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Abstract
To study of root of matrix it is necessary to know about properties and some results of matrix. We try to prove such known and
unknown results and analyze stability property and convergence of proof.

Keywords:

a) M5(R) is a set of square matrices of order 3 with all real entries.

b) B = A'/? is matrix AP root of A.

c) t = Trace of matrix B. Whereas tr(A) is trace of matrix A.

d) A = Determinant of B. Whereas |A| = det(4) is determinant of A.

e) adj(B) = Adjoint of matrix B.

f) = tr(adj(B)) = Trace of adjoint of matrix B.

g) I, is identity matrix of order n. Though we use I as identity matrix of order 3.

. INTRODUCTION e IfA,BeM,(R)) and |A|#0then adj(A*B)=
adj(B) * adj(A).
A be any square matrix of order n with real or complex e IfA, B € M, (R)) then det(4 = B) = det(A) = det(B).
entries. In this paper we observe proof of some properties of e IfA € M,(R)) then, (adj(A)" = adj(A™).
matrix. Also verify such known and unknown results for e IfA € M,(R)), then adj(adj(A)) = ladj(A)]
analyze stability property and convergence of proof.s. . -1
(adj(4)) .
> Some Results Defined and Proved: o IfA € M,(R)) then tr(adj(k * A)) = k * tr(adj(4)).

o IfA B € M,(R))thentr(A) +tr(B) =tr(A+B).
o IfA € M, (R))then, A x adj(A) = adj(A) xA = |A| = I,,.

1. PROOF OF RESULTS

> Result:
IfA,B € M,,(R)) then tr(A) + tr(B) = tr(A + B).

e Proof:
ail a12 """ ain bll b12 """ bln
Letd= | Q1 Bpeeees 8, | & pB=|Dn Dy b,,
anl a'n2 """ ann bnl bnz """ bnn

Therefore,

tr(A) +tr(B) = (a;; + ay, + ..+ ay,) + (byy +byy + -+ by,)
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Also,

A+B =

a11+b11 a12 +b12 """ aln +b1n
a, +b, a,+h,,... a,, +b,,
a,+b, a,+b,.. a,+b.,

tr(A+ B) =(ay; + byy) + (ay, + byy) + o+ (@, + byy)

=(a; +a,,+ ..+a,,)+ by +byy ++byy)

tr(A) + tr(B) =tr(A+ B)
> Result :

If A€ M,,(R)then, A = adj(A)

e Proof:
a,
Let A = a21
an1
Therefore,
Similarly,
Therefore,

Axadj(A) = adj(A) A = | A +1,.

> Result:

_ A

= tr(A) + tr(B)

If A,B € M,(R), and |A = B| # 0 then,

adj(A * B) = adj(B) * adj(A).

................................................................................................... 1)
*L, =adj(A)*A
T a,, A, A,.. A,
Appenees & & adj(A) = A21 Azz """ Azn
g a,, A, A, A,
(i, )" entry of A x adj(A)
=(ay *Ayjtap*x Az + -+ ay, * Ayy)
=0 If iZj
=|4| If  i=j
|A| 0O .. O
| Al .. 0
Axadj(Ad) =
0 0 .. |A
= |A * [,
adj(A) A = |A| * 1.
................................................................................................... Q)
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e Proof:

We have

=>

Also

_ 1
|Al|BI

By (1) & (1) we have,

Therefore,

adj(A * B) = adj(B) * adj(4).

> Result:

e Proof:

Therefore det (A * B) = det(A) = det(B).

That is

> Result:

(A*B)"'=B"1xA71

As we know (4)71 = ﬁ * adj(A).
1
|A=B|

(A*B)™t= xadj(A*B). )

(L (L
B 1xA _(|B| ad](B)) <|A| ad](A)>.

*adj(B) * @dj(A). oo (1)

1
———xadj(A*B) =

A+B] * adj(B) * adj(A).

Al « |B|

1
= m* adj(B) * adj(A).

If A,B € M,(R), then det(A = B) = det(A) = det(B).
That is

Consider, det(A * B) = I,.
det(A=B) 1, = (A*B) xadj(A  B). (by Result 2)
= (A *B) = adj(B) * adj(A). (by Result 3)
= Ax(Bxadj(B)) * (adj(4)).
= A x det (B) * adj(A)
= det (B) * (A * adj(4))

= det (B) * det (A) * I,,.

|A = B| = |A| * |B].

If A € M,,(R) then, (adj(A)" = adj((A)™).

....................................................................................... e ()
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o Proof:
Proof by Mathematical Induction

v’ Step 1:- Prove that result is true for n = 1.

(adj(A))' = adj((A)")
v’ Step 2:- Assume that result is true for n = k, VkEN.

(adj(a)" = adj((4)")
v’ Step 3 :- prove that the result is true for n = k+1,
ie (adj(A)**! = adj((A)*+")

Consider (adj(A))*+*

(adj(A))* * adj(4) (By Result 2.14)

adj(A » A%)

adj(A)k“

Therefore (adj(A)" = adj((A)™),
Hence result is true for n = k + 1.
Therefore by Mathematical Induction result is true for alln € N.

> Result:
If A € M,,(R), then adj(adj(A)) = |adj(A)| * adj(A™).

e Proof:

. . 4 _ 1
Consider, (adj(4))™' = PErY

* adj(adj(A)).
Therefore
adj(adj(A)) = ladj(A)| = (adj(A)™).

> Result:
If A € M,,(R), then tr(adj(k * A)) = k = tr(adj(A)).

e Proof:

0 | &adjca) = | P

Consider tr(adj(k * A))
=(k*xAj)+ (kxAyp)+ (kxAgg)+ -+ (k* Ay
=k* (A1 +A4,, + A3+ A).
= k*tr(adj(A4)).

Therefore

A, A,
Ao A,
Ao A
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tr(adj(k « A)) = k *
ET(AAJ(A)) e (7

1. SOME ADDITIONAL RESULTS

> Lemma 1:
Let A, B € My(R). If A= B? then A = B2 = tr(B) * B + adj(B) — tr(adj(B)) * I.

A=B%=tx*B+ adj(B)—xxI.and tr(4) = tr(B?) = t? — 2 *x,

e Proof:
a;; Q12 Qg3 by; by; b3 By Bi; Bz
LetA=(dz1 Qa2 Q3(,B =|byy by, byz| and adj(B) =|By1 Byz By
Q31 A3y Q4sz by, bz, bis B3y B3, Bss
Where B;; = (—1)!*J % (bj; * by, — by, * by)-for all i,j, k € {1,2,3}.
Here A = B?
Therefore,

a;; Q12 Qg3 bi1 bip by bi1 biy by
Gz1 Gy Gp3| = |by; by byz|* by bay by
Qz; Qa3 Qaszz b3y b3y bzl Lbyy b3, bss

b%; +0by +byabyy B, (B +by) +bisby, By (b +05) + by
b21 (b22 + bll) + b23b3l b222 + b21b12 + b23b32 b23 (bZZ + b33) + b21b13

by (Bs5 +101,) +b3,0, By, (byy +b,,) +byby, b233 +0y,0,5 +by,b,,
We have for i Z j,
aij = by * (by +bjj) + by, * by;.
= by * (by + bj; + b — b ) + by * by
= by; * tr(B) — (byj * by~ by * byj).
= b;; tr(B) — Bj;.
fori=1,2,3andi #j,i+k.
a;; = b + (bij * by;) + by, * by
= by * (by + bj; + byae) — by * byj + byj * by — by * by + by * by
= by; * tr(B) — By — Bj;.
= by * tr(B) + B;; — (By + Bj; + Byy.)-
= by * tr(B) + By — tr(adj(B)).
Therefore,
A=B?=tr(B)*B+adj(B) —tr(adj(B)) #I. oot
A=B2 =t xB+adj(B)—ocx I

Where
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t =tr(B),«x= tr(adj(B)).
Therefore,
tr(B?) = tr(t * B + adj(B)—ox I).
=t«tr(B) + tr(adj(B)) — 3 *,
= t?4+ « —3 *x,

tr(B?) = t? — 2 *,

tr(B?) = tr(4) = t? — 2 xx

.................................................................................................................. (10)
> Lemma 2:
Let A € M;(R), then characteristic equation of A is given by,
det(A+ I — A) = 23 — tr(A) * 22 + tr(adj(A)) * A — det(A).
And
det(X I + A) = 23 + tr(A) = 22 + tr(adj(4)) * A + det(A).
e Proof:

The characteristic equation of A is given by
A—ay;  —ag, —0y3
det(A«I — A) = det ([ —Qy; A— Ay —ays D
—azg —a3; A= as;
= (A= ay1) * [(A = azy) * (A — agz)- a3 *as,].
+ay; * [—az1 * (A — azs) — (asy * az3)]
—ay3 * [agy * a3 + azy * (A — azy)].
=2 — (ay; * a; + azs) * A2
+[(ayy * azy + a1z * az1) + (agq * azz + a3 * agg) + (Agz * Azz + Ay * Az3)] * A+ (agq * Ay + agp % Ay + a3 * Agg).
=23 —tr(A) « A2+ (A, + Ayy + Agz) * A — det(A).
= 13— tr(A) = 22 + tr(adj(4)) * 2 — det(4).

Therefore,

det(A = I — A) = 23 — tr(A) = 22 + tr(adj(A)) * A — det(A).

....................................................................... (112)
Similarly,
detQA#I+A) =23 +tr(A) * 22 + tr(adj(A)) * A + det(A).  ooooiiiiieei e (12)
v Remark:

Every MatrixB € M5 (R)satisfies it’s characteristic equation.
B —tr(B) * 22+ tr(adj(B)) # 1 — det(B) = 0. .oioiiiiiiiiiie e (13)

Consider 4.1 eq".1,

B? = tr(B) * B + adj(B) — tr(adj(B)) *I.

Multiply everywhere by B.
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B3 = tr(B) * B? + adj(B) * B — tr(adj(B)) * B.

B3 —tr(B) * B2+ tr(adj(B)) * B — (det(B)) x I = 0

Equation in A (6) and equation in B (6”) are similar.

Thus B satisfies characteristic equation.

V. CONCLUSION AND OPEN PROBLEMS

Variety of formulas for expressing properties of A in
varies forms. They help to study of matrix. Formulae help to
prove characterization theorem, that every matrix satisfy it’s
characteristic equation and reduce the computation of AP to
numerical integration on the unit circle, to computing the
matrix sign function of a block companion matrix, to
inverting a matrix Laurent polynomial, to computing a
Wiener—Hopf factorization, and to applying a fixed point
iteration.
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