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Abstract:- The Cauchy-Schwarz inequality is one of the 

most fundamental inequalities in the world of 

mathematics with its powerful ability for solving 

complex inequality problems. This research article 

illustrates the deep study of Cauchy-Schwarz inequality 

with its various proofs (algebraic and geometric) 

including its applications in the mathematical world of 

inequalities. The paper will to deepen our knowledge and 

understanding of this inequality exploring its 

implications. The article includes other related 

inequalities like Triangle Inequality, Minkowski 

Inequality, and Hölder’s Inequality. 
 

I. INTRODUCTION 
 

French mathematician, physicist, and engineer 

Augustin-Louis Cauchy, a pioneer in mathematical analysis 
and the theory of substitution groups [1], proposed a 

powerful inequality that was rediscovered by Hermann 

Amandus Schwarz. The Cauchy-Schwarz inequality is used 

in complex mathematical proofs, but also in a broad range of 

implications and applications in other fields such as 

probability theory, linear algebra, mathematical analysis, 

and optimization 
 

A. Objective 

The objective of this research article includes: 

 To make a comprehensive study and analysis of the 

Cauchy-Schwarz inequality, exploring its fundamental 

principles, 

 To dive into its application in solving inequalities, 

 To illustrate the geometrical interpretation of the 

Cauchy-Schwarz inequality, 

 To study briefly other related inequalities. 
 

In algebraic form, Cauchy-Schwarz Inequality states 

that for any reals,𝑥1 , 𝑥2, … , 𝑥𝑛  and 𝑦1 , 𝑦2 , … , 𝑦𝑛 , is given 

by, 
 

(𝑥1
2 + 𝑥2

2 + ⋯ + 𝑥𝑛
2)(𝑦1

2 + 𝑦2
2 + ⋯ + 𝑦𝑛

2)
≥ (𝑥1𝑦1 + 𝑥2𝑦2 + ⋯ + 𝑥𝑛𝑦𝑛)2 

 

with equality if and only if   
𝑥𝑖

𝑦𝑖
=

𝑐  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑐 ∈ ℝ+∀ 1 ≤ 𝑖 ≤ n and 𝑥𝑖𝑦𝑖 ≠ 0. 
 

In summation form, ∑  𝑛
𝑖=1 𝑥𝑖

2 ∑  𝑛
𝑖=1 𝑦𝑖

2 ≥
(∑  𝑛

𝑖=1 𝑥𝑖𝑦𝑖)
2[2] 

 

II. PROOF OF CAUCHY-SCHWARZ 

INEQUALITY 
 

Before proving Cauchy-Schwarz inequality by 

algebraic method, it is good to learn about Arithmetic Mean-

Geometric Mean (AM-GM) inequality.For any two non-

negative reals 𝑥1 and 𝑥2 , AM-GM inequality states,

 
 

     
𝑥1+𝑥2

2
≥ √𝑥1𝑥2 

 

For n reals, 
 

𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛

𝑛
≥ √𝑥1𝑥2 … 𝑥𝑛

𝑛  

 

A. Algebraic Proof 

Let 𝑋 = √𝑥1
2 + 𝑥2

2 + ⋯ + 𝑥𝑛
2 , 𝑌 = √𝑦1

2 + 𝑦2
2 + ⋯ + 𝑦𝑛

2. 
 

By the arithmetic-geometric means inequality, we have 
 

∑  

𝑛

𝑖=1

𝑥𝑖𝑦𝑖

𝑋𝑌
≤ ∑  

𝑛

𝑖=1

1

2
(

𝑥𝑖
2

𝑋2
+

𝑦𝑖
2

𝑌2
) = 1, 

 

Or, ∑  𝑛
𝑖=1 𝑥𝑖𝑦𝑖 ≤ 𝑋𝑌 = √𝑥1

2 + 𝑥2
2 + ⋯ + 𝑥𝑛

2√𝑦1
2 + 𝑦2

2 + ⋯ + 𝑦𝑛
2 
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𝐻𝑒𝑛𝑐𝑒, (∑  

𝑛

𝑖=1

 𝑥𝑖𝑦𝑖)

2

≤ (∑  

𝑛

𝑖=1

 𝑥𝑖
2) (∑  

𝑛

𝑖=1

 𝑦𝑖
2) 

 

This completes the proof. [3] 
 

B. Geometrical Proof 

Let us construct the vectors 𝑋 = (𝑥1, 𝑥2, ⋯ , 𝑥𝑛), 𝑌 = (𝑦1, 𝑦2, ⋯ , 𝑦𝑛). By the formula of scalar product: 
 

𝑋 ⋅ 𝑌 = |𝑋||𝑌| cos(𝑋, 𝑌) 
 

𝑋 ⋅ 𝑌 ≤ |𝑋||𝑌| 
 

From the expressions, 𝑋 ⋅ 𝑌 = 𝑥1𝑦1 + 𝑥2𝑦2 + ⋯ + 𝑥𝑛𝑦𝑛,  
 

|𝑋|2 = ∑  𝑛
𝑖=1 𝑥𝑖

2 , |𝑌|2 = ∑  𝑛
𝑖=1 𝑦𝑖

2,we get the required inequality. [4] 
 

III. APPLICATION OF CAUCHY SCHWARZ INEQUALITY IN SOLVING OTHER INEQUALITIES 
 

A. Linear Inequalities 

Any statement which contains linear algebraic structure of the form 𝑎𝑥 + 𝑏 = 0with 𝑎 ≠ 0and having inequality symbols (>
, <, ≥, 𝑜𝑟 ≤) is called linear inequality.[5] Cauchy-Schwarz inequality can be used to solve various linear inequalities by 

providing upper bounds on the products. Let’s consider a simple example. 
 

Problem: Maximize: 3𝑥 + 4𝑦 from the constraint 𝑥2 + 𝑦2 = 25, with 𝑥, 𝑦 ≥ 0. 
 

Using Cauchy-Schwarz inequality in numbers 3, 𝑥 and 4, 𝑦. 
 

(3𝑥 + 4𝑦)2 ≤ (32 + 42)(𝑥2 + 𝑦2) 
 

Or,    |3𝑥 + 4𝑦| ≤ 25 
 

Since 𝑥, 𝑦 ≥ 0,  
 

|3𝑥 + 4𝑦| = 3𝑥 + 4𝑦  
 

Thus, the maximum value of 3𝑥 + 4𝑦 is 25. 
 

B. Polynomial Inequalities  

Any statement which contains polynomial expression 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ +  𝑎1𝑥 + 𝑎0with 𝑎𝑛 ≠ 0and having inequality 

symbols (>, <, ≥, 𝑜𝑟 ≤) is called polynomial inequality. For example, 8𝑥3 + 81𝑥4 ≤ 144. The Cauchy-Schwarz inequality helps 

solve polynomial inequalities by providing upper bounds on the products of polynomial expressions. It will always be clear if we 

consider an example. 
 

Problem: Let there exist positive reals 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 such that 𝑥𝑦𝑧 = 1. Then, prove that: 
 

𝑥 + 𝑦 + 𝑧 ≤  𝑥2 + 𝑦2 + 𝑧2    [6] 
 

Using Cauchy-Schwarz inequality, 
 

(𝑥. 1 + 𝑦. 1 + 𝑧. 1)2 ≤ (𝑥2 + 𝑦2 + 𝑧2)(12 + 12 + 12) 
 

    Or,  𝑥 + 𝑦 + 𝑧 ≤ √𝑥2 + 𝑦2 + 𝑧2√3  (1) 
 

From AM-GM inequality, 
 

√𝑥2𝑦2𝑧23
≤  

𝑥2 + 𝑦2 + 𝑧2

3
 

As 𝑥𝑦𝑧 = 1 we get,  √3 ≤  √𝑥2 + 𝑦2 + 𝑧2    (2) 
 

From (1) and (2), we deduce that 
 

𝑥 + 𝑦 + 𝑧 ≤  √𝑥2 + 𝑦2 + 𝑧2√3 ≤  √𝑥2 + 𝑦2 + 𝑧2√𝑥2 + 𝑦2 + 𝑧2 = 𝑥2 + 𝑦2 + 𝑧2 
 

which completes the proof.  
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IV. GEOMETRICAL INTERPRETATION OF 

CAUCHY-SCHWARZ INEQUALITY 
 

Let’s consider two vectors 𝑋 = (𝑥1 , 𝑥2, … , 𝑥𝑛)  and 

𝑌 = (𝑦1 , 𝑦2 , … , 𝑦𝑛)  in n-dimensional space with real 

components.[7] 
 

The dot product of these vectors is given as, 
 

𝑋 · 𝑌 = 𝑥1𝑦1 + 𝑥2𝑦2 + ⋯ + 𝑥𝑛𝑦𝑛 
 

The magnitudes or lengths of the vectors from origin 

are defined as, 
 

‖𝑋‖ = √𝑥1
2 + 𝑥2

2 + ⋯ + 𝑥𝑛
2  and ‖𝑌‖ =

√𝑦1
2 + 𝑦2

2 + ⋯ + 𝑦𝑛
2 

 

Geometrically, the Cauchy-Schwarz inequality states 

that the absolute value of the dot product of two vectors is 

less than or equal to the product of their lengths. 
 

|𝑋 · 𝑌| ≤  ‖𝑋‖‖𝑌‖ 
 

For geometrical interpretation, let α be the angle 

between the vectors 𝑋 and 𝑌.Their dot product is: 
 

𝑋 · 𝑌 = ‖𝑋‖‖𝑌‖cos (α) 
 

From Cauchy-Schwarz inequality, we have 
 

|𝑋 · 𝑌| = ‖𝑋‖‖𝑌‖ |cos (α)|  ≤  ‖𝑋‖‖𝑌‖ 
 

It means the absolute value of the cosine of the angle 

between the vectors is less than or equal to 1 i.e. −1 ≤
cos(α) ≤ 1  and the maximum value of the cos( α ) is 1, 

which occurs if and only if the vectors are parallel or anti-

parallel. In this case, the angle between the vectors becomes 

0 or 𝜋 and cos(α)=1. 
 

V. RELATED INEQUALITIES 
 

As mention earlier, Cauchy-Schwarz inequality is the 
fundamental inequality in mathematics, so it has many 

related inequalities. Let’s briefly discuss three important 

ones — Triangle inequality, Minkowski’s inequality, and 

Hölder’s inequality. 
 

A. The Triangle Inequality 

The Triangle inequality states that for any two vectors 𝑋 

and 𝑌, the length of their sum is less than or equal to the 

sum of their lengths.     ‖𝑋 +  𝑌‖ ≤  ‖𝑋‖ +  ‖𝑌‖ 
 

This inequality reflects the geometrical intuition that 

the shortest path between two points is a straight line.  
 

B. Minkowski's Inequality 

Minkowski’s inequality is an extensive version of the 

Triangle inequality in vector space. Let’s consider two n-

dimensional vectors 𝑋 = (𝑥1, 𝑥2, ⋯ , 𝑥𝑛), 𝑌 =
(𝑦1, 𝑦2, ⋯ , 𝑦𝑛). The Minkowski’s inequality states that for 

the vectors 𝑋 and 𝑌 and a real number 𝑝 ≥ 1, the following 

result holds true: 

(∑  𝑛
𝑖=1   |𝑥𝑖 + 𝑦𝑖|

𝑝)
1

𝑝 ≤  (∑  𝑛
𝑖=1   |𝑥𝑖|

𝑝)
1

𝑝 + (∑  𝑛
𝑖=1   |𝑦𝑖|

𝑝)
1

𝑝[8] 
 

C. Hölder's Inequality 

Just like in Minkowski’s inequality, consider two n-

dimensional vectors 𝑋 = (𝑥1, 𝑥2, ⋯ , 𝑥𝑛), 𝑌 =
(𝑦1, 𝑦2, ⋯ , 𝑦𝑛). The Hölder's inequality states that if there 

exists some reals 𝑝 > 1 and 𝑞 > 1 such that 
1

𝑝
+

1

𝑞
= 1 

 

then the following condition holds true: 
 

∑  𝑛
𝑖=1 | 𝑥𝑖𝑦𝑖| ≤  (∑  𝑛

𝑖=1   |𝑥𝑖|
𝑝)

1

𝑝(∑  𝑛
𝑖=1   |𝑦𝑖|

𝑝)
1

𝑝[9] 
 

VI. CONCLUSIONS 
 

Cauchy-Schwarz inequality is a fundamental 
inequality in mathematics with its wide applications in other 

areas. This research paper aimed to provide a deep study of 

Cauchy-Schwarz inequality, including its basic 

fundamentals, proofs, applications in solving other forms of 

inequalities and finally its geometric interpretation. This 

research articles also touches other related inequalities — 

Triangle inequality, Minkowski’s inequality, and Hölder's 

inequality. With the clear understanding and comprehensive 

study of the Cauchy-Schwarz inequality, this work aims to 

inspire further progress in the Inequality World of 

Mathematics.  
 

REFERENCES 
 

[1.] Grabiner, J. V. (1994). Augustin-Louis Cauchy: A 

Biography.: By Bruno Belhoste. Translated by Frank 

Ragland. New York, Berlin, Heidelberg, London, 

Paris, Tokyo, Hong Kong, Barcelona (Springer-

Verlag). 1991. $79.00. Historia Mathematica, 21(2), 

215-220. 

[2.] Jana, A., Bhardwaj, S., Shikarkhane, A., Nirjhor, J., 
O, S., Marcondes, M., Vee, H. Z., Pakornrat, W., 

Lohomi, P., Truism, H., Mazumder, T., mahmud, a., 

Lin, C., Kau, A., Khim, J., & Ross, E. (2023). 

Cauchy-Schwarz Inequality. 

https://brilliant.org/wiki/cauchy-schwarz-inequality/ 

[3.] Wu, H. H., & Wu, S. (2009). Various proofs of the 

Cauchy-Schwarz inequality. Octogon Mathematical 

Magazine, 17(1), 221-229. 

[4.] Alzer, H. (1999). On the Cauchy-Schwarz 

inequality. Journal of mathematical analysis and 

applications, 234(1), 6-14. 

[5.] Taqiyuddin, M., Sumiaty, E., &Jupri, A. (2017). 
Analysis of junior high school students’ attempt to 

solve a linear inequality problem. AIP Conference 

Proceedings, 1868(1). 

https://doi.org/10.1063/1.4995160 

[6.] Wigren, T. (2015). The Cauchy-Schwarz inequality: 

Proofs and applications in various spaces. 

[7.] Greenough, J. (2022). Cauchy-Schwarz Inequalities 

https://rb.gy/2spli 

[8.] Gardner, R. (2002). The Brunn-minkowski 

inequality. Bulletin of the American mathematical 

society, 39(3), 355-405.  
[9.] Bellman, R. (1954). Inequalities. Mathematics 

Magazine, 28(1), 21-26. 

http://www.ijisrt.com/
https://brilliant.org/wiki/cauchy-schwarz-inequality/
https://doi.org/10.1063/1.4995160
https://rb.gy/2spli

