®) # 0._.. Hence IBVCI(NY,(CH)°) # 0.
replacing C;, by Bf, (i=1,2,...N). This implies
IBVCI(NY.,(B))) # 0... Therefore (Y, IBV,,) is an inter-val
bip.vag weakly Volterra space.

» Proposition 4.17:

If the inter-val bip.vag topological space (Y, IBV,,) is
an inter-val bip.vag second category and an inter-val bip.vag
P-space, then (Y,IBV,,) is an inter-val bip.vag weakly
Volterra space.

» Proof:

Let B;’s (i=1,2,....N) be an inter-val bip.vag dense and
an inter-val bip.vag Hg-set in (Y, IBV,,). Since (Y,IBV,,) is
an inter-val bip.vag P-space then inter-val bip.vag Hgs-set
B;’s are inter-val bip.vag open set in (Y, IBV,,). Then B;’s (i
= 1,2,....N) be an inter-val bip.vag dense and an inter-val
bip.vag open set in (Y, [BV,,). Then by Proposition 3.12, Bf’s
are inter-val bip.vag nowhere dense set in (Y,IBV,,). Since
(Y,IBV,,) is an inter-val bip.vag second category space
U2,(C) # 1. where C;’s are inter-val bip.vag nowhere
dense set in (Y, IBV,). Let us take the first N(C;)’s as Bf’s in
(Y, 1BV.). Then UY,(BS) = UYL,(C) € UR4(C) # 1or.
This implies that, (UX,(Bf))¢ # 0.» = N~,(B;) # 0...
Thus IBVCI(NY,(B;)) # 0.., where B;’s are inter-val
bip.vag dense and an inter-val bip.vag Hg-set in (Y, IBV,,).
So (Y,IBV,,) is an inter-val bip.vag weakly Volterra space.

» Proposition 4.18:

If the inter-val bip.vag topological space (Y, IBV,,) is
an inter-val bip.vag second category and an inter-val bip.vag
submaximal space, then (Y,IBV,,) is an inter-val bip.vag
weakly Volterra space.
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» Proof:

Let B;’s (i=1,2,....N) be an inter-val bip.vag dense and
an inter-val bip.vag Hg-set in (Y,IBV,,). Since (Y,IBV,,) is
an inter-val bip.vag submaximal space, the inter-val bip.vag
dense set B;’s are inter-val bip.vag open set in (Y, IBV,,). By
proposition 3.12, Bf’s are inter-val bip.vag nowhere dense
sets in (Y,IBV,,). Since (Y,IBV,,) is an inter-val bip.vag
second category space Uiz, (C;) # 1.» where C;’s are inter-
val bip.vag nowhere dense set in (Y,IBV,,). Let us take the
first N(C;)’s as Bf’s in (Y,IBV,). Then UN,(Bf) <
U2,(C) and UR2,(C;) # 1. implies that UM, (Bf) =
1...This implies that, NX,(B;) # 0.. and hence
IBVCI(NYX.,(B;)) # 0.., where B;’s are inter-val bip.vag
dense and an inter-val bip.vag Hg-set in (Y, IBV,,). Therefore
(Y, IBV,,) is an inter-val bip.vag weakly Volterra space.

» Proposition 4.19:

If the inter-val bip.vag topological space (Y, IBV,,) is
not an inter-val bip.vag weakly Volterra space, then
(Y, IBV,,) is an inter-val bip.vag o-first category space.

» Proof:

Let C;’s (i=1,2,...00) be an inter-val bip.vag o-nowhere
dense sets in an inter-val bip.vag topological space (Y, IBV,,)
which is not an inter-val bip.vag weakly Volterra space. Now,
we claim that U;2,(C;) = 1..». Suppose that U72,(C;) # 1.-.
Then N2, Cf # 0... Since C;’s are inter-val bip.vag o-
nowhere dense set in (Y,IBV,,) by proposition 4.3, Cf’s are
inter-val bip.vag dense and an inter-val bip.vag Hg-set in
(Y,IBV,,). Now, NI, Cf © N2, CF implies that N, Cf #
0... Let B= Bf, then NL,B; # 0. implies that
IBVCI(NY., B;) # 0_., where B;’s are inter-val bip.vag
dense and an inter-val bip.vag Hg-set in (Y, IBV,,). But this
is a contradiction, since (Y, IBV;,) is not an inter-val bip.vag
weakly Volterra space. Hence U;2,(C;) = 1... Therefore
(Y, IBV,,) is an inter-val bip.vag o-first category space.

» Proposition 4.20:

If an inter-val bip.vag topological space (Y,IBV,,) is
an inter-val bip.vag weakly Volterra space, then (Y, IBV,,) is
not an inter-val bip.vag o-Baire space.

» Proof:

Let (Y,IBV,,) be an inter-val bip.vag weakly Volterra
space. Then we have IBVCI(NY, B;) # 0. where B;’s are
inter-val bip.vag dense and an inter-val bip.vag Hg-set in
(Y, IBV,,). Since B;’s are inter-val bip.vag dense and an inter-
val bip.vag Hg-set in (Y, IBV,,), then by proposition 4.3. Let
C;’s (i=1,2,...00) be an inter-val bip.vag o-nowhere dense set
in (Y, IBV,,) in which the first N inter-val bip.vag g-nowhere
dense set be Bf’s. Now UYL (Bf) € NZ,(C)). Then
IBVInt(UY,(Bf)) € IBVInt(N2,(C;)) this implies that
(IBVCI(NY, B))) € N24(Cy). Since IBVCI(NY., B)) # 0.,
IBVInt(Ui2,(C;)) # 0.», where C;’s (i=1,2,...00) are inter-
val bip.vag o-nowhere dense set (Y, IBV,,). Hence (Y, IBV,,)
is not an inter-val bip.vag o-Baire space.
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V. CONCLUSION

In this paper we developed the concepts of inter-val
bip.vag Volterra spaces and inter-val bip.vag weakly Volterra
spaces and discussed some of their newly introduced
definitions and propositions with suitable illustrations.
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