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Abstract:- In this work, Nonlinear Implicit Fractional 

Integrodifferential Systems in Banach Spaces with 

Distributed Delays in the Control were presented for   

Relative Controllability analysis. General argument was 

found which was used to establish the relationship 

between the relative controllability and the intersection 

of the two compact and convex set functions derived 

from the mild solution of the system. The establishment 

of the relationship gives impetus to the existence of 

optimal control for the system as it becomes self-

evidence that the intersection of the two compact and 

convex set functions be non-void to establish relative 

controllability. Thus we have established relative 

controllability of our system. Uses were made of the 

notion of the measure of non-compactness of a set and 

Dabos’ fixed point theorem, as well as the unsymmetric 

Fubinis’ theorem to establish the mild solution of the 

system .Necessary and sufficient conditions for the 

existence of computable criterion for the relative 

controllability of our system were established. The 

establishment was built on the usage of definition of 

properness of the system and the effects of the existence 

of zero in the interior of a reachable set of any dynamical 

control system. 
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I. INTRODUCTION 

 

Integrodifferential Equations arise in many fields of 

Science and Engineering such as Fluid dynamics,Biological 
models,and Chemical kinetics.A  detailed investigation of 

Integro differential Equations have been used to model 

various physical phenomena such as heat conduction in 

materials with memory, combined conduction, convection 

and Radiation problems(See Caputo (1967),Olmstead and 

Handels man (1976),Oraekie (2018)), and numerical 

methods for such equations can be found in the works of 

Mittal and Nigam(2008)  as well as Rawashdeh(2011).It is 

interesting to introduce a fractional derivative for these 

models and study their qualitative behaviours.  

Controllability is one of the fundamental concepts in 

control theory and plays a major role in many control 

problems such as stablization of unstable systems by 

feedback or optimal control (Klamka(1993 

;Oraekie(2012).This problem can be studied by using 

different techniques,among which are the Fixed Point 

Theorem Techniques (See Balachandran and Dauer(1987 

),(2008)).Dacka (1980)  introduced a method based on the 

measure of non compactness of a set and Darbos^' Fixed 

Piont Theorem for studing the controllabilityof a nonlinear 

systems with an implicit derivative.  

 
Anichini etal (1986)  addresssed the controllability 

problem for nonlinear systems through the notion of the 

measure of noncompactness,the condensing operator and the 

Sadovskii Fixed Point Theorem (See Sadovskii(1972),where 

as Balachandran and Balasubramaniam(1992)  considered 

the same problem for Nonlinear Volterra Integro-differential 

systems with an Implicit derivative.Oraekie (2018)  

discussed the Impulsive Quasi-Linear Fractional Mixed 

Volterra-Fredholm-Type Integro-dfferential Systems in 

Banach Spaces with Multiple Delays in the Control and 

established Necessary and Sufficient Conditions for the 
existence of Optimal Control of such Systems.  

 

Recently, Balachandran etal (20212a ,2012b and 

2012c)  studied the Controllability problem for various types 

of Nonlinear Fractional Dynamical Systems by using Fixed 

Point Theorems .While Oraekie(2019)  studied Fractional 

Integro-Differential Systems with Distrbuted Delays in the 

Control and established Necessary and Sufficient Conditions 

for such Systems to be Null-Controllable.  

 

However, no work has been reported on the Relative  
Controllability of  Nonlinear Implicit Fractional Integro-

Dfferential Systems  in the  existing Literature. Optimality  

Conditions for  Relative  Controllability of   Nonlinear 

Implicit Fractional Integro-dfferential Systems with  

Distributed Delays in the Control is yet to be reported. In 

this work, therefore, we shall consider the Nonlinear 

Implicit Fractional Integro-dfferential Systems with  

Distributed Delays in the Control of the form∶ 
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1𝐶𝐷𝜆𝑥(𝑡) = 𝐴𝑥(𝑡)  + ∫ 𝐻(𝑡 − 𝑠)𝑥(𝑠)𝑑𝑠

𝑡

0

 + ∫ 𝑑𝛼

0

−ℎ

𝐺(𝑡, 𝛼)𝑢(𝑡 + 𝛼)  

 

+  𝑓(𝑡, 𝑥(𝑡), 1𝐶𝐷𝜆𝑥(𝑡), 𝑢(𝑡))                                         (1.1) 

 

𝑥(0) =  𝑥0 
 

With the main objective of investigating the Relative Controllability of the system and  to establish the relationship between 

the Relative Controllability  of the System(1.1)  and the Intersection of the two Compact and Convex Set Functions derivable 

from the Mild Solution of the system(1.1) 

 

II. NOTATION AND PRELIMINARIES 

 

Let E denote the real line.For any integer n,E^n  is the Euclidean space of n-tuples with the Euclidean norm denoted by |.|  

.Let J=[a,b]   be any sub-interval of E, where a,b are numbers such that a<b . 

 

A. DESCRIPTION OF SYSTEM 

In this section,we consider the fractional system represented by the fractional integro-differential system with an  implicit 
fractional derivative and distributed delays in the control given by 

 

𝟐1𝐶𝐷𝜆𝑥(𝑡) = 𝐴𝑥(𝑡)  + ∫ 𝐻(𝑡 − 𝑠)𝑥(𝑠)𝑑𝑠

𝑡

0

 + ∫ 𝑑𝛼

0

−ℎ

𝐺(𝑡, 𝛼)𝑢(𝑡 + 𝛼)  

 

+  𝑓(𝑡, 𝑥(𝑡), 1𝐶𝐷𝜆𝑥(𝑡), 𝑢(𝑡))                                         (1.1) 

 

𝑥(0) =  𝑥0 
 

W𝑖𝑡ℎ 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 (0) = 𝑥0 .  

 

𝐻𝑒𝑟𝑒, 0 < 𝜆 < 1; ∈  ; 𝑥 ∈ 𝐸 𝑛 ; 𝑢 ∈ 𝐸 𝑚 ; 𝐴, 𝐻 𝑎𝑟𝑒 

𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝑛𝑥𝑛 , 𝑛𝑥𝑚 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠. 𝐻 𝑖𝑠 𝑎𝑛 𝑛𝑥𝑛 

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝒇 ∶ 
𝑱𝒙𝑬𝒏 𝒙 𝑬𝒏𝒙 𝑬𝒎 → 𝑬𝒏 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝑎𝑛𝑑 𝑢 𝑖𝑠 𝑎𝑛 

𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑚 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 

𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 ; 𝑤𝑖𝑡ℎ ⌈𝒖𝒋 ⌉ ≤ 𝟏 ;𝒋 = 𝟏, 𝟐, 𝟑, … , 𝒎. (𝒕 ,𝜶) 𝑖𝑠 𝑎𝑛 

𝑛𝑥𝑚 𝑚𝑎𝑡𝑟𝑖 , 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑖𝑛 𝑡 𝑎𝑛𝑑 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 

𝑖𝑛 𝛼 𝑜𝑛 𝑡ℎ𝑒 𝑑𝑒𝑙𝑎𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [−ℎ ,0]; ℎ > 0 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 ∈ 

[0,𝑡1 ] , 𝑡1 > 0 . 

 

𝐼𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑠𝑡𝑢𝑑𝑦 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚, 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑠𝑜𝑚𝑒 

𝑏𝑎𝑠𝑖𝑐 𝑓𝑎𝑐𝑡𝑠 𝑜𝑟 𝑐𝑜𝑛𝑐𝑒𝑝𝑡𝑠 𝑎𝑏𝑜𝑢𝑡 𝑀𝑒𝑎𝑠𝑢𝑟𝑒 𝑜𝑓 
𝑛𝑜𝑛𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 

𝑑𝑢𝑒 𝑡𝑜𝐷𝑎𝑟𝑏𝑜 𝑎𝑠 𝑖𝑡 𝑖𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝐾𝑟𝑖𝑠ℎ𝑛𝑎𝑚 

𝐵𝑎𝑙𝑎𝑐ℎ𝑎𝑛𝑑𝑟𝑎𝑛 𝑎𝑛𝑑 𝑆ℎ𝑎𝑛𝑚𝑢𝑔𝑎𝑚 𝐷𝑖𝑣𝑛𝑦 (2014). 

 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵 (𝟐, 𝟏. 𝟏)  

𝐿𝑒𝑡 (𝑿, ‖. ‖)𝑏𝑒 𝑎 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒 𝑎𝑛𝑑 𝑆 𝑏𝑒 𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 

𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑿. 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑀𝑒𝑎𝑠𝑢𝑟𝑒 𝑜𝑓 𝑛𝑜𝑛𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠 𝑜𝑓 

𝑎 𝑠𝑒𝑡 𝑺 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏y 

 

𝝁(𝑺) = 𝒊𝒏𝒇 { 𝒓 > 𝟎 ∶ 𝑺 𝒄𝒂𝒏 𝒃𝒆 𝒄𝒐𝒗𝒆𝒓𝒆𝒅 𝒃𝒚 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 

𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒃𝒂𝒍𝒍𝒔 𝒘𝒉𝒐𝒔𝒆 𝒓𝒂𝒅𝒊𝒊 𝒂𝒓𝒆 𝒔𝒎𝒂𝒍𝒍𝒆𝒓 𝒕𝒉𝒂𝒏 𝒓 } 

 

 𝑻𝑯𝑬𝑶𝑹𝑬𝑴 𝟐. 𝟏. 𝟏. (𝑫𝑨𝑹𝑩𝑶𝑺’ 𝑭𝑰𝑿𝑬𝑫 𝑷𝑶𝑰𝑵𝑻 

𝑻𝑯𝑬𝑶𝑹𝑬𝑴) 

𝑰𝒇 𝑴 𝒊𝒔 𝒂 𝒏𝒐𝒏𝒆𝒎𝒑𝒕𝒚 𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒄𝒍𝒐𝒔𝒆𝒅 𝒄𝒐𝒏𝒗𝒆𝒙 
𝒔𝒖𝒃𝒔𝒆𝒕 𝒐𝒇 𝑿 𝒂𝒏𝒅𝑷 𝒊𝒔 𝒂 𝒎𝒂𝒑 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝑷 ∶ 𝑴 → 𝑴 𝒊𝒔 

𝒂 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒎𝒂𝒑𝒑𝒊𝒏𝒈 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒔𝒆𝒕 𝑩 ⊏ 

𝑴 ,𝑾𝒆 𝒉𝒂𝒗𝒆  

 

𝝁(𝑷𝑩) ≤ 𝒌𝝁(𝑩), 

 

𝒘𝒉𝒆𝒓𝒆 𝒌 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 , 𝟎 ≤ 𝒌 ≤ 𝟏 , 𝒕𝒉𝒆𝒏 𝑷 𝒉𝒂𝒔 𝒂 

𝒇𝒊𝒙𝒆𝒅 𝒑𝒐𝒊𝒏𝒕. (𝑺𝒆𝒆 𝑫𝒂𝒄𝒌𝒂 (𝟏𝟗𝟖𝟎)) . 
 

B. 𝑽𝑨𝑹𝑰𝑨𝑻𝑰𝑶𝑵 𝑶𝑭 𝑪𝑶𝑵𝑺𝑻𝑨𝑵𝑻 𝑭𝑶𝑹𝑴𝑼𝑳𝑨  

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝐼𝑛𝑡𝑒𝑔𝑟𝑜𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 
𝑠𝑦𝑠𝑡(1.1) 𝑔𝑖𝑣𝑒𝑛 𝑎s 

 

1𝐶𝐷𝜆𝑥(𝑡) = 𝐴𝑥(𝑡)  + ∫ 𝐻(𝑡 − 𝑠)𝑥(𝑠)𝑑𝑠

𝑡

0

 + ∫ 𝑑𝛼

0

−ℎ

𝐺(𝑡, 𝛼)𝑢(𝑡 + 𝛼)  

 

+  𝑓(𝑡, 𝑥(𝑡), 1𝐶𝐷𝜆𝑥(𝑡), 𝑢(𝑡))                                         (2.2.1) 

 

𝑥(0) =  𝑥0 , 
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W𝑖𝑡ℎ 𝑖𝑡𝑠 𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠 . 

 

𝑼𝒔𝒊𝒏𝒈 𝑩𝒂𝒍𝒂𝒄𝒉𝒂𝒏𝒅𝒓𝒂𝒏 𝒂𝒏𝒅 𝑲𝒐𝒌𝒊𝒍𝒂 (𝟐𝟎𝟏𝟑 𝒂) 𝒍𝒊𝒌𝒆 𝒂𝒓𝒈𝒖𝒎𝒆𝒏𝒕𝒔 𝒂𝒔 𝒊𝒕 𝒊𝒔 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒆𝒅 𝒊𝒏 𝑲. 𝑩𝒂𝒍𝒂𝒄𝒉𝒂𝒏𝒅𝒓𝒂𝒏 𝒂𝒏𝒅 𝑺. 

𝑫𝒊𝒗𝒚𝒂 (𝟐𝟎𝟏𝟒) , 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒃𝒐𝒗𝒆 𝒔𝒚𝒔𝒕𝒆𝒎(𝟐. 𝟐. 𝟏) 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂s 

 

𝑥(𝑡) = 𝐸𝜆(𝑡)𝑥0   +  ∫(𝑡 − 𝑠)𝜆−1

𝑡

0

𝐸𝜆 ,𝜆(𝑡 − 1) [ ∫ 𝑑𝛼  𝐺(𝑡 , 𝛼)

0

−ℎ

𝑢(𝑡 +  𝛼) ] 

 

+  ∫(𝑡 − 𝑠)𝜆−1

𝑡

0

𝐸𝜆 ,𝜆(𝑡 − 1)[ 𝑓(𝑠, 𝑥(𝑠), 1𝐶𝐷𝜆𝑥(𝑠), 𝑢(𝑠))] 𝑑𝑠                (2.2.2) 

 
𝐴 𝑐𝑎𝑟𝑒𝑓𝑢𝑙 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡(2.2.1) 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.2) 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 

𝑢(𝑡) 𝑓𝑜𝑟 𝑡 ∈ [−ℎ ,𝑡1 ] 𝑒𝑛𝑡𝑒𝑟 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑡ℎ𝑒𝑟𝑒𝑏𝑦 𝑐𝑟𝑒𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑛𝑒𝑒𝑑 𝑓𝑜𝑟 𝑎𝑛 𝑒𝑥𝑝𝑙𝑖𝑐𝑖𝑡 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎. 𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑖𝑛 𝑡ℎ𝑒 2𝑛𝑑 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑅𝑖𝑔ℎ𝑡 𝐻𝑎𝑛𝑑 𝑆𝑖𝑑𝑒 𝑜𝑓 𝑦𝑠𝑡(2.2.2),𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 𝑖𝑛 

𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠 [−ℎ , 0]𝑎𝑛𝑑 [0 ,𝑡1 ]. 𝑇𝑜 𝑑𝑜 𝑡ℎ𝑖𝑠,ℎ𝑒 2𝑛𝑑 𝑡𝑒𝑟𝑚 ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑓𝑜𝑟𝑚 𝑏𝑦 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 

𝑡ℎ𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑜𝑓 𝑘𝑙𝑎𝑚𝑘𝑎(1976) 𝑎𝑠 𝑖𝑡 𝑖𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝑂𝑟𝑎𝑒𝑘𝑖𝑒 (2018). 

 

𝐹𝑖𝑟𝑠𝑡𝑙𝑦, 𝑤𝑒 𝑖𝑛𝑡𝑒𝑟𝑐ℎ𝑎𝑛𝑔𝑒 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑈𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖𝑠′ 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 𝑡𝑜 𝑔𝑒𝑡𝑡𝑖𝑛𝑔 ∶ 
 

𝑥(𝑡) =  𝐸𝜆(𝑡)𝑥0   +  ∫ 𝑑𝐺𝛼

0

−ℎ

∫ (𝑡 − 𝑠)𝜆−1

𝑡+𝛼

0+𝛼

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝐺(𝑠 − 𝛼 , 𝛼)𝑢(𝑠 − 𝛼 + 𝛼)         

 

+  ∫[(𝒕 − 𝒔)𝝀−𝟏

𝒕

𝟎

𝑬𝝀 ,𝝀(𝒕 − 𝟏)][ 𝒇(𝒔, 𝒙(𝒔), 𝟏𝑪𝑫𝝀𝒙(𝒔), 𝒖(𝒔))] 𝒅𝒔                (2.2.3) 

 
𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎(𝟐. 𝟐. 𝟑), 𝒘𝒆 𝒉𝒂𝒗e 

 

𝑥(𝑡) =  𝐸𝜆(𝑡)𝑥0   +  ∫ 𝑑𝐺𝛼

0

−ℎ

∫ (𝑡 − 𝑠)𝜆−1

0

0+𝛼

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝐺(𝑠 − 𝛼 , 𝛼)𝑢0(𝑠)𝑑𝑠  

 

+ ∫ 𝑑𝐺𝛼

0

−ℎ

∫ (𝑡 − 𝑠)𝜆−1

𝑡+𝛼

0

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝐺(𝑠 − 𝛼 , 𝛼)𝑢(𝑠) 𝑑𝑠        

 

 +  ∫[(𝑡 − 𝑠)𝜆−1

𝑡

0

𝐸𝜆 ,𝜆(𝑡 − 1)][ 𝑓(𝑠, 𝑥(𝑠), 1𝐶𝐷𝜆𝑥(𝑠), 𝑢(𝑠))] 𝑑𝑠                (2.2.4) 

 

 

𝑈𝑠𝑖𝑛𝑔 𝑎𝑔𝑎𝑖𝑛 𝑡ℎ𝑒 𝑈𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑢𝑛𝑖𝑠’ 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 𝑜𝑛 𝑡ℎ𝑒 𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑖𝑛𝑐𝑜𝑟 𝑝𝑜𝑟𝑎𝑡𝑖𝑛𝑔 

𝑮 ∗ 𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑒𝑙𝑜𝑤 ∶ 
 

𝑮∗(𝑠 − 𝛼 , 𝛼) =   {
𝐺(𝑠 − 𝛼 , 𝛼) 𝑓𝑜𝑟 𝑠 < 𝑡
𝟎 , 𝒇𝒐𝒓   𝒔 ≥  𝒕 .

 

 

𝑻𝒉𝒆𝒏, 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 (𝟐. 𝟐. 𝟒) 𝒃𝒆𝒄𝒐𝒎𝒆s 

 

𝑥(𝑡) =  𝐸𝜆(𝑡)𝑥0   +  ∫ 𝑑𝐺𝛼

0

−ℎ

∫(𝑡 − 𝑠)𝜆−1

0

𝛼

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝐺(𝑠 − 𝛼 , 𝛼)𝑢0(𝑠)𝑑𝑠  

 

+ ∫[

𝑡

0

∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]𝑢(𝑠) 𝑑𝑠        
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 +  ∫[(𝑡 − 𝑠)𝜆−1

𝑡

0

𝐸𝜆 ,𝜆(𝑡 − 1)][ 𝑓(𝑠, 𝑥(𝑠), 1𝐶𝐷𝜆𝑥(𝑠), 𝑢(𝑠))] 𝑑𝑠                (2.2.4) 

 

𝑰𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒔𝒕𝒊𝒍𝒍 𝒊𝒏 𝒕𝒉𝒆 𝑳𝒆𝒃𝒆𝒔𝒈𝒖𝒆 𝑺𝒕𝒊𝒆𝒍𝒕𝒋𝒆𝒔 𝒔𝒆𝒏𝒔𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆 𝜶. 𝑭𝒐𝒓 𝒃𝒓𝒆𝒗𝒊𝒕𝒚, 𝒍𝒆t 
 

𝜼(𝒕) =  𝐸𝜆(𝑡)𝑥0   +   ∫ 𝑑𝐺𝛼

0

−ℎ

∫(𝑡 − 𝑠)𝜆−1

0

𝛼

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝐺(𝑠 − 𝛼 , 𝛼)𝑢0(𝑠)𝑑𝑠           (𝟐. 𝟐. 𝟓) 

 

𝜷(𝒕) =  ∫[(𝑡 − 𝑠)𝜆−1

𝑡

0

𝐸𝜆 ,𝜆(𝑡 − 1)][ 𝑓(𝑠, 𝑥(𝑠), 1𝐶𝐷𝜆𝑥(𝑠), 𝑢(𝑠))] 𝑑𝑠               (2.2.6) 

 

Ζ(𝑡) = [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]                                (2.2.7) 

 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 (𝟐. 𝟐. 𝟓) , (𝟐. 𝟐. 𝟔), (𝟐. 𝟐. 𝟕) 𝒊𝒏𝒕𝒐 𝒔𝒚𝒔𝒕𝒎 (𝟐. 𝟐. 𝟒) ,𝒘𝒆 𝒉𝒂𝒗e 

 

𝑥(𝑡 , 𝑥0 , 𝑢) =  𝜂(𝑡) +   𝛽(𝑡) +  ∫[ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]𝑢(𝑠)𝑑𝑠

𝑡

0

 

 

C. 𝑩𝑨𝑺𝑰𝑪 𝑺𝑬𝑻 𝑭𝑼𝑵𝑪𝑻𝑰𝑶𝑵𝑺 𝒂𝒏𝒅 𝑷𝑹𝑶𝑷𝑬𝑹𝑻𝑰𝑬S 

𝑰𝒏 𝒕𝒉𝒊𝒔 𝒔𝒆𝒄𝒕𝒊𝒐𝒏 ,𝒘𝒆 𝒅𝒆𝒇𝒊𝒏𝒆 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒖𝒑𝒐𝒏 𝒘𝒉𝒊𝒄𝒉 𝒐𝒖𝒓 𝒔𝒕𝒖𝒅𝒚 𝒉𝒊𝒏𝒈𝒆𝒔. 
 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵 𝟐. 𝟑. 𝟏 (𝑨𝑻𝑻𝑨𝑰𝑵𝑨𝑩𝑳𝑬 𝑺𝑬𝑻)  

𝑇ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 
 

𝐴(𝑡1 , 𝑡0) =  {𝑥(𝑡 , 𝑥0 , 𝑢) ∶ 𝑢 ∈ 𝑈} 
 

𝑊ℎ𝑒𝑟𝑒  𝑈 = {𝑢 ∈ 𝐿2([ 0 , 𝑡1 ], 𝐸𝑚): |𝑢𝑗| ≤ 1 ; 𝑗 = 1 , 2 , . . . 𝑛 } 

 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵 𝟐. 𝟑. 𝟐 (𝑹𝑬𝑨𝑪𝑯𝑨𝑩𝑳𝑬 𝑺𝑬𝑻)  

𝑇ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 
 

𝑅(𝑡1 , 𝑡0) = { ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]𝑢(𝑠)𝑑𝑠

𝑡1

0

} 

 

𝑊ℎ𝑒𝑟𝑒  𝑢 ∈ 𝑈, 𝑎𝑛𝑑 𝑈 = {𝑢 ∈ 𝐿2([ 0 , 𝑡1 ], 𝐸𝑚): |𝑢𝑗| ≤ 1 ; 𝑗 = 1 , 2 , . . . 𝑛 } 

 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵 𝟐. 𝟑. 𝟑 (𝑪𝑶𝑵𝑻𝑹𝑶𝑳𝑳𝑨𝑩𝑰𝑳𝑰𝑻𝒀 𝑮𝑹𝑨𝑴𝑴𝑰𝑨𝑵)  

𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 
 

𝑾(𝒕𝟏 , 𝒕𝟎) = ∫ [ ∫(𝒕 − 𝒔)𝝀−𝟏

𝟎

−𝒉

𝑬𝝀 ,𝝀(𝒕 − 𝒔 − 𝜶)𝒅𝜶𝑮∗(𝒔 − 𝜶 , 𝜶)]

𝒕𝟏

𝟎

[ ∫(𝒕 − 𝒔)𝝀−𝟏

𝟎

−𝒉

𝑬𝝀 ,𝝀(𝒕 − 𝒔 − 𝜶)𝒅𝜶𝑮∗(𝒔 − 𝜶 , 𝜶)]𝑻 

 

𝑊ℎ𝑒𝑟𝑒 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒. 

 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵 𝟐. 𝟑. 𝟒 (𝑻𝑨𝑹𝑮𝑬𝑻 𝑺𝑬𝑻)  

𝑇ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 ∶ 
 

𝐺(𝑡1 , 𝑡0 ) = { 𝑥(𝑡1 , 𝑥0 , 𝑢) ∶  𝑡1 ≥ 𝜏 >  𝑡0 = 0 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑓𝑖𝑥𝑒𝑑 𝜏 𝑎𝑛𝑑 𝑢 ∈ 𝑈} 
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III. RELATIONSHIP BETWEEN SET FUNCTIONS 

 

𝑳𝒆𝒕 𝒖𝒔 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒂𝒕𝒕𝒂𝒊𝒏𝒂𝒃𝒍𝒆 𝒔𝒆𝒕 𝑨(𝒕𝟏 , 𝒕𝟎 ) and the reachable set R(𝑡1 ,𝑡0 ) firstly , 

with a view to establish that, once a property is proved for one set , say reachable set, then it is app𝑙𝑖𝑐𝑎𝑏𝑙𝑒 𝑡𝑜 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟𝑠. 𝐹𝑟𝑜𝑚 

𝑠𝑦𝑠𝑡(2.2. 4), 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑨(𝒕𝟏 , 𝒕𝟎 ) 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒂𝒔 ∶ 
 

𝑨(𝒕𝟏 , 𝒕𝟎 )  = 𝝁(𝒕) +  ∫[ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]𝑢(𝑠)𝑑𝑠

𝑡

0

 

 

𝑤ℎ𝑒𝑟𝑒 𝝁(𝒕) = 𝜂(𝑡) +   𝛽(𝑡) , 𝜇 ∈ 𝐸𝑛   
 

𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 , , 𝜇 ∈ 𝐸 𝑛 . 

 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡,𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑖𝑡 𝑖𝑠 𝑒𝑎𝑠𝑦 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑝𝑜𝑠𝑠𝑒𝑠𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑜𝑓 

𝐶𝑜𝑛𝑣𝑒𝑥𝑖𝑡𝑦, 𝐶𝑙𝑜𝑠𝑒𝑑𝑛𝑒𝑠𝑠 𝑎𝑛𝑑 𝐶𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠. 𝑎𝑛𝑑 𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0 , ∞)𝑡𝑜 𝑡ℎ𝑒 𝑀𝑒𝑡𝑟𝑖𝑐 𝑆𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝐸 𝑛 . 

 

 𝑳𝑬𝑴𝑴𝑨 𝟑. 𝟏  

𝐼𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑒𝑡 𝑈 ∈ 𝐿2 ([ 0 ,𝑡1 ], 𝐸 𝑚) , 𝑤ℎ𝑒𝑟𝑒 𝑈 = {𝑢 ∈ 𝐿2 ([ 0 ,𝑡1 ], 𝐸 𝑚) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 |𝑢𝑗 | ≤ 1 ;𝑗 = 1 , 2 , . . . 𝑛 } 𝑖𝑠 

𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑜 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑅(𝑡1 ,𝑡0 ). 

 

 𝑷𝒓𝒐𝒐𝒇. 

 𝑅𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 given as 

 

𝑥(𝑡 , 𝑥0 , 𝑢) =  𝜂(𝑡) +   𝛽(𝑡) +  ∫[ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]𝑢(𝑠)𝑑𝑠

𝑡

0

 

 

𝑊ℎ𝑖𝑙𝑒 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 (𝑡1 ,0 ) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎s 

 

𝑅(𝑡1 , 𝑡0 ) = { ∫[ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]𝑢(𝑠)𝑑𝑠

𝑡

0

} 

 

𝑊𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝒊𝒇 𝒙, 𝒚 ∈ (𝒕 , 𝒕𝟎 ), 𝒕𝒉𝒆n [𝒕𝒙 + (𝟏 − 𝒕)𝒚 ] ∈ 𝑅(𝑡1 , 𝑡0 )  𝑎𝑛𝑑 0 ≤ 𝑡 ≤ 1 .  ( 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 

𝑐𝑜𝑛𝑣𝑒𝑥𝑖𝑡𝑦). 

 

𝑁𝑜𝑤,𝑡 𝒙, 𝒚 ∈ 𝑹(𝒕𝟏 , 𝒕𝟎 ), 𝒕𝒉𝒆n 

 

𝒙 =   ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢1(𝑠)𝑑𝑠

𝑡

0

 ,  𝑢1 ∈ 𝑈. 𝑎𝑛𝑑 

 

 𝑦 =  ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢2(𝑠)𝑑𝑠, 𝑢2 ∈ 𝑈

𝑡

0

 

 

𝐹𝑂𝑅 𝑡 ∈ [0, 1] , 𝑡ℎ𝑒𝑛 
 

𝒕𝒙 + (𝟏 − 𝒕)𝒚 = ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝒕𝑢1(𝑠)𝑑𝑠  

𝑡

0

+  

 

∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] (𝟏 − 𝒕)𝑢2(𝑠)𝑑𝑠  

𝑡

0
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= ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] [𝒕𝒖𝟏(𝒔) + (𝟏 − 𝒕)𝒖𝟐(𝒔)]𝑑𝑠  

𝑡

0

 

 

𝑩𝒖𝒕 𝑼 𝒊𝒔 𝒄𝒐𝒏𝒗𝒆𝒙, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕𝒔 𝒗 ∈ 𝑼 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂t 

 

 𝒗 = [𝒕𝒖𝟏 + (𝟏 − 𝒕)𝒖𝟐] ∈ 𝑼 

 

 

∴ , 𝒕𝒙 + (𝟏 − 𝒕)𝒚 =  ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑣(𝑠)𝑑𝑠  

𝑡

0

 

 

𝑇ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑚𝑎𝑑𝑒. 𝐻𝑒𝑛𝑐𝑒 (𝑡1 ,0 ) 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒x 

 

 𝑻𝑯𝑬𝑶𝑹𝑬𝑴 𝟑.1 

𝐼𝑓 𝑈 𝑖𝑠 𝐶𝑜𝑛𝑣𝑒𝑥 𝑎𝑛𝑑 𝐶𝑜𝑚𝑝𝑎𝑐𝑡,ℎ𝑒𝑛 𝑡ℎ𝑒 𝑅𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 

𝑠𝑒𝑡 𝑅(𝑡1 ,𝑡0 ) is Convex, Closed and Compact 

 

 𝑷𝑹𝑶𝑶𝑭 

𝑊𝑒 ℎ𝑎𝑣𝑒 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑑 𝑡ℎ𝑒 𝐶𝑜𝑛𝑣𝑒𝑥𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 

𝑅𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑆𝑒𝑡 (𝒕 , 𝒕𝟎 ) 𝑓𝑟𝑜𝑚 𝐿𝐸𝑀𝑀𝐴3.1.  

 

 𝑹𝒆𝒄𝒂𝒍𝒍: 𝑡ℎ𝑎 𝐶𝑜𝑚𝑝𝑎𝑐𝑡𝑛𝑒𝑠𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐶𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 

𝐵𝑜𝑢𝑛𝑑𝑒𝑑. 

 

𝑇ℎ𝑒𝑛 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎 𝑡ℎ𝑒 𝑅𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑆𝑒𝑡 𝑹(𝒕𝟏 , 

𝒕𝟎 ) 𝑖𝑠 𝑏𝑜𝑡ℎ 𝒄𝒍𝒐𝒔𝒆𝒅 𝑎𝑛𝑑 𝒃𝒐𝒖𝒏𝒅𝒆𝒅. 𝑆𝑛𝑐𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 

𝑖𝑠 𝑎𝑠𝑢𝑏𝑠𝑒𝑡 𝐸 𝑛 i. e. (𝒕 , 𝒕𝟎 ) ⊂ 𝑬 𝒏 , let 𝒙𝒌 be a sequence of 

points in 𝑹(𝒕𝟏 , 𝒕𝟎 ) such that 𝑥𝑘 → x as k → ∞. 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 

𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝑹(𝒕𝟏 , 𝒕𝟎 ). Let M be a set of functions u 

from the interval [0 ,t] into 𝐸 𝑚 suc that u ∈ U ⊂ 𝑳𝟐 ([ 0 ,𝑡 

],𝐸 𝑚) 

 

i. e. 𝐌 = {u: [ 0 , 𝑡 ] → 𝐸𝑚  , u ∈ U ⊂ 𝑳𝟐([ 0 , 𝑡 ], 𝐸𝑚) such that ‖𝑢‖ ≤ 1}.  
 

Then, 𝐌 ⊂ 𝑳𝟐([ 0 , 𝑡 ], 𝐸𝑚) and so M is a set  given as ∶ 
 

𝐌 = {𝑢 ∈ 𝑈 ⊂ 𝑳𝟐([ 0 , 𝑡 ], 𝐸𝑚) ∶  ‖𝑢‖ ≤ 𝛽, 𝛽 > 0 𝑎𝑛𝑑 𝛽 ∈ [0 ,1]} 
 

𝑇ℎ𝑢𝑠, 𝑴 𝑖𝑠 𝑎𝑙𝑠𝑜 𝒄𝒐𝒏𝒗𝒆𝒙 , 𝒄𝒍𝒐𝒔𝒆𝒅 𝑎𝑛𝑑 𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒖𝒏𝒊𝒕 𝒃𝒂𝒍𝒍. 𝐵𝑢𝑡 𝑎𝑛𝑦 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙 𝑖𝑛 𝑳𝟐 Space is weakly compact 

.Hence , any sequence {𝒖𝒌 } ⊂ 𝑴 ℎ𝑎𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑤ℎ𝑖𝑐ℎ 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑤𝑒𝑎𝑘𝑙𝑦 𝑡𝑜 𝑎 𝑝𝑜𝑖𝑛𝑡 𝒖 ∈ 𝑴. 

 

𝐻𝑒𝑛𝑐𝑒,ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡𝑹(𝒕𝟏 , 𝒕𝟎 ) given as 

 

𝑹(𝒕𝟏 , 𝒕𝟎 ) = ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢𝑘(𝑠)𝑑𝑠

𝑡

0

 

 

→ ∫[ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]𝑢(𝑠)𝑑𝑠

𝑡

0

 as k → ∞ 

 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑥 = ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠.

𝑡

0

 

 

𝑇ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑖𝑠 𝑚𝑎𝑑𝑒. 𝐻𝑒𝑛𝑐𝑒 (𝑡1 ,0 ) 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

 

 𝑪𝑶𝑵𝑻𝑰𝑵𝑼𝑰𝑻𝒀 𝑶𝑭 𝑺𝑬𝑻 𝑭𝑼𝑵𝑪𝑻𝑰𝑶𝑵𝑺 (𝑹𝑬𝑨𝑪𝑯𝑨𝑩𝑳𝑬 

𝑺𝑬𝑻) 𝑻𝒉𝒆 𝒔𝒆𝒕 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒐𝒏 𝒕𝒉𝒆 

𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 [ 𝟎, ∞ ) 𝑡𝑜 𝑡ℎ𝑒 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝐶𝑜𝑚𝑝𝑎𝑐𝑡 

𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐸 𝑛 . 

 

Set 𝓟 = { 𝐩 ∈ 𝑬𝒏: 𝐩 𝐢𝐬 𝐜𝐨𝐦𝐩𝐚𝐜𝐭 , 𝐩 ≠ 𝟎} 

 

𝐼𝑡 𝑖𝑠 𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑦 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑛𝑜𝑛 𝑒𝑚𝑝𝑡𝑦 

𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐸 𝑛 into ametric space by defining the 

distance function 𝐝 for each x ∈   , the distance of x to p ∈ 

𝓟 by 

 

𝒅(𝒙, 𝒑) =  𝒎𝒂𝒙{‖𝒙 − 𝒑‖ ∶ 𝒑 ∈ 𝓟} 

 

 

wℎ𝑒𝑟𝑒 ‖𝑥‖ is the Euclidean lenth of x ∈   .  

 

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑠𝑒𝑡𝑠 𝑷 𝑎𝑛𝑑 𝑸 𝑖𝑠 

𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 ∶ 
 

𝒅(𝑷, 𝑸) = 𝐦𝐚𝐱
𝒑∈𝑷

𝒅(𝒑, 𝑸) + 𝐦𝐚𝐱
𝒒∈𝑸

𝒅(𝒒, 𝑷) 
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𝐼𝑓 𝑤𝑒 𝑒𝑞𝑢𝑖𝑝 𝓟 with the metric  ,then (𝓟,𝐝) is a metric 

space 

 

 𝑻𝑯𝑬𝑶𝑹𝑬𝑴 𝟑. 𝟐  

𝑇ℎ𝑒 𝑅𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 (𝑡1 ,0 )𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0, ∞) 𝑖𝑛𝑡𝑜 (𝒫, d). 𝐢. 𝐞. 𝑹(𝒕𝟏 , 𝒕𝟎 ) ∶ [𝟎, 

∞) → (𝓟, 𝐝) 𝒊𝒔 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔. 

 𝑷𝑹𝑶𝑶𝑭  

𝑊𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑔𝑖𝑣𝑒𝑛 𝑎𝑛𝑦 𝜀 > 0,𝑡ℎ𝑒𝑟𝑒 

𝑒𝑥𝑖𝑠𝑡𝑠 𝛿(𝜀) > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝒅(𝑹(𝒕𝟏 , 𝒕𝟎 ) ,𝑹(𝒕𝟐 , 𝒕𝟎 ) ) < 𝜺 , 

𝒘𝒉𝒆𝒏𝒆𝒗𝒆𝒓 |𝒕𝟏 − 𝒕𝟐 | < 𝜹(𝜺) ; 𝒇𝒐𝒓 𝒕𝟏 , 𝒕𝟐 > 𝟎, 𝐼𝑓 𝑥(𝑡 , 𝑢) ∈ 

𝑅(𝑡 ,𝑡0 ),𝑡ℎ𝑒𝑛 

 

𝑥(𝑡 , 𝑢) = ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠.

𝑡

0

 

 

⇒, ‖𝑥(𝑡1 , 𝑢) − 𝑥(𝑡2 , 𝑢)‖ = ‖ ∫ 𝑌(𝑠)𝑢(𝑠)

𝑡2

𝑡1

𝑑𝑠‖ ,  

 

 𝒘𝒉𝒆𝒓𝒆 𝑌(𝑠) = ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼). 

 

𝑅𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝑜𝑢𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑒𝑡 𝑈 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏y  

 
𝑈 = {𝑢 ∈ 𝐿2 ([ 0 ,𝑡1 ], 𝐸 𝑚) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 |𝑢𝑗 | ≤ 1 ;𝑗 = 1 , 2 , . . . 𝑛 }. 

 

 ⇒ 𝑈 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 ; ℎ𝑒𝑛𝑐𝑒 𝑐𝑜𝑚𝑝𝑎𝑐𝑡.  

 

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝜔 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ‖𝑢‖ <  , (𝑢 ∈ 𝑈, 𝑤ℎ𝑒𝑟𝑒 𝑈 𝑖𝑠 𝐶𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑒𝑡), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎t 

 

‖𝑥(𝑡1 , 𝑢) − 𝑥(𝑡2 , 𝑢)‖ ≤ ∫ 𝜔‖𝑌(𝑠)‖𝑢(𝑠)

𝑡2

𝑡1

𝑑𝑠 ≤ ∫ 𝜔‖𝑌(𝑠)‖‖𝑢(𝑠)‖

𝑡2

𝑡1

𝑑𝑠 

 

𝒘𝒉𝒆𝒓𝒆  , 𝑌(𝑠)𝒖(𝒔)𝒅𝒔 = ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)𝑢(𝑠)𝑑𝑠. 

 

𝑆𝑖𝑛𝑐𝑒 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑠 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝜀 > 0, ∃ (𝜀) ∋ ,f 

 

|𝑡1 − 𝑡2| < 𝛿 , 𝑡ℎ𝑒𝑛 |𝜔 ∫ ‖𝑌(𝑠)‖𝑢(𝑠)

𝑡2

𝑡1

𝑑𝑠| < 𝜀 . 

 

𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝜀 > 0, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 (𝜀) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑖𝑓 |𝑡1 − 𝑡2 | <  ,ℎ𝑒𝑛 ‖𝑥(𝑡1 , 𝑢) − 𝑥(𝑡2 , 𝑢)‖ ≤ 𝜀.  

 

𝑇ℎ𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑝𝑟𝑜𝑜𝑓. 

 

IV. CONTROLLABILITY 

 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵 𝟒. 𝟏. (𝑹𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚)  

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0 ,𝑡1 ] 𝑖f 
 

𝑨(𝒕𝟏 , 𝒕𝟎 ) ∩ 𝑮(𝒕𝟏 , 𝒕𝟎 ) ≠ ∅, (∅ = 𝒆𝒎𝒑𝒕𝒚) , 𝒕𝟏 > 𝒕𝟎 = 𝟎. 
 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵 𝟒. 𝟐. ( 𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝑰𝒏𝒅𝒆𝒙)  

𝑻𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒈 ∶ [ 0 , ∞ ) → 𝐸 𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏y 

 

 𝑔(𝑡) =  𝑪𝑻 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] , 𝐶 ∈ 𝐸𝑛 
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I𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝒕𝒉𝒆 𝑰𝒏𝒅𝒆𝒙 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1)  

 

 𝑫𝑬𝑭𝑰𝑵𝑰𝑻𝑰𝑶𝑵. 𝟒. 𝟑. (𝑷𝑹𝑶𝑷𝑬𝑹𝑵𝑬𝑺𝑺)  

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑃𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸 𝑛 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0 ,𝑡1 ] 𝑖𝑓 𝑠𝑝𝑎𝑛 𝑹(𝒕𝟏 , 𝒕𝟎 ) = 𝑬 𝒏 . 

 

𝒊. 𝒆. 𝒊𝒇 𝑪𝑻 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] = 𝟎   𝒂. 𝒆 . ⟹ 𝑪 = 𝟎 , 𝑪 ∈ 𝑬𝒏 , 𝒕𝟏 > 𝟎 . 

 

 𝑷𝑹𝑶𝑷𝑶𝑺𝑰𝑻𝑰𝑶𝑵 𝟒. 𝟏.  

𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑃𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸 𝑛 𝑜𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0 ,𝑡1 ] 𝑖𝑓f 

 

𝑪𝑻 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] = 𝟎   𝒂. 𝒆 . 

 

 ⟹ 𝑪 = 𝟎 , 𝑪 ∈ 𝑬𝒏 , 𝒕𝟏 > 𝟎 . 
 

 𝑷𝑹𝑶𝑶𝑭.  

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑃𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸 𝑛 𝑜𝑛 [0 ,𝑡1 ], then 𝑠𝑝𝑎𝑛 𝑅(𝑡1 ,𝑡0 ) = 𝐸 𝑛 ,𝑡1 > 0.  

 

Since (𝒕 , 𝒕𝟎 ) is a subset of 𝐸 𝑛 , 𝑎𝑛 𝑖𝑛𝑛𝑒𝑟 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑠𝑝𝑎𝑐𝑒 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙, 𝑤𝑒 ℎ𝑎𝑣e 

 

𝑹(𝒕𝟏 , 𝒕𝟎 ) = 𝑹⊥⊥(𝒕𝟏 , 𝒕𝟎 ),  
 

𝑊ℎ𝑒𝑟𝑒 ⊥ 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡. 

 

∴ , 𝑹⊥⊥(𝒕𝟏 , 𝒕𝟎 ) = 𝐸𝑛 
 

𝐻𝑒𝑛𝑐𝑒 , 𝑹⊥(𝒕𝟏 , 𝒕𝟎 ) = {0} 
 

𝑇ℎ𝑒𝑛 {  ∶ 〈𝐶, 𝑥 〉 = 0 ,∀ x ∈ 𝑹(𝒕𝟏 , 𝒕𝟎 ) } = {𝟎}. 𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒓𝒆𝒂𝒄𝒉𝒂𝒃𝒍𝒆 𝒔𝒆𝒕 (𝒕 , 𝒕𝟎 ) , 𝒕𝒉𝒊𝒔 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 

𝒕o 

 

𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠 = 0,   ∀  𝑢 ∈ 𝑈 ⟹ 𝑪 = 𝟎

𝑡

0

 

 

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑖𝑠 𝑎 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒, 𝑤𝑒 ℎ𝑎𝑣e 

 

𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠 = 0,   𝑎. 𝑒 ,

 

𝑡

0

𝑠 ∈ [0, 𝑡1] ⟹ 𝑪 = 𝟎 

 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] = 0,   𝑎. 𝑒 ,

 

𝑡

0

 𝑜𝑛 [0. 𝑡1] 

 

⟹ 𝑪 = 𝟎.  

 

⟹ 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑖𝑠 𝑃𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸 𝑛 𝑜𝑛 [0 ,𝑡1 ], 
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 𝑻𝑯𝑬𝑶𝑹𝑬𝑴 𝟒. 𝟏  

𝑪𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) , 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 𝑔𝑖𝑣𝑒𝑛 𝑎s 

 

1𝐶𝐷𝜆𝑥(𝑡) = 𝐴𝑥(𝑡)  + ∫ 𝐻(𝑡 − 𝑠)𝑥(𝑠)𝑑𝑠

𝑡

0

 + ∫ 𝑑𝛼

0

−ℎ

𝐺(𝑡, 𝛼)𝑢(𝑡 + 𝛼)  

+  𝑓(𝑡, 𝑥(𝑡), 1𝐶𝐷𝜆𝑥(𝑡), 𝑢(𝑡))                                         (4.1) 

 

𝑥(0) =  𝑥0 , 
 

w𝑖𝑡ℎ 𝑖𝑡𝑠 𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠 ,ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡.  

 

 𝑆𝑦𝑠𝑡(4.1) 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 [0,𝑡1 ].  

 𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 (𝑡1 ,0 ) 𝑜𝑓 𝑆𝑦𝑠𝑡𝑒𝑚(4.1) 𝑖𝑠 𝑛𝑜𝑛𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟.  

 𝑆𝑦𝑠𝑡(4.1) 𝑖𝑠 𝑃𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸 𝑛 𝑜𝑛 [0 ,𝑡1 ]. 

 

 𝑷𝑹𝑶𝑶𝑭.  

 

(𝒊𝒊) ⟹ (𝒊)  

 

 𝑹𝒆𝒄𝒂𝒍𝒍 𝒕𝒉𝒂𝒕 . 𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑊(𝑡1 ,𝑡0 ) 𝑜𝑓 𝑆𝑦𝑠𝑡𝑒𝑚(4.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏y 

 

𝑾(𝒕𝟏 , 𝒕𝟎) = ∫ [ ∫(𝒕 − 𝒔)𝝀−𝟏

𝟎

−𝒉

𝑬𝝀 ,𝝀(𝒕 − 𝒔 − 𝜶)𝒅𝜶𝑮∗(𝒔 − 𝜶 , 𝜶)] 𝒙

𝒕𝟏

𝟎

 

 

[ ∫(𝒕 − 𝒔)𝝀−𝟏

𝟎

−𝒉

𝑬𝝀 ,𝝀(𝒕 − 𝒔 − 𝜶)𝒅𝜶𝑮∗(𝒔 − 𝜶 , 𝜶)]

𝑻

𝒅𝒔 

 

𝑾(𝒕𝟏 , 𝒕𝟎 ) 𝒊𝒔 𝒏𝒐𝒏 − 𝒔𝒊𝒏𝒈𝒖𝒍𝒂𝒓 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 𝒔𝒂𝒚 𝒕𝒉𝒂𝒕 𝑾(𝒕𝟏 , 𝒕𝟎 ) 𝒊𝒔 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒆,𝒘𝒉𝒊𝒄𝒉 𝒊𝒏 𝒕𝒖𝒓𝒏 𝒊𝒔 

𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 𝒔𝒂𝒚𝒊𝒏𝒈 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒕𝒓𝒂𝒏𝒔𝒑𝒐𝒔𝒆 𝒐𝒇 𝒔𝒐𝒎𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒔𝒒𝒖𝒂𝒓𝒆 𝒎𝒂𝒕𝒓𝒊𝒙 𝑪 𝑻 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 
𝒄𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒊𝒏𝒅𝒆𝒙 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎(𝟒. 𝟏) 𝒊𝒔 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝒛𝒆𝒓𝒐 𝒂𝒍𝒎𝒐𝒔𝒕 𝒆𝒗𝒆𝒓𝒚𝒘𝒉𝒆𝒓𝒆(𝒂. 𝒆),𝒑𝒍𝒊𝒆𝒔 𝒕𝒉𝒂𝒕 𝑪 = 0 

 

𝒊. 𝒆.     𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠 = 0,   𝑎. 𝑒 ,

 

𝑡

0

⟹ 𝑪 = 𝟎.  

 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒑𝒓𝒐𝒑𝒆𝒓𝒏𝒆𝒔𝒔 𝒐𝒇 𝒔𝒚𝒔𝒕𝒆𝒎(𝟒. 𝟏) 𝒗𝒊𝒔𝒂 𝒗𝒊𝒔 𝒔𝒚𝒔𝒕𝒆𝒎(𝟏. 𝟏) 𝒂𝒏𝒅𝒕𝒉𝒊𝒔 𝒔𝒊𝒕𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒎𝒑𝒍𝒊𝒆𝒔 𝒄𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒕𝒉𝒆 

𝒔𝒚𝒔𝒕𝒆𝒎(𝟒. 𝟏) 𝒗𝒊𝒔𝒂 𝒗𝒊𝒔 𝒔𝒚𝒔𝒕𝒆𝒎(𝟏. 𝟏). 𝑶𝒓𝒂𝒆𝒌𝒊𝒆(𝟐𝟎𝟏𝟗) 

 

 𝑇ℎ𝑢𝑠 (𝑖𝑖) ⟹ (𝒊) 

 

𝑵𝒐𝒘,𝒊𝒕 𝒓𝒆𝒎𝒂𝒊𝒏𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒂𝒕𝒆𝒎𝒆𝒏𝒕 (𝒊𝒊𝒊) 𝒊𝒎𝒑𝒍𝒊𝒆𝒔 𝒔𝒕𝒂𝒕𝒆𝒎𝒆𝒏𝒕 (𝒊) 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎 𝟒. 𝟏 

 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 (𝑖𝑖𝑖) – 𝑃𝑟𝑜𝑒𝑟𝑛𝑒𝑠𝑠 𝑜𝑓 𝑠𝑦𝑠𝑡(4.1) /(1.1) 

 

𝒊. 𝒆.     𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠 = 0,   𝑎. 𝑒 ,

 

𝑡

0

 

 

𝒔 ∈ [0 , 𝑡1 ].    ∀ 𝑠. 𝑡ℎ𝑒𝑛 
 

∫  𝐶𝑇 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠 

 

𝑡

0
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= 𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠 = 0,   

 

𝑡

0

 

 

𝑰𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑖𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 𝐶 𝑖𝑠 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 (𝑡1 ,0 ) . 𝐼𝑓 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 

𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑠𝑦𝑠𝑡(4.1)𝑣𝑖𝑠𝑎 𝑣𝑖𝑠 𝑠𝑦𝑠𝑡𝑒𝑚(1.1)/(2.2.1).𝑡ℎ𝑒𝑛 𝑆𝑝𝑎𝑛𝑅(𝑡1 ,𝑡0 ) = 𝐸 𝑛 𝑠𝑜𝑡ℎ𝑎𝑡 𝐶 = 0. 𝑆ℎ𝑜𝑤𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 (𝒊𝒊𝒊) ⟹ (𝒊). 

 

 𝑪𝒐𝒏𝒗𝒆𝒓𝒔𝒆𝒍𝒚,  

𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡(4.1) 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑠𝑜𝑡ℎ𝑎𝑡 𝑆𝑝𝑎𝑛𝑅(𝑡1 ,𝑡0 ) = 𝐸 𝑛 , 𝑓𝑜𝑟 𝑡1 > 0. 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝐶 ≠ 0, 𝑎𝑛𝑑 𝐶 ∈ 𝐸 𝑛 

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐶 (𝑡1 ,𝑡0 ) = 0. It implies that for all the admissible controls u ∈ U ⊏ 𝐸 𝑚 ⊂ 𝑳𝟐 ([ 0 ,𝑡 ],𝐸 𝑛) 𝑠𝑜 𝑡ℎ𝑎t 

 

𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠 = 0,   

 

𝑡

0

 

 

𝐻𝑒𝑛𝑐𝑒, 𝐶𝑇𝑅(𝑡1 , 𝑡0 ) = 0.  a. e , s ∈ [0, 𝑡1] ⟹ 𝑪 = 𝟎.  
 

𝑇𝑖𝑠, 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚𝑠,ℎ𝑖𝑠 

𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑠𝑦𝑠𝑡𝑚(4.1) 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1)𝑖𝑠 𝑛𝑜𝑡 𝑝𝑟𝑜𝑝𝑒𝑟, , 

𝑠𝑖𝑛𝑐𝑒 𝐶 ≠ 0. 

 

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑦𝑠(4.1), 𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1)/𝑠𝑦𝑠𝑡𝑒𝑚(2.2.1) 

𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 𝐻𝑎𝑣𝑖𝑛𝑔 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑑 𝑡ℎ𝑎𝑡 (𝐢𝐢) 
⟹ (𝒊),𝑎𝑛𝑑 (𝒊𝒊𝒊) ⟹ (𝒊), 𝑤𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡ℎ𝑎𝑡 (𝒊) = (𝒊𝒊) = (𝒊𝒊𝒊) 
 

𝑇ℎ𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓.  

 

 𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟒. 𝟐  

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡(4.1)𝑤𝑖𝑡ℎ 𝑖𝑡𝑠 𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔 

ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠. 𝑤𝑒 𝑠𝑡𝑎𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡(4.1) 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 

𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑖𝑓𝑓 𝑧𝑒𝑟𝑜 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 

𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒t 
 

𝒊. 𝒆. 𝟎 ∈ 𝑰𝒏𝒕𝒆𝒓𝒊𝒐𝒓 𝒐𝒇 𝑹(𝒕𝟏 , 𝒕𝟎 ) 

 

 𝑷𝑹𝑶𝑶𝑭  

𝐹𝑟𝑜𝑚 𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏 , 𝑤𝑒 𝑟𝑒𝑎𝑙𝑖𝑧𝑒𝑑 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 

𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑹(𝒕𝟏 , 𝒕𝟎 ) 𝑖𝑠 𝑎 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥𝑒𝑑 

𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐸𝑛. 

 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜 , 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑦1 ∈ 𝐸 𝑛 𝑜𝑛 𝑡ℎ𝑒 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 

𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝒔𝒖𝒑𝒑𝒐𝒓𝒕 𝒑𝒍𝒂𝒏𝒆 𝒁 𝑜𝑓 𝑹(𝒕𝟏 , 𝒕𝟎 ) 

𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑦1 

 

𝑖. 𝑒 . 𝐶𝑇(𝑦 − 𝑦1 ) ≤ 0 , ∀ y ∈ 𝑅(𝑡1 , 𝑡0 ) 
 

𝑤ℎ𝑒𝑟𝑒 𝐶 ≠ 0 𝑖𝑠 𝑎𝑛 𝑜𝑢𝑡𝑤𝑎𝑟𝑑 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝒔𝒖𝒑𝒑𝒐𝒓𝒕 

𝒑𝒍𝒂𝒏𝒆 𝒁. 

 

 𝐼𝑓 𝑢1 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑡𝑜 𝑦1 𝑤𝑒 ℎ𝑎𝑣e 

 

𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠

 

𝑡

0

 

 

≤  𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢1(𝑠)𝑑𝑠   

 

𝑡

0

                         (4.2) 

 

𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑢 ∈ 𝑈, 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑈 𝑖𝑠 𝑎 𝑢𝑛𝑖𝑡 𝑠𝑝ℎ𝑒𝑟𝑒,ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (4.2)𝑏𝑒𝑐𝑜𝑚𝑒s 

 

|𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑢(𝑠)𝑑𝑠

 

𝑡

0

| 

 

≤  𝐶𝑇 ∫ [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] |𝑢(𝑠)|𝑑𝑠

 

𝑡

0

 

 

= ∫  𝐶𝑇 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑑𝑠  

 

𝑡

0
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𝒔𝒈𝒏   𝐶𝑇 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]                          (4.3) 

 

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝐼𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 (4.2)𝑑 (4.3), 𝑤𝑒 ℎ𝑎𝑣e 

 

𝑢1(𝑠)   = 𝒔𝒈𝒏   𝐶𝑇 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)]          (4.3) 

 

𝑀𝑜𝑟𝑒 𝑠𝑜, 𝑎𝑠 𝑦1 𝑖𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑎𝑛𝑑 𝑤𝑒 𝑎𝑙𝑤𝑎𝑦𝑠 ℎ𝑎𝑣𝑒 0 ∈ 𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 (𝒕 , 𝒕𝟎 ) . 𝐼𝑓 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑧𝑒𝑟𝑜 𝑛𝑜𝑡 𝑖𝑛 𝑡ℎ𝑒 

𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑹(𝒕𝟏 , 𝒕𝟎 ) ,𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦. 𝐻𝑒𝑛𝑐𝑒, 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑟𝑒𝑒𝑑𝑖𝑛𝑔 𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡 , 𝑖𝑡 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 

 

∫  𝐶𝑇 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] 𝑑𝑠  

 

𝑡

0

= 0 

 

So that 

 

𝐶𝑇 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] = 0  , 𝑎. 𝑒. 

 

𝑇ℎ𝑖𝑠, 𝑏𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒 , 𝑖𝑡 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (4.1) 𝑖𝑠 𝑛𝑜𝑡 𝑝𝑟𝑜𝑝𝑒𝑟 𝑠𝑖𝑛𝑐𝑒 𝐶 𝑇 ≠ 0 . 

 

𝐻𝑜𝑤𝑒𝑣𝑒𝑟, 𝑖𝑓 𝑧𝑒𝑟𝑜 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 (𝒕 , 𝒕𝟎 ) , 𝑓𝑜𝑟 𝒕𝟏 > 0 

 

𝐶𝑇 [ ∫(𝑡 − 𝑠)𝜆−1

0

−ℎ

𝐸𝜆 ,𝜆(𝑡 − 𝑠 − 𝛼)𝑑𝛼𝐺∗(𝑠 − 𝛼 , 𝛼)] = 0  , 𝑎. 𝑒. ⟹ 𝑪 = 𝟎 

 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡(4.1) 𝑎𝑛𝑑 𝑏𝑦 

𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑖𝑛 𝑜𝑢𝑟 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 4.1,𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 

𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚(4.1)/(1.1) 𝑂𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 
[0,𝑡1 ],𝑡1 > 0 𝑖𝑠 𝑡ℎ𝑢𝑠 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑑. 

 

V. CONCLUSION 

 

𝐼𝑛 𝑡ℎ𝑖𝑠 𝑤𝑜𝑟𝑘,𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑎𝑛𝑑 

𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑑 𝑡ℎ𝑎𝑡 𝑇ℎ𝑒 𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝐼𝑚𝑝𝑙𝑖𝑐𝑖𝑡 𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 
𝐼𝑛𝑡𝑒𝑔𝑟𝑜𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑆𝑦𝑠𝑡𝑒𝑚𝑠 𝑖𝑛 𝐵𝑎𝑛𝑎𝑐ℎ 𝑆𝑝𝑎𝑐𝑒𝑠 𝑤𝑖𝑡ℎ 

𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝐷𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐶𝑜𝑛𝑡𝑟𝑜𝑙 𝑖𝑠 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 

𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦. 

 

𝑇ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠ℎ𝑖𝑝 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 

𝑠𝑦𝑠𝑡𝑒𝑚𝑠 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑑. 𝑁𝑜𝑡 𝑎𝑙𝑜𝑛𝑒, 𝑤𝑒 ℎ𝑎𝑣𝑒 

𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑑 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑎 

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 

 

𝐼𝑡 𝑤𝑎𝑠 𝑎𝑙𝑠𝑜 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑑 𝑡ℎ𝑎𝑡 𝑖𝑓 𝑧𝑒𝑟𝑜 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 

𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡 , 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 

𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙e. 
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