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I. INTRODUCTION 

 

The interaction of electric charges was studied by 

Charles Coulomb in his torsion balance at the end of the 18th 

century (in 1785). At this point, the question arises as to how 
the force of interaction of electric charges appears. The 

presence of electric interaction is the presence of an electric 

field around electric charges. The field formed around 

stationary electric charges or charged systems is an 

electrostatic field [1-3]. The electrostatic field can be 

characterized in terms of quantity and energy. To 

quantitatively characterize the electric field, a physical vector 

quantity called the electric field strength is introduced. If we 

introduce a test charge 𝑞0 into the electric field, according to 

Coulomb's law, a force 𝐹⃗ is exerted on the charge 𝑞0by the 

field. The force exerted by this field on a unit test charge 

𝑞0 introduced into an electric field is called electric field 

strength and is expressed as follows: 

 

 
𝐸⃗⃗ =

𝐹⃗

𝑞0
                        (1) 

 

To describe the electric field graphically, the intensity 
vector at each point of the field must be given. It is convenient 

to use power lines to do this lines of force or vector lines of 

field strength are such lines drawn in the electric field that the 

direction of the effort applied to any point of this line 

coincides with the direction of the vector E (Fig. 1) [1]. 

 

 
Fig 1: Electrical Field 

 

With the help of lines of force, you can get information 
about the amount of tension in different parts of the field and 

how it changes in space. Electric field lines of force are 

conventionally assumed to be outgoing from a positive charge 

and incoming to a negative charge (Fig. 2). 

 

 
Fig 2: Electric Field Lines 
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The voltage lines shown in Figure 2 are appropriate for 

charges with equal modulus and a small distance between the 

charges. If the values of the charges are different, the 

appearance of the electric field lines of force will change. 

 

Let a point charge with charge – 𝑞 be placed at a 

sufficiently large distance from a point charge with charge 

+2𝑞. Half of the voltage lines from the positive charge 

terminate at the negative charge, and the other half terminate 

at infinity (Figure 3). The lines of force are symmetrical and 

are like the lines of force of an electric field produced by a 

single positive charge [2]. 

 

 
Fig 3: Non Symmetrical Lines of Force 

 

In the study of the electric field, only the strength of 

the electric field and the electric field lines of force does not 

provide complete information about the electric field. It is 

important to characterize the electric field in terms of energy. 

The quantity that characterizes the electric field in terms of 

energy is the electric field potential. The work done in 

moving the electric charge 𝑞0standing at a point of the electric 

field from this point to infinity is called the potential of the 

electric field, or the potential energy of a positive charge 

placed in the electric field is called the potential of the field 

at that point and it is expressed as follows [1-3]: 

 

 
𝜑 =

𝐴𝑙→∞
𝑞0

 yoki 𝜑 =
𝑊

𝑞0
           (2) 

 

So, it is the energetic characteristic of the field, which 

allows to calculate the work done in moving the charge.  

 

 

 

 

In some cases, the work done when moving a charge in 

an electric field is zero. In this case, the charge is transferred 

between points of the same potential, that is, equipotential. A 

set of points, all of which have the same potential, is called 

an equipotential surface or equipotential lines. The 

equipotential surface (lines) is perpendicular to the electric 
field lines at any point (Fig. 4).  
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Fig 4: Equipotential Lines 

 

This property helps to find electric field lines when the 

equipotential surface (lines) are known. 

 

Figure 5 shows the electric field and equipotential lines 

for two equal and opposite charges [5]. On the contrary, by 

calculating the equipotential lines, the electric field lines can 

be drawn perpendicular to the equipotentials as shown in 

Figure 6. 

 

 
Fig 5: An Electric Field Produced by Two Point Charges of Opposite Direction 
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Fig 6: Equipotential Surfaces Formed by Two Point Charges of Opposite Sign 

 

II. RESEARCH METHODS 

 

Just as an electric field can be graphically represented 

by lines of force, it can also be represented graphically by 
equipotential lines . Several scientists have studied research 

on electric field potential and equipotential surface and 

graphical calculation of equipotential surfaces [6-16]. 

However, the theoretical determination of equipotential lines 

with exact value is still a problem. Therefore, we will see the 

method of calculating the potential for the simplest case. The 

expression for calculating the potential of a system of 2 
positive point charges, the distance between which is equal to 

2d and the amount of charge is equal to each other, is 

expressed as follows [3]: 

 

 
𝜑(𝑥, 𝑦) =

𝑞

4𝜋𝜀𝜀0
(

1

√(𝑥 − 𝑑)2 + 𝑦2
+

1

√(𝑥 + 𝑑)2 + 𝑦2
) (3) 

 

In order to find equipotential points using this expression, it is necessary to find the relationship between 2 variables. For 

simplicity, we take 𝜑(𝑥, 𝑦) = 𝑐 and 𝑘𝑞 = 1 that is, since 𝑘 = 9 ∙ 109
𝑁∙𝑚2

𝐶2
 Assuming 𝑞1 = 𝑞2 =

1

9
𝑛𝐶 , equation (3) looks like this: 

 

 1

√(𝑥 − 𝑑)2 + 𝑦2
+

1

√(𝑥 + 𝑑)2 + 𝑦2
= 𝑐 (4) 

 

For the given conditions c- for the given value of the potential d and from this equation we determine 𝑦 = 𝑓(𝑥). To do this, 

let's replace: 

 

 1

√(𝑥 − 𝑑)2 + 𝑦2
= 𝑐 ∙ 𝑠𝑖𝑛2𝛼,  

1

√(𝑥 + 𝑑)2 + 𝑦2
= 𝑐 ∙ 𝑐𝑜𝑠2𝛼, (5) 

 

It can be seen from this 
 

(𝑥 − 𝑑)2 + 𝑦2 =
1

𝑐2 ∙ 𝑠𝑖𝑛4𝛼
,  (𝑥 + 𝑑)2 + 𝑦2 =

1

𝑐2 ∙ 𝑐𝑜𝑠4𝛼
, 

𝑥 =
(𝑥 − 𝑑)2 − (𝑥 + 𝑑)2

4𝑑
 => 𝑥 =

1

4𝑑𝑐2
(

1

𝑐𝑜𝑠4𝛼
−

1

𝑠𝑖𝑛4𝛼
), 
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When we add the above expressions (5) one by one, we get the following expression (5): 

 

(𝑥 − 𝑑)2 + 𝑦2 + (𝑥 + 𝑑)2 + 𝑦2 = 2𝑥2 + 2𝑑2 + 2𝑦2 =
1

𝑐2
(

1

𝑐𝑜𝑠4𝛼
+

1

𝑠𝑖𝑛4𝛼
) 

   

(6) 

 

 

𝑥 =
1

4𝑑𝑐2
(

1

𝑐𝑜𝑠4𝛼
−

1

𝑠𝑖𝑛4𝛼
) = −

4

𝑑𝑐2
𝑐𝑜𝑠2𝛼

𝑠𝑖𝑛42𝛼
 

(7) 
 

 

 

For convenience 𝑁 = −
𝑑𝑐2

4
                       and   𝑠𝑖𝑛22 = 𝑡 

 
We change the appearance of the equation by entering notations: 

 

 

−
𝑑𝑐2

4
𝑥 =

√1− 𝑠𝑖𝑛22𝛼

𝑠𝑖𝑛42𝛼
 => 𝑁2𝑥2 =

1 − 𝑡

𝑡4
 

 

 
𝑡4 +

1

𝑁2𝑥2
𝑡 −

1

𝑁2𝑥2
= 0 (8) 

Adding 
1

𝑁2𝑥2
= 𝑀 to this equation, we make the equation look like this: 

 𝑡4 +𝑀𝑡 −𝑀 = 0 
   (9) 

 

We can see that this equation is a quadratic equation 

with respect to t. To solve this equation, we use the Ferrari 

method of solving equations of the 4th degree [4]. The 
essence of the Ferrari method is as follows: 

We are given a quadratic equation of the following 

form: 

 

 𝐴𝑥4 +𝐵𝑥3 + 𝐶𝑥2 + 𝐷𝑥 + 𝐸 = 0         (10) 

 

To solve this equation, we first calculate the following expressions: 

 

𝛼 = −
3𝐵2

8𝐴2
+
𝐶

𝐴
, 𝛽 =

𝐵3

8𝐴3
−
𝐵𝐶

2𝐴2
+
𝐷

𝐴
, 

 
𝛾 = −

3𝐵4

256𝐴4
+
𝐶𝐵2

16𝐴3
−
𝐵𝐷

4𝐴2
+
𝐸

𝐴
. 

 𝑃 = −
𝛼2

12
− 𝛾,  𝑄 = −

𝛼3

108
+
𝛼𝛾

3
−
𝛽2

8
,  𝑅 = −

𝑄

2
± √

𝑄2

4
+
𝑃3

27
  

 𝑈 = √𝑅
3

,  𝑧 = −
5

6
𝛼 + 𝑈 −

𝑃

3𝑈
,  𝑊 = √𝛼 + 2𝑧  

 

Then, using the obtained expressions, we have the following solution: 

 

 

𝑥 = −
𝐵

4𝐴
+
±𝑊 ∓√−(3𝛼 + 2𝑧 ±

2𝛽
𝑊
)

2
 

(11) 

 

Now, we find the solution of equation (9) using the above-mentioned Ferrari method. It is known that according to equation 

(9) 𝐴 = 1, 𝐵 = 0, 𝐶 = 0, 𝐷 = 𝑀 and 𝐸 = −𝑀. Using the above, we find the solution to the equation: 

 

𝛼 = 0, 𝛽 = 𝑀, 𝛾 = −𝑀, 𝑃 = 𝑀, 𝑄 = −
𝑀2

8
, 𝑅 =

𝑀2

16
±√

𝑀4

256
+
𝑀3

27
, 
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𝑈 = √
𝑀2

16
±√

𝑀4

256
+
𝑀3

27

3

, 
𝑧 = √

𝑀2

16
± √

𝑀4

256
+
𝑀3

27

3

−
𝑀

3√
𝑀2

16
± √𝑀

4

256
+
𝑀3

27

3

, 

𝑊 =

√
  
 
  
  
  
  
 

2

(

 
 
 
√
𝑀2

16
± √

𝑀4

256
+
𝑀3

27

3

−
𝑀

3√
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27

3

)

 
 
 

, 

 

Making simplifications, we get the following expression for 𝑡: 
 

𝑡 =

√
  
  
  
  
  
  
 

3√(
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27
)

2
3

−𝑀

6√
𝑀2

16 ±
√𝑀

4

256+
𝑀3

27

3

− 

−

√
  
  
  
  
 
  
  
  
  
  
 

−3√(
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27
)

2
3

+𝑀

6√
𝑀2

16 ±
√𝑀

4

256+
𝑀3

27

3

+
𝑀

√
  
  
  
  
  
  

24√(
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27
)

2
3

− 8𝑀

3√
𝑀2

16 ±
√𝑀

4

256+
𝑀3

27

3

= 

 

Here 𝑀 =
16

𝑥2𝑑2𝑐4
. Now using expression (6),  

 
 

𝑦 = √
4

𝑐2
2 − 𝑡

𝑡2
− 𝑥2 − 𝑑2  (12) 

 

We form the expression. Here, 𝑐 is the field potential 

and 𝑑 is the distance from the charges to the coordinate origin. 

Above, 𝑡 was taken as a variable, and 𝑐 and 𝑑 were taken as 

constant numbers. Equipotential lines can be obtained by 

drawing the graph of the function 𝑦 = 𝑓(𝑥) using the 

expression (12).   

 

 

III. RESULTS 

 

One can obtain the resulting lines for different values 

of 𝑑 = 1  and 𝑐. Equipotential lines obtained for different 

values of 𝑑 = 1   and 𝑐 are presented in Fig. 7. By drawing 

perpendicular lines to the equipotential lines depicted in Fig. 

7, it is possible to get an image of the field created by the 

system of charges. 
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Fig 7: Equipotential Surfaces Formed by Two Systems of Point Charges with the Same Positive Sign 

 

This figure shows a family of equipotential lines with 
potentials of 4 V, 3 V, 2 V, 1 V and 0,5 V for a system of two 

point identical positive charges, and these connections 

correspond to the connections obtained experimentally. If the 

equation is solved for a system of two point identical negative 

charges and equipotential lines are drawn, the same figure as 

Fig. 7 is obtained. But the potentials corresponding to the 

resulting equipotential lines are -4 V, -3 V, -2 V, -1 V and -
0,5 V. 

 

The expression for calculating the potential of a system 

of point charges, the distance between them is equal to 2𝑑 and 

the modules of the charge quantities are equal to each other, 

one of them is positive 𝑞1 and the other is negative 𝑞2, is 

expressed as follows:  

 

 
𝜑(𝑥, 𝑦) =

1

4𝜋𝜀𝜀0
(

𝑞1

√(𝑥 − 𝑑)2 + 𝑦2
+

𝑞2

√(𝑥 + 𝑑)2 + 𝑦2
) (13) 

 

For simplicity, we take 𝜑(𝑥, 𝑦) = 𝑐 and 𝑘𝑞1 = 1   and 𝑘𝑞2 = −1, that is, since 𝑘 = 9 ∙ 109
𝑁∙𝑚2

𝐶2
 , assuming that |𝑞1| = |𝑞2| =

1

9
𝑛𝐶 nC, equation (3) becomes: 

 1

√(𝑥 − 𝑑)2 + 𝑦2
−

1

√(𝑥 + 𝑑)2 + 𝑦2
= 𝑐 (14) 

 

For the given conditions 𝑐 - for the given value of the potential 𝑑 and from this equation we determine 𝑦 = 𝑓(𝑥). To do this, 

let's replace: 

 

 1

√(𝑥 − 𝑑)2 + 𝑦2
= 𝑐 ∙ 𝑐ℎ2𝛼,  

1

√(𝑥 + 𝑑)2 + 𝑦2
= 𝑐 ∙ 𝑠ℎ2𝛼, (15) 

 

It can be seen from this: 

 

(𝑥 − 𝑑)2 + 𝑦2 =
1

𝑐2 ∙ 𝑐ℎ4𝛼
,  (𝑥 + 𝑑)2 + 𝑦2 =

1

𝑐2 ∙ 𝑠ℎ4𝛼
, 

𝑥 =
(𝑥 − 𝑑)2 − (𝑥 + 𝑑)2

4𝑑
 => 𝑥 =

1

4𝑑𝑐2
(
1

𝑠ℎ4𝛼
−

1

𝑐ℎ4𝛼
), 

 

When we add the above expressions (5) one by one, we get the following expression (5): 

 

(𝑥 − 𝑑)2 + 𝑦2 + (𝑥 + 𝑑)2 + 𝑦2 = 2𝑥2 + 2𝑑2 + 2𝑦2 =
1

𝑐2
(
1

𝑐ℎ4𝛼
+

1

𝑠ℎ4𝛼
) (16) 
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𝑥 =
1

4𝑑𝑐2
(
1

𝑠ℎ4𝛼
−

1

𝑐ℎ4𝛼
) = −

4

𝑑𝑐2
𝑐ℎ2𝛼

𝑠ℎ42𝛼
 

 

 

For convenience, we change the equation to look like this by entering the notations 

 

(17) 

 𝑁 = −
𝑑𝑐2

4
 va 𝑠ℎ22𝛼 = 𝑡:  

 

 

−
𝑑𝑐2

4
𝑥 =

√1− 𝑠ℎ22𝛼

𝑠ℎ42𝛼
 => 𝑁2𝑥2 =

1 + 𝑡

𝑡4
 

 

 
𝑡4 −

1

𝑁2𝑥2
𝑡 −

1

𝑁2𝑥2
= 0 (18) 

 

Adding 
1

𝑁2𝑥2
= 𝑀 to this equation, we make the equation look like this: 

 
 𝑡4 −𝑀𝑡 −𝑀 = 0 (19) 

 

We can see that this equation is a quadratic equation 

with respect to t. To solve this equation, we use the Ferrari 

method of solving equations of the 4th degree [4].  

 

It is known that according to equation (9) 𝐴 = 1, 𝐵 = 0, 

𝐶 = 0, 𝐷 = −𝑀 and 𝐸 = −𝑀. Using the above, we find the 

solution to the equation: 

𝛼 = 0, 𝛽 = −𝑀, 𝛾 = −𝑀, 𝑃 = 𝑀, 𝑄 = −
𝑀2

8
, 𝑅 =

𝑀2

16
±√

𝑀4

256
+
𝑀3

27
, 

𝑈 = √
𝑀2

16
±√

𝑀4

256
+
𝑀3

27

3

, 
𝑧 = √

𝑀2

16
±√

𝑀4

256
+
𝑀3

27

3

−
𝑀

3√
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27

3

, 

𝑊 =

√
  
 
  
  
  
  
 

2

(

 
 
 
√
𝑀2

16
±√

𝑀4

256
+
𝑀3

27

3

−
𝑀

3√
𝑀2

16
± √𝑀

4

256
+
𝑀3

27

3

)

 
 
 

, 

 

Making simplifications, we get the following expression for 𝑡: 
 

𝑡 =

√
  
  
  
  
  
  
 

3√(
𝑀2

16
± √𝑀

4

256
+
𝑀3

27
)

2
3

−𝑀

6√
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27

3

− 

+

√
  
  
 
  
  
  
  
 
  
  
  

−3√(
𝑀2

16
± √𝑀

4

256
+
𝑀3

27
)

2
3

+𝑀

6√
𝑀2

16
±√

𝑀4

256
+
𝑀3

27

3

+
𝑀

√
  
  
  
  
  
 
 

24√(
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27
)

2
3

− 8𝑀

3√
𝑀2

16 ±
√𝑀

4

256 +
𝑀3

27

3

= 
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Here 𝑀 =
16

𝑥2𝑑2𝑐4
. Now using expression (16), 

 

 

𝑦 = √
4

𝑐2
2 + 𝑡

𝑡2
− 𝑥2 − 𝑑2  (20) 

 

We form the expression. Here, 𝑐 is the field potential 

and 𝑑 is the distance between the charges. Above, 𝑡 was taken 

as a variable, and 𝑐 and 𝑑 were taken as constant numbers. 
Equipotential lines can be obtained by drawing the graph of 

the function 𝑦 = 𝑓(𝑥)  using the expression (12).  

 

One can obtain the resulting lines for different values of 

𝑑 = 1  and 𝑐. Equipotential lines obtained for different values 

of 𝑑 = 1  and 𝑐 are presented in Fig. 8. By drawing 

perpendicular lines to the equipotential lines depicted in Fig. 
8, it is possible to get an image of the field created by the 

system of charges.  

 

 
Fig 8: Equipotential Surfaces Formed by a System of Point Charges with Two Charges of the Same Opposite Direction 
 

This figure shows a family of equipotential lines with 

potentials of 4 V, 3 V, 2 V, 1 V and 0.5 V for a system of 2 

positive and negative point charges of equal charge 

quantities, and these connections are experimentally 

corresponding to the resulting bindings. 

 

The problem can also be solved for more complex cases. 

The equation can also be solved using the Ferrari method for 

a system of charges with a distance of 2𝑑 and a charge ratio 

of a (a>0), i.e. 2 positive or 2 negative point charges. 

Together with this, it is possible to obtain lines obtained for 

different values of 𝑎 =
𝑞1

𝑞2⁄ = 3, 𝑑 = 1 and c. 

Equipotential lines obtained for different values of d=1 and c 

are presented in Fig. 9. By passing perpendicular lines to the 

equipotential lines depicted in Fig. 9, it is possible to get an 

image of the field formed by the system of charges.  
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Fig 9: Equipotential Surfaces Formed by a System of Point Charges with a Ratio of Two Charges Equal to 3. 

 

 
Fig 10: Equipotential Surfaces Formed by a System of Point Charges with a Ratio of Two Charges Equal to -8 

 

The equation can also be solved using the Ferrari 

method for a system of point charges with a distance of 2d 

and a ratio of charges equal to a (a<0) , that is, one positive 

and the other negative point charges. Together with this, it is 

possible to obtain lines obtained for different values of 𝑎 =
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𝑞1
𝑞2⁄ = −8, 𝑑 = 1 and c. Equipotential lines obtained for 

different values of d=1 and c are presented in Fig. 10. By 

drawing perpendicular lines to the equipotential lines 

depicted in Fig. 10, it is possible to create an image of the 

field created by the system of charges. 

 

IV. SUMMARY 

 
The points belonging to the equipotential lines created 

by the system of two point charges were made by solving the 

equation created on the basis of the formula for calculating 

the total potential created by this system of charges. The 

Ferrari method of solving fourth-order equations was used to 

solve the resulting equation. By solving the equation, the 

connection function between the ordinate and the abscissa of 

the points belonging to the equipotential lines was obtained. 

Equipotential lines generated by the system of charges were 

obtained using the obtained function using the Desmos 

graphic calculator. A numerical array consisting of values 
was created in a graphic calculator, and then graphs were 

created based on the results. The obtained equipotential lines 

are very close to the results reported in the literature. Based 

on this proposed methodology, we can obtain equipotential 

lines for a system of different charges, that is, we can study 

the electric field of a system of point charges both 

quantitatively and its configuration. 
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