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Abstract:- In this paper, the author extend the theory on operator as Aqu(k) = u(k —1) — u(k), keR. The theory

finite and infinite positive variable k of the generalized a- developed already with the difference operator A agrees

difference equation and also from real line K(R) obtained when ~=—1.

the two solutions that is closed form solution and inverse

form solutions of a-difference equation. In 2011, M.MariaSusai Manuel, etal, [6], have
extended the definition of A, to Au-r) Which is defined as

Keywords:- Generalized a-difference equation, Inverse Ag-1yV(K) = v(k = I) — av(K) for the real valued function v(k),

solution, Closed form solution. ke(0,0). In [7], the authors have used the generalized a-

difference equation;
I INTRODUCTION

. o : V(k—1) —av(k) =u(k), k € [0,0), 0 <I<k (1)
The theory of difference equation is developed with

the definition of the difference operator A-u(k) = u(k — 1) and obtained a summation solution of the above
—u(k), k eN, where N is the set of natural numbers. Many equation in the form
authors suggested the possible study by redefining the

(5]
(k) = Ay yu(k) — ol DAL ju(l(k) = " ulk + 1t
r=1 (2)

0(1\ — (1. k1y k k
(k) = (k + [Z]E) Where,[?]denotes the integer part of 7.
1. PRELIMINARIES

In this section, the authorpresent some basic definition and some results on generalized o-difference operator and
polynomial factorials, which will be useful for subsequent discussion.
—1
o Definition: The inverse of the generalized a—difference operator denoted by Aci'(—f) on u(k) is defined as,ifA,—yv(K) = u(k)
and (k) is defined, then

—1
Au(—f)

u(k) = v(k) — a[%]cj 3)
where ¢jis a constant for all k eR(j),j= (1" (k)).
. FINITE SERIES

In this section, we present some significant results, and applications on finite sums of k"powers of « using the inverse of
Ag-1).

e Lemma3.1I1fk>0,0 <i<ka>1 then
(%]

_ 1 _ - 1 J
A(t(l*f)u(k) - 1£]+1 A(x(lff)“‘(g(k)) = Z(ar+] )U(k —rl
@t r=0 4)
-1 (e
Proof: By taking Agpulk) = "(‘I‘f)’
we have A,rv(k) = u(k), which gives
—1 1

v(k) = —u(k) + —v(k —
v(k) ” u(k) + a‘v( o
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Replacing k by kl_l in (5), we get1
vk —0) = —u(k — ¢ —v(k — 2/
v(k — () - u(k —¢) + a’t(A 4

(6)
Substituting (6) in (5), we get
—1 1 1
v(k) = Fu(k) — gfu(k —0)+ Ev(k -2/ -

Proceeding like this we get

v(k) = Zulk) — Lu(k —€) — Su(k —20) —

(k= [£10 + ok — (8] +10)
which gives (4)
o Example 3.2 Let u(k) = k0= 2,l= 4,k =11 in (4),(17) we obtain
(7]

N

~1 11 4
J(11 = dr) = ~7.625 = —— + =7

(27"-{-1
r=0

1 11—([%]+1)44r 4
ol 41+1 1—2 (1—2)2

e Example 3.3 Let u(k) = k% o= 3,I= 5,k = 13 in (4) and (18) we obtain

(]

~1
> (o) (13 = 5r)? = —63.77777778 = .

57+1

169 105 50
—3 (1-32 " (1-3)

r=0

1 (13— ([E]+15)*  [10(13 — ([2] 4+ 1)5) — 25] 50
lg*m{ 1-3 - (1-3) T —3)3}

» Theorem 3.4
For k € [0,20),0 <I< k and n eN(1),

- n 1 - 7 n —1
ALk = =g Aalp Wk =D

&
ale ! = @ ®)

Where

n

1
-1 no_ n § T -1 =T

r=1

In particular when n = 4,
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)+%)

_ 4 , 3
Arv( !7)( )_ T X[k (1= “)2 (3k(k+[)

1—a 1—a l—a

62 [k2 Y/ )2[2(.%

l—a ll—a (1 «

(1’“2 (h+15) - oo

ia(k

where
Proof: As in the proof of Lemma 3.1, by applying (8) to the expression of Aa(-I"), we get

1 1 ~ - n
1 n o __ n AN\ T r A —1 n—r
Ar)z( P)’l'“ o 1—a {k o CY[%]+1 (g(k)) Z(_l) <r>f Ar,t(f'?.)l'“ } ©

r=1

Now the proof follows by substituting o, = o and "Il . =1 in (16),(17),(18),etc,we get
A ( ) /_\ 1 ke A 1 kn 1
o= al- f in (9) and (4)
V. HIGHER ORDER SERIERS

In this section, the authorobtain the sum of higher order alpha series by equating the closed and summation form solutions of
the generalized higher kind alpha difference equation. The higher order generalized a-difference equation is defined as

» Theorem4.1
For k € [0,0),0 < I< kk >0 and a >1.

Z Z H(,H)u(k—ZM) —HAnH)u(k)

=1 ([ i=1 i=1

HAG( o (G1(K))

n—

1
1
D D

—1
i—1 Y, s k,—ig il
' (r ) ! . [?,—Jil:l 7,—1 T‘,,—Z Ti—3 Ti—mn
RS Qy QG Qg G (1 p)
Proof. Replacing " by l; and a by a1 in (4), we have
—-1../1. 1 1 1 o (1 k
—ulk) — Eu(k —{) — Wu(k —20) — - — N u(k — [7-]61)
Y
=AYk L VA k=g
ai(— 51) ( ) a [%]+l fl)u( [Z] '2)‘
S (10)

Replacing 11 by I, and aaby a2 in (10), we get
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- n ) 1 N ) k
ayulh) = pulk — ) = Julk = 26) — .~ b u(k — [£]62)
g
=A,) k BRGNS Oy (k
o az(*fz)u( )_ [%H‘l as( Pg) ( 2( ))
@ (11)
=1,2,3..[£ {—1}
For" = [ﬁ_] replacing k by k — r’1in (11) and multiplying both sides by we find
that

{;—_j}u(k —rly) + {%}u(k — 1l — lo) + {%}u(lc — by —20) + - +

(b )

_ 1 _ ;
= Aa;(_gz)u(f{ — ?'€1 — pz) — W AQJ(_EQ)TL(gg(k — T’p,_l — pg)) (12)
£2

Ay

: r=1,23..[% i i
Adding (11) and (12) for > £1] and applying (10), we derive
[£] (B4

3 3 (FREuk — 1l — ) = Al At
ri=0 ro=0 1
1 » ) N
—( [gi] )Aag(—ez)Aal(_el)“(gl(k))
'l

Replacing ri,rz2 by rz,rsand 1,12 by Ip,l3in (13), we find

DS (—551) (G Julk — rale — 13l3) =
ro=0 rg3=0 1 3
A e Banenyu(k) = ( ] S ared ANRPRYANS R (21 ()
(Yz
[gl {
+ Z T2 1 (k rofg) )Ac:al( £3) U’(gd(k_'r‘ZEQ
e 2+ O,STHl ) (14)

—1
Replacing k by k — rl; in (14) and multiplying both sides by{ }and adding the corresponding expressions for

=0,1,2,. [21] we derive
[%} [k r1£1] [A. Tlfpl‘% 7282)]
Zo Zo Zﬂ ( :L)(ﬂ;lrl )( ;ﬂ )u(k — by —roly — ?"353)
ri= ro= T3
1 1 1 1 1 7
- A Aﬂz( EQ)A(U( —o)t u(k) — ( rﬂcH])Aag( @)Am( —o)U u(t(k))
&) i
+ Zﬂ((ﬂ}ﬂ)( [(kﬂ-lf )HI)A;;(_;;Z)U(EQ(k - 7"151))
1= o, 73
IR ==t ST S LRI CILE U )
(.t3

NISRT23MAR1905 WWW.ijisrt.com 2075


http://www.ijisrt.com/

Volume 11, Issue 3, March 2023 International Journal of Innovative Science and Research Technology
ISSN No:-2456-2165

Continuing this process we get the proof of the theorem.

e Corollary 4.2 Taking n = 2, u(k) = k?in the Theorem 4.1, we have

(7] (7]
—1 —1 , _ . 1 —1 2
r1=0 rQZ::U ((111+1)((I;2+1)U(k‘ rb T‘gfg) A01( fl)Aag(—l’z)k K
1 1 ~ )
_( [fi]-l-l) as( l’g)/_\al( —£1) u(ﬁl(k))
i 1 1
+ Z(a?1+l)( [(k*r'lfl)]+l)A 2(—t) U (pz(;v - 7"119'1))2
— £
n ey (15)
Proof. Since A2k’ = (k — 12)°— ok’ = (1 — &2)(1), we have
1
ATl .
as(— fz)( ) 1—as, (16)
From Agdak= (kK — 1) — ak = k(1 — a2) — [2(1) and (16), we get
k fg
AL k= n
@R T—ay (1-a)?, (17)

NOWAGZ(—@)k‘Q = (llb - Fg) - O(ng = &2(1 - O(g) - ngk' + EZ ylelds
ATl k= K 22 Ao k) — BN 1

=7 (1 - ay) " (1 —a2) it (1 — o) it (1)
and hence by (16) and (17), we find

Afl k‘Q _ k? [zg?k o Eg] 2£%
o2(=t2) (I—a2)  (I-m)*  (1-a)? (18)
Taking Aﬂll(—fl) on both sides of (18) and applying (16) and(17) for "11, we arrive
A ] A 2 k? + 205k — é’%
M TR (1) (1—a) (- an)(l—ag)? (19)
21k — (2 250, 202 202

(—am)P(-02) (A—a2(l-a) (I—a)(l-a2) (1—a)i(l—a)

Now the proof follows by applying (18) and(19) in the Theorem (4.1). Following example is an verification of corollary
(4.2).

e Example 4.3 Letk=10,l1=3,l2=4 and 01= 2, a2= 3 in Corollary
4.2,(18) and (19)
[10] [l() 3r ]

Z Z (5rr) (5 )u(10 = 3ry — 4rp)? = 23.7962963 = A |, AL, 107

ag(—#
r1=0 ro=0 2(—t2)

1 _ _ ~ .
_( 2[%]+1 )An;(—{"z)A(}:(—fl)ru‘(gl(lo))z
10
>, 1 1

- ALy u(4(10 = 31))°

(2r1+1)(3[(1(l 3r )]+1)
1

(20)

Corollary 4.4 Taking n = 2, u(k) = k in the Theorem 4.1
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[£] [
Z—D - (arl_l}t-l)( 7_2_3-1)(]{: —7’1@1 - ?“ggg) Aoql( fl)Angl( h)kk
ri= ro=
1 _
pl vy LIEAT W oy u(la(k))
ot
i 1 1
+ Z((}‘r‘l—kl)( [(k7; f])]+1)AQZ( EQ)U(PZ(R —_ flé‘l
nE T P ) @1)
e Example 4.5
Letk=71=2 = 01,02= 3=1zin (21)and using (19)
(] (=)
> (g3 (507 — 2r1 = 3rp)2 = 2.025462963 = A, A o7
r1=0 ro=0
(3] 1 1
+ Z(2T1+1)(3[w 2141 )Anz( )(3(7 —2r
e Corollary 4.6
Taking n =2, u(k) = k% a1 = o2 = o in the Theorem 4.1, we have
[L] [k_'"lﬁ]
rlz:O ”Z:U ( ?lﬂzﬂ)u(k —nb _7’262) o A;( Fl)A_(l—fz)kQ
1 1 - )
—( [L]H)/—\ @)Am( Fl)u(gl(k))
ol
[%] 1 1
- j 2
+ ((‘ETL-FI)( [(k—rjff])]_,r_] )A(I( FQ)TL(€2(R' - Tlgl))
= Y £2 (23)
o Example 4.7
Letk =32l1=6,l2=7 and o.= 5 in equation (23),(18) and (19)
[%] [32 ?fnl] » § i
1"12:0 T‘QZ=0 ('11+72+2)(32 — O = 7r2) - Aﬂ(*f?l)AIx(ﬂ?z)BQ
() A An oy (B(32))7
532]+1 af—b2) a1
32]
# Y ) )l 261
T‘1+1 (32 6’"1)} a(—la) 1
r1=0 (24)
V. INFINITE SERIES

e [emmab.1

If
pulk+rl) =00 <a< l,then

k>0, hma’"A 1

r—ro0

2077
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Wk +rf) = A7} a(_pyulk
r=1 (25)
-1 — (ke
Proof: By taking Aﬂf(*f)u(k) . L(k'),
we have A,-yVv(k) = u(k), which gives
v(k — 1) — av(k) = u(k)
v(k =1) = u(k) + av(k) (26)
Replacing k by k +1 in (26), we get ‘
AL pulk) = ulk + 0) + au(k + 26) + o*u(k + 3¢) + a’u(k + 30)
e Example 5.2
Let
1 s
uk) =k,a=3,0="Tk=21;, (25), we obtain
= 1,7 21 7
— 21+47r) = = 40.444
2(4) @L+7r) = 575 + 973 ~
¢ Example 5.3
Let
() — 12 oy — L p_ 9
u(k) =k* a=5.0=3k="Tj, (25), we obtain
= 1,m! 49 33 12
— T+3r) = —+ —+ —— =326
g(z) (T+3)" =55 " 025 * 0125
» Theorem 5.4
If
k>0:An y lim o (k+rf)" = 0,0 <a <1
B r—00
0 <i<k,ke [0,0), then
d a0t =AL k"
r=1 (27)
where
1
—1 no_
A()'(—H)k -

VI.
» Theorem 6.1

If

Then

i3

o0 oo o0 oo oo o0
A =22.2.2 > 2

i=1 1=1lra=lrzg=1ry=1rs=1 ri=1

Proof. Replacing " byli and a by aa in (25), we have
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ulk+ )+ gulk +26) +ajulk +364) +

no - 1\ T e A —1 n—r
l_a{]” ;( 1) (T.)EAH(—I{)A }

HIGHER ORDER SERIES

k>0A([,)hma(k+r€) =0,0<a<l,0<l <k
T—r00

T

H ) (k—i—ir,—&;) (28
=1 i=1

— A;j(—fl)u(k).

(29)
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Replacing l1 by I and a1by azin (29), we get:

u(k + £o) + agu(k + 203) + adu(k + 36y) + -+ = A;Q ) ulk) (30)

For r =1,2,3--- replacing k by k + rlyin (30) and multiplying both sides by o > U(k + rly + 1) + apu(K + rly + 212) + a?u(k + rly +
3l) + -
=i AL pyulk +rly) (31)

Adding (30) and (31) for r = 1,2,3--- and applying (29), we derive

) (32)
Replacing ra,r2 by rz,rsand l4,l; by 12,03 in (32), we find

u(k + r2°2 + r3'3) = A—al(-1" YA—al (-1)u(K) a2 @)
3 3 2 2

r—1
Replacing k by k + rly in (33) and multiplying both sides by ™1  and adding the corresponding expressions for r = 0,1,2,--
we derive;

r1—1_ri—1 1 1 1 1 3
Z Z Zﬂf 1— Tl 1”5 (]i + 7’1£1 +7’2£2 +73£ ) A(H A(u( 03) A(H fl)u(k)
ri=1ro=1r3z=1 (34)
Continuing this process we get the proof of the theorem.

e Corollary 6.2: Taking n = 2, u(k) = k in the Theorem 6.1, we have

2 o Y o @y (K + ril+ r2l,) = Al (1)Aa2(12)k (35)
e Example 6.3Putk=12,I,=4,l,=6 and
I T
A1 = 7000 ¥2 = 10, inequation (35) and (19)
o0 o0
DD (0,01 H(0.1) (12 4 47y + 6ry) = 25.4849 =
ri=1rqo=1
12 6 4

(1—0.00)(1=01) " T=000)(1=012 " 1=0002(1=0.1)

Corollary 6.41f
k>0,A7) ,lima(k+r)"=00<a<1

=0 1500

0 <l <k, then
HAlf)'u iiiiii(n ”luk+ZrF (36)
Proof.The proof follows by taking a; == .. = o in Theorem 6.1

e Corollary 6.5
Taking n = 2,u(k) = k?in the Corollary 6.4, we have

Zzarﬁrg Yk rly 4 1yly)? ZA”( mA_(l F'z)kg
22 (37)
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e Example 6.6 Putk=13l;=3,=4and® — 3in equation (37)

S 3008 13 4 3y + 4ra)? —

r1=1re=1
132 i 4 i 3
(1 —0.5)2 (1 —0.5)3 (1 —0.5)3
VII. POLYNOMIAL FACTORIAL OF A SERIES

In this section, the authorpresent some significant results, and applications on positive variable k is finite and infinite sums
1
k.(?’l)
£) and powers of o using the inverse of A,14. Suitable examples are given to illustrate our main results.

» Theorem 7.1 If
k >0,a>1,l€ (0,00), then

i:ﬁfl E(1—a)+£4(n—1)+a)
o RT) T

- (38)
Proof:From (2.1) and taking n €R(1) in (38),we get (38)
» Theorem 7.2
Ifa >1le (O,ooz, then
%ofl (k+r0)(1—a)+l(n—1)+a)| 1 N0 1
= (k+r0—0)" k) (0(k)™)
(39)
Proof:Now the proof follows by
u(k) = (,L) _
ki in (1)
e Example 7.3k = 5,I= 3, = 2,n = 1 in equation (39)
1
5+ 3r)(1—2 6 1 1
I el (2)) )= 5 -2 b = 005
—1 (24 3r)7 D4 83
e Example 7.4k =5, l 2 a,n= 2 in equation (39)
2r)(1—2 1 1
er (G20 ))+6)) = — 22{—2)} — —0.011832611
(3 + 21) 55 97,
» Theorem 7.5If
—1 1
E>0,0<a<l, ]im( ?‘H){ - (n)}U
e A (g(‘l”))—ﬁ , then
i (k+r0)(1—a)+Ll((n—1)+a)| 1
— (k47 — )Y k") 40)
ulk) =
Proof:Now the proof follows by K in (25)
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e Example 7.6If

- — e ] =
c=T0=3a=35n=1, equation (40)

i(o.s)”’—l {(7 +3)(0:5) + 1'5} = (7)1 = 0.14285714286

.o (2) (1)

r=1
—0.05=-0.05

e Example 7.7If

e N
k=13,6=2,a = 7,17 = 2j equation (40)

- 13 4 27)(0.75) + (2.5 1
Z(o.%)'f'—l{( +2r)(0.75) + ( ‘))} - = 0.00512820513
13

(3)
(11 +2r) 7%,

r=1
-0.011832611=-0.011832611

Proof.The proof follows by taking a1 = 0= ...an=1in Theorem 6.1
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