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l. INTRODUCTION

Recently the study of fractional differential systems
have emerged as a new area of research in the field of
applied mathematics which have been used to model any
practical systems in science and engineering (Sheen and
Cao,2012) and (Huang,2017).

The fractional differential expressions have been used
in engineering since 1930's to describe the viscoelastic
materials, electric circuits and fractal geometry involving
non integer spatial dimensions. Also fractional derivatives
and integrals can be applied to real systems characterized by
power laws, critical phenomena and scale free processes.

Moreover, controllability is one of the fundamental
concepts in mathematics and fractional control theory and is
the generalization of the classical control theory (Ammour,
2009). It is noted in (Oraekie,2012) that any control
systems is said to be controllable if every state
corresponding to this process can be affected or controlled
in respective time by some control signals.

Furthermore, it’s well known that neutral differential
equation is a very special class of ordinary differential
equation and it arises in compartmental models in which the
system can be divided into separate compartments, marking
the path ways of material flow between compartments and
the possible outflow into the inflow from the environment of
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the system; (Gyori and Wu,1991) as it is contained in
(Oraekie,2012; Oraekie,2014).  Such models are usually
used in theoretical epidemiology, physiology and population
dynamics to describe the evolution of systems.

The above said models can be remodified as a neutral
fractional differential equation or neutral fractional volterra
integrodifferential equation.

At the same time, time delay is very commonly
experienced in diverse scientific systems such as electric,
pneumatic and hydraulic networks, chemical process, long
transmission lines etc. Because the subsistence of pure time
delay, nevertheless if it is available either in the control or
the state may result in unacceptable system momentary
response or even instability. Also, time delay is one of the
inevitable problems in practical engineering applications,
which has an important effect on the stability and
performance of the system (Li and Song,2017).

With the interest from the above fact, in the last few
years, several studies have been done on the fractional delay
differential systems.(Chen and Zhou,2011) (Kaslik and
Sivabundaram,2012),(Oraekie,2018).

Generally, most of the dynamical systems are analyzed
in either continuous or discrete time domain, many real
systems in physics, biology, chemistry, engineering and
information science may experience abrupt changes as
certain instants during the continuous dynamical systems
(Sundara,2018) and (Li and Wu 2016).According to
(Sundara,2018),there has been a somewhat new category of
dynamical system; which is neither purely continuous time
nor purely discrete time ones, these are called impulsive
control system.

This 3rd category of system displays a combination of
characteristics of both the continuous and discrete-time
systems.

The significance of this system is to control the hasty
changes in nature adversity.
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Numerous advancements procedure are subject to short
term perturbations which act instantaneously in the form of
impulses. For instance, the existence of impulses can be
seen in the biological phenomena involving thresholds,
bursting rhythm models in medicine and biology, optimal
control models in economics.

Consequently the impulsive differential equations
provide a natural description of observed advancement
procedure of several real world problems. Recently (Zhang,
2013) have derived the controllability criteria for linear
fractional order differential systems with state delay and
impulses. (Sundara,2018),studied the controllability problem
of nonlinear neutral type fractional differential systems with
state delay and impulsive effects and established a new set
of sufficient conditions for the system to be controllable
using the controllability —grammian and laplace
transformation.

To the best of our knowledge there are no relevant
reports on the controllability of Nonlinear neutral-type
fractional- order differential systems with State delays and
distributed delays in the control , and impulsive effects in
Banach spaces in the existing literature. Hence the research.

1. VARIATION OF CONSTANT FORMULA

We reemphasize that we denote C,([0.T],E™) the
space of all piecewise left continuous functions mapping the
interval[0, T] into E™. Leta; 8 >0 with n—1<a,B <
nand n € N, D is the usual differential operator; E™ is the
m — dimensional Euclidean space, Rt = [0, ) and
suppose f € L, (R*.) The following definitions, properties
and theorems are familiar and helpful in establishing our
main results.

» Definition 2.1

The Riemann-Liouville fractional integral operator of
order a > 0with the lower limit zero for a
function f: R* > R" is defined as
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I%f(t) = fa(t —5)*1f(s)ds, t>0
0

1
Ir(a)
Where I'(.) is the euler gamma function

» Definition 2.2

The Riemann-fractional derivative of the order a >
0, with the lower limit zero for a function f; R* - R™,n —
1 < a<n,n € N isdefined as

a — 1 d " n-—a—1 d
O8N0 = 7= (g7) | €= as

Where the function f has absolutely continuous
derivatives up to order (n — 1)

» Definition 2.3
The caputo fractional derivative of order a > 0,n —
1 < a < nisdefined as

1 t
CDENO = 7oy | =) ds,
0

—a)

Where the function f has absolutely continuous
derivatives up to order (n — 1).

If0 <a<1,then

N B L O
CDENO = 7= | G oed®

Consider the controllability of nonlinear fractional
order type differential systems with state delay and
distributed delays in the control, and impulses in Banach
spaces as follows:

t 0
D% (x(t) - g(t, x(1))) = Ax() + f B(t — )x(s — h)ds + fh(dGH(t, Su(t +8))
0 -

te[0,T] — {tits ..., tx },

x(t) = ¢(t), t € [—h,0]

Ax(tj) =x(t}) —x(t]7) = Ii(x(ti)),

i=1,23.. k,

1.1)

Where ¢D%x(t) denotes an o order caputo’s fractional derivative of x(t).0 <a <1, Ais a constant matrix and

satisfies A € E™ ™, where B is a continuous matrix in their argument with initial condition x(t,) = x, = x(0), where x € E™ is
the state space and u € E™ is the control function, H(t, &) is an n X m matrix continuous at t and of bounded variation in
Son[—h,0]; h >0 foreach t € [0,T]; 0 < T.¢ € ([—h, 0], E™) denotes the initial function while, C([—h, 0], E™) denotes the
space of all continuous functions mapping the interval [—h, 0] into E™;

I;: E™ - E™is continuous for i = 1,2,3,4, ...,k , and x(t}") = lir(l)n+x(1i +¢)
E—

x(t;7) = glirgl_x(li +¢) (1.2)
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Represent the right and left limits of x(t) at t = t; and the discontinuous points
<t <tz <<ty (1.3)
Where 0=ty <ty ty <ty =T <oo,and x(t}) = x(t;)
Which implies that the solution of the system (1.1) is left continuous.
» 2.1.The Mild Solution

In order to obtain the mild solution of system (1.1), we first consider the representation of solution for nonlinear fractional
State delay differential systems without impulses as follows:

Cpx (x(t) - g(t,x(t))) = Ax(t) + ftB(t —s)x(s —h)ds
0

+ f t,x(t),jk(s,x(s)ds) ,t €]0.7]
0

» Theorem 2.1 (B.Sundara etal,2018)
Let 0 < a < 1,if f:[0,T] » E™ is continuous and exponential bounded ,then the solution of the system (1.4) can be
represented as

x(t) = $(0) — g(0,x(0)) + g(t, x(®)) + f(t —8)*E,, a(A(t — 5)%)
0

N

X |A¢p(0) —Ag(O,x(O)) +Ag(s,x(s)) +fB(s —m)x(m—h)dm + f s,x(s),jK(s,T,x(T)) dt|ds,te[0,T]
0 0

(See B. Sundara, etal, 2018 for the proof).

» Theorem 2.2
Let 0 < a < 1andue C,([0,T],E™), then the state response of the system (1.1) can be represented as follows;

For te[—h, 0], then, we have

x(t) = ¢(0).

For te[0, t,], then we have

x(t) = ¢(0) — g(O,x(O)) + g(t,x(t)) + f(t —5)*E,, alA(t — s)*]

s 0
x [Agp(0) — Ag(O,x(O)) + Ag(s,x(s)) + J- B(s —m)x(m — h)dm + fd,;H(s, Su(t +s) |ds.
0 “h

For te[ty, t,], then we have

x(t) = ¢(0) — g(O,x(O)) + g(t,x(t)) + Il(x(tl')) + J-(t — ) E,, alA(t — 5)* ]
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S 0

X |Ap(0) — Ag(O,x(O)) + Ag(s,x(s)) + J- B(s —m)x(m — h)dm + fd(;H(s, SHu(t+s)
0 “n

ds

For te[tj tj,1], j =1,2,.., k. We have
x(t) = ¢(0) — g(O,x(O)) + g(t,x(t)) + Z I (x(t]_)) + f(t —8)*'E,, alA(t — s)*].
j=1 0

[A¢(0) — 49(0,x(0)) + Ag(s,x(s)) + [ B(s = m)x(m — h)dm + [°, dsH(s, &)u(s + 5)] ds (1.5)

System (1.5) implies:

x(®) = $©0) - g(0.x(®) + g(t.x®) + ) 1;(x(t))
=1
+ J-(t — ) LE,, alA(t —5)* ]. [A¢(0) — Ag(0,x(0)) + Ag(s, x(s))]ds
0

+ f(t —$)*E,, alA(t — )% ]. j B(s — m)x(m — h)dmds
0 0

¢ 0
+ f(t —5)*E,, alA(t — $)*]. f dsH(s,8)u(s + 6) ds (1.6)
0 “h

(1.6) =

x(©) = $(0) - g(0,2(®) + g(tx(®) + Y 1, (x(5}))
j=1

t

+ f(t — ) E,, alA(t — 5)*]. [Ap(0) — Ag(0,x(0)) + Ag(s, x(s))]ds
0

t N
+ f(t —8)*E,, alA(t — 5)%] J B(s —m)x(m — h)dmds
0 0

t

0
f(t —8)*E,, alA(t — 5)% ] J- dsH(s,8)u(s + 8) ds (1.7)
0 “h

A careful observation of the solution of system (1.1) given as system (1.7) shows that the values of the
control u(t) for te[—h, T] enter the definition of the initial complete state, thereby creating the need for an explicit
variation of constant formula. The control in the last term of formula (1.7), therefore, has to be separated in the
intervals [—h, 0] and [0, T].

To achieve this, that term has to be transformed by applying the method of (klamka, 1978) as it is contained in
(Oraekie ,2019). Finally, we interchange the order of integration using the Unsymmetric Fubini’s Theorem to have

x(®) = $(0) - g(0,x®) + g(6:x(®) + Y 1 (x(t7))
=1
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+ f(t =) LE,, alA(t —5)* 1. [Ap(0) — Ag(0,x(0)) + Ag(s, x(s))]ds
0

+ f(t — ) E,, alA(t —5)* ] f B(s —m)x(m — h)dmds

t 0 t+5
+f J- dsH f (t—s—8)*1E, alA(t —s — 6)%H(s — 6,8)u(s — 6 + 8)]| ds
o [<n 0+

= x(t) = ¢(0) — g(O,x(O)) + g(t,x(t)) + le (x(tj_))
=1
+ f(t — ) 1E,, alA(t — 5)* 1[A¢(0) — Ag(0,x(0)) + Ag(s, x(s))] ds
0

+ f(t — ) E,, a[A(t — 5)% ] f B(s —m)x(m — h)dmds
0 0

t 0 t+6
+f f dsH f (t—s—8)*E, alA(t —s — 8)*H(s — 6, 6)u(s)]‘ ds (1.8)
0 |-h 0+6

Simplifying system (1.8), we have

x(®) = $0) - g(0,x() + g(t.x®) + Y 1 (x(t)))
=1
t
+ f(t — ) E,, a[A(t — 5)* 1[A¢(0) — Ag(0,x(0)) + Ag(s, x(s))] ds
0

+ f(t — ) E,, alA(t — 5)% ] f B(s —m)x(m — h)dmds
0 0

0 0
+ f dHg f(t —5s—8)1E,, alA(t —s — 8)*H(s — &, 8)uy(s)]ds
F)

—h

0 t+8
+ f dHg f (t—s—8)*1E, alA(t — s — 6)%H(s — 6,8)u(s)]ds (1.9)
“h 0

Using again the Unsymmetric Fubini's Theorem on the change of order of integration and incorporating H* as defined below

H(s —§6,8) fors <t

0fors=>t (1.10)

H*(s—5,6)={

Formula (1.9) becomes
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x(©) = $(0) - g(0,x(®) + g(t,x(®) + ¥ 1; (x(5))

j=1

+ f(t = $)*E,, alA(t — 5)*1[A¢(0) — Ag(0,x(0)) + Ag(s, x(s))] ds

+ J-(t — )% 1E,, alA(t — 5)%] J- B(s —m)x(m — h)dmds
0 0

0 0

+ f dHg f(t —s—=08)*1E, alA(t —s — 8)*H(s — 5,8)uy(s)]ds
“h 5
t[ o
+f f(t —s—=08)E, alA(t —s — 8)* |dsH* (s — 5, 5)u(s) ] ds (1.11)
L

Integration is still in the lebesque stieltjes sense in the variable & in H.
For brevity,let

B® = 60 - g(0.x(®) + g(t.x®) + Y 1 (x(t))

j=1

+ f(t — ) E,, a[A(t — 5)* 1[A¢(0) — Ag(0,x(0)) + Ag(s, x(s))] ds
0

+ f(t —$)*E,, alA(t — 5)% ] f B(s — m)x(m — h)dmds (1.12)
0 0

0 0

u(t) = f dHg f(t —5s—8)*1E,, alA(t —s — 8)*H(s — &, 8)uy(s)]ds (1.13)
Zh 5

0
z(t,s) = f(t —5s—8)1E,, alA(t —s — 8)* |dsH*(s — &, 8)u(s) (1.14)
“h

Substituting (1.12), (1.13) and (1.14) into (1.11),we have a precise variation of constant formula for system (1.1) as:

t

x(t,xg,u) = B®) + u(t) + fz(t, s)u(s)ds (1.15)
0

. MAIN RESULTS
» 3.1. Basic Set Functions and Properties with Appropriate Terminologies

e Definition 3.1.1. (Complete State)
The complete state for the system (4.1) is given by z(t) = {x;, u.}

e Definition 3.1.2. (Controllability)
The system (1.1) is said to be controllable on the interval /] = [0, T] if every function ¢ and every state x; € R™, there exists
an admissible control function u such that a solution x(t, 0, ¢, u)of system (1.1) satisfies
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x(t,0,¢,u) = x; (t, 0,9, u(tl))
o Definition 3.1.3. (Attainable Set)

Here, we define the attainable set A(t,0) of the system (1.1) as the set of all the possible solutions of the system(1.1). We
denote it by

Where,U = {u € L,([0,T], R™): |yj| < 1},j = 01,2, ..., m.
e Definition 3.1.4. (Reachable Set)

The reachable set for the system (1.1) denoted by R(t, 0) is part of the solution that takes the system to the target in finite
time through the control. It is given as:

t 0

R(t,0) = {f f(t —s—68)1E,,x [A(t —s — 8)*]dsH*(s — §,8)u(s) | ds: : u € U}

0 |-h

e Definition 3.1.5. (Controllability Grammian)
The controllability grammian or map of the system (1.1) is given as

t[ o
w(t,0) = f l (t—s—=08)1E,x [A(t —s — 8)¥]dsH*(s — 8,8)
0 L-n

T

0
X f(t —5—8)"1E,x [A(t —s — 8)*]dsH*(s — &, 6)
—h
o Definition 3.1.6. (Target Set)
The target set for the system (1.1) denoted by system G (t, 0) is given as:
G(t,0) = {x(1,x0,u):t =7 =0 for some fixed T and u € U}

e Definition 3.1.7. (Properness)
The system (1.1) is proper on the interval J = [0, t], if span R(¢t,0) = R™

i.e
0
cT f(t —s—8)"1E, ,x [A(t —s — 8)*]dsH*(s — 6,8) | =0 a.e, t>0,
“h

=>C=0;C€ER"

» Theorem 3.1. (Necessary and sufficient condition for the System (1.1) to be Controllable).
Consider the system (1.1) with its standing hypotheses given as the system below:

t 0

D% (x(t) - g(t, x(1))) = Ax(t) + f B(t — s)x(s — h)ds + f [dsH(t, 8] u(t + )
-h

0

te [01 T] - {tll tZr tk} )

Ax(t;) = x(tF) —x(t7) = L(x(t)) i = 1,23, ...k,
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x@®) =¢@), te[-h0] . (1.1)

If the system (1.1) is controllable then the following statements are equivalent:
v System (1.1) is relatively controllable on the interval [0, T]
v' The controllability grammian W (t, 0) of the system (1.1) is nonsingular
v’ The system (1.1) is proper.
e Proof

From the controllability standard, we realized that the controllability grammian or map is invertible square matrix, thus it is
nonsingular. This non singularity of controllability grammian is equivalent to saying that the controllability grammian W (¢, 0) is
positive definite, this is in turn is equivalent to saying that there exists some constant matrix C € E™such that CT multiplied by
the controllability index of the system (1.1) is equal to zero, almost everywhere, implies that

cC=0
0
ie.CT f(t—s—6)“‘1Ea,a[A(t—s—5)“]d5H*(s—6,6) =0 ae=>C=0,t>0,
“h

C € R™ (properness).Thus (2) and (3) are equivalent.
It remains to show that (1) and (2) are equivalent.
Assume that the system (1.1) is relatively controllable on the interval [0, T].

Let C € R™ = E™ and that
0
cT f(t —5s—8)*1E,,alA(t —s — 6)*]dsH* (s — 5,8)| =0 a.e
-h
t € [0, T] for every t, then

t[ o
CTf [ (t—s—8)*E, a[A(t —s — 8)%]dsH*(s — §,5) | u(s)ds
o [=n

t 0
= f cT f(t —s—080)E, alA(t — s — 8)*|dsH* (s — 6,8) | u(s)ds
0

“h
foruelU cR™

It follows that C is orthogonal to the reachable set R(t, 0), where

e[ o
R(t,0) = f l J-(t —5s—8)*1E,, alA(t —s — 8)*]dsH*(s — 8,8) | u(s)ds
o [=h

such thatu € U c R™,

If we assume the relative controllability of system (1.1) then the span of the reachable set equals the whose space
R™.i.e span R(t,0) = R™. So that C = 0, showing that (1) implies (3).

Conversely, Assume the system (1.1) is not relatively controllable, so that R(t,0) # 0, fort > 0. Then there exists C #
0,C € R™ such that CTR(t,0) = 0.
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It follows here, that for every admissible control u € U ¢ R™ that,

0

0= CTf J-(t —5s—8)1E,, alA(t —s — 8)*]dsH*(s — 8,8) |u(s)ds
0

-h

0

= CTf f(t —s—=080)*1E, alA(t —s — 8)*ldsH*(s — &,8) | u(s)ds.

-h

Hence

t[ o
CTJ- f(t —5s—8)*E,, alA(t —s — 6)¥]dsH*(s — 5,8) |u(s)ds = 0,a.e
0

-h

= C # 0 (No properness)

V. CONCLUSION

We have established the necessary and sufficient
conditions for the controllability of the nonlinear neutral-
type fractional order differential systems with state delays
and distributed delays in the control, and impulsive effects
in Banach spaces. Thus, we have extended the
controllability of Nonlinear Neutral-Type Fractional-order
differential systems with delays in the state and impulsive
effects to the same systems with state delays and distributed
delays in the control in Banach spaces.
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