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Abstract:- Integral transform play very important role
in solving ordinary, partial as well as fractional
differential equations. It is also useful for solving integral
equations, integro-differential equations and system of
equations. In this paper we use Soham transform for
solving Abel’s integral equations.
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I. INTRODUCTION

Recently, integral transforms are one of the most
useful and simple mathematical technique for obtaining the
solutions of advance problems occurred in many fields like
science, Engineering, technology, commerce and
economics. To provide exact solution of problem without
lengthy calculations is the important feature of integral
transforms.

Due to this important feature of the integral transforms
many researchers are attracted to this field and are engaged
in introducing various integral transforms. Recently,
Kushare and Patil [1] introduced new integral transform
called as Kushare transform for solving differential
equations in time domain. Further, Savita Khakale and
Dinkar Patil [2] introduced Soham transform in November
2021. As researchers are interested in introducing the new
integral transforms at the same time they are also interested
in applying the transforms to various fields, various
equations in different domain. In January 2022, Sanap and
Patil [3] used Kushare transform for obtaining the solution
of the problems on Newton’s law of Cooling.

In April 2022 D. P. Patil, et al [4] solved the problems
on growth and decay by using Kushare transform. D.P. Patil
[5] also used Sawi transform in Bessel functions. Further,
Patil [6] evaluate improper integrals by using Sawi
transform of error functions. Laplace transforms and Shehu
transforms are used in chemical sciences by Patil [7]. Dinkar
Patil [8] used Sawi transform and its convolution theorem
for solving wave equation. Using Mahgoub transform,
parabolic boundary value problems are solved by D .P. Patil
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D .P. Patil [10] used double Laplace and double
Sumudu transforms to obtain the solution of wave equation.
Further Dr. Patil [11] also obtained dualities between double
integral transforms. Kandalkar, Gatkal and Patil [12] solved
the system of differential equations using Kushare
transform. D. P. Patil [13] solved boundary value problems
of the system of ordinary differential equations by using
Aboodh and Mahgoub transforms. Double Mahgoub
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transformed is used by Patil [14] to solve parabolic
boundary value problems.

Laplac, Sumudu , Aboodh , Elazki and Mahagoub
transforms are compared and used it for solving boundary
value problems by Dinkar Patil [15]. D. P. Patil et al [16]
solved Volterra Integral equations of first kind by using
Emad-Sara transform. Futher Derle, Rahane and Patil[17]
introduced general double rangaig integral transform. Rathi
sisters and D. P. Patil [18] solved system of differential
equations by using Soham transform. Vispute, Jadhav and
Patil [19] used Emad Sara transform for solving telegraph
equation. Kandalkar, Zankar and Patil [20] evaluate the
improper integrals by using general integral transform of
error function. Dinkar Patil, Prerana Thakare and Prajakta
Patil [21] obtained the solution of parabolic boundary value
problems by using double general integral transform. Dinkar
Patil used Emad- Falih transform for solving problems based
on Newton’s law of cooling [22]. D. P. Patil et al [23] used
Soham transform to obtain the solution of Newton’s law of
cooling. Dinkar Patil et al [24] used HY integral transform
for handling growth and Decay problems, D. P. Patil et al
used HY transform for Newton’s law of cooling [25]. D. P.
Patil et al [26] used Emad-Falih transform for general
solution of telegraph equation. Dinkar Patil et al [27]
introduced double kushare transform. Recently, D. P. Patil et
al [28] solved population growth and decay problems by
using Emad Sara transform. Alenzi transform is used in
population growth and decay problems by patil et al [29].
Thete et al [30] used Emad Falih transform for handling
growth and decay problems. Nikam, Patil et al [31] used
Kushare transform of error functions in evaluating improper
integrals. Wagh sisters and Patil used Kushare [32] and
Soham [33] transform in chemical Sciences. Malpani,
Shinde and Patil [34] used Convolution theorem for Kushare
transform and applications in convolution type Volterra
integral equations of first kind. Raundal and Patil [35] used
double general integral transform for solving boundary
value problems in partial differential equations. Patil et al
[36] developed generalized double rangaig integral
transform. Kushare transform is used for solving Volterra
Integro-Differential equations of first kind by Shinde et al
[37]. Kandekar et al [38] used new general integral equation
to solve Abel’s integral equations. Pardeshi, Shaikh and
Patil[39] used Kharrat Toma transform for solving
population growth and decay problems. Patil et al [40] used
Kushare transform for evaluating integrals containing
Bessel’s functions. Thakare and Patil [41] used general
integral transform for solving mathematical models from
health sciences. Rathi sisters used Soham transform for
analysis of impulsive response of Mechanical and Electrical
oscillators with Patil [42]. Patil [43] used KKAT transform
for solving growth and decay problems.
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Il. PRELIMIANRY

In this section we state some preliminary concepts of
Soham transform which are useful for solving Abel’s
integral equations. Now we state formulae of Soham
transform of simple functions in following table.

Sr. No Function | Soham transform
1 1 1
va+1
2 t 1
v2a+1
3 t" [(n+1)
van+a+1
4 e 1
v(v® +a)
5 sinat a
v(v?® + a?)
6 cosat v®
v(v?* +a?)
7 sinhat av
v(v?* —a?)
8 coshat ve
v(v?* —a?)

Table 1: Soham transform of simple functions
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Convolution Theorem for Soham Transform, If f and
g are two functions then

(f + (@) = f (t - Dg@dr = S(f * g)(O)
0
= VF()G())

> Inverse Soham Transform: Inverse Soham transform of
f(t) is P(v) then inverse Soham transform is defined as

STHPW)] = f(©)

1. SOLVING ABEL’S INTEGRAL EQUATION USING SOHAM TRANSFORM:

In this section, Soham transform is going to be used to find the exact solution of Abel’s integral equation.

Abel’s integral equation is defined as,

ﬂ@—J J___

———u(t)dt —J (x—1t) zu(t)dt )

Where, k(x,t) = —==(x—t)~ 21s the kernel of integral equation becomes oo at t = x, f(x) function is known function,

\/_
and u(x) is unknown function.

By applying Soham transform on both sides of equation (1)

S{fx)} = S{L

> S} = Sz +ul)} )

1
—oVx —t

u(t)dt}}

By applying Convolution theorem of Soham transform on equation (2)

S0} = v. 8 {x 72} Su),

(2+1)

a(F)+a+1

= S{f()} = v.s{u(x)}

v

= S{fx)} =v.Sukx)}. 5) = S{f{x)} = v. S{u(x)}

ﬁlmp

= S{f()} = s{u(x)}. g =Su)} =

Let h(x) = [ (x — t)‘%f (t)dt ()
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=>5{f(X)} S{u(x)} a

2 5100} = S} == (Vrv . s}) ©
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Sth(x)} = v.S{x_%}.S{f(x)}

)

a
v5+1

= Sthx)} = v S{f(x)}.

= Sheo} = SN = Sheol= s} (Vrv?)

By equation (3) S{u(0} = % S(h(0}(4)

Now, S[h'()] = vP() =f(0) = S[H()] =v* S[h()] = 5{h()} = 2 S[h(x)]
By equation (4

S} =S LSHh00] = Su@)} =2 s[H@]EG)

Taking inverse of Soham transform equation (5);

1.,
ulx) = ;h (x)

1d
u(x) = ;a h(X) (6)

Substituting () in (6);

1|d (* 1
=—|- t)dt 7
w0 =2 [ s %
The result (7) is the required exact solution for Abel’s integral equation (1).
IV. APPLICATIONS

In this section, Soham transform is going to be used to solve some Abel’s integral equations.

» Application (1): Consider the Abel’s integral equation:

X
1
x = u(t)dt (8)
-L:o vx —t
Applying Soham transform equation (8)
ra+1 -1 re VI
Skx) = S{ftxzox/%u(t)dt } = vu::l = U.S{x 2}.5{u(x)} = vzail = . V%: S{u(x)}
1 Vm
ﬂm = U'F S{u(x)} e |—(2) =1

1 patl 17%+1_V—2m—2 pzTly—2a-2

= S{fu(x)} = perTe R = S{ul(x)} = — = S{u(x)}= —
—3a_
v 2

= S =T = S} = ] = S@) = ]

Taking inverse of Soham Transform,

1 1
0= 7207 ]
v2

2 1
then u(x)=;x2
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The concluded result is the required exact solution for Abel’s integral equation (8).

» Application (2):Consider the Abel’s integral equation:

X

1+x+x?= f u(t)dt 9)

1
t=oVX —t
Applying Soham transform equation (9)

1

x—t

‘qn+a@+5&ﬂ=fx u(t)dt

1 1@ e 1

tparl T pzatl T il S{X 2 *u(x)}

1 2

: : VI
Applying convolution theorem, a1 T 5 = v.ﬁ S{u(x)}

4_

patil

1 1 2 T
= patl + p2a+l + p3atl g S{ux)}
Then,
v 1 1 2
S{u(x)} = \/_E [v““ + pRa+l + v3“+1]
stu( _ 1 1 1 2
w)} = N U%H v37a+1 v57a+1
SEU(0} = —= | = + e
ux)s = N U_Ta+“+1 v§+a+1 v37‘x+a+1

Taking inverse of Soham Transform,

u(x)=\/iE5‘1{ ! + ! + 2 }

- a 3a
V2 +a+1 v2+a+1 U7+¢x+1

Then

If-r -1 8 3
u(x)=—[xz +x2 +—x2]
T 3

The concluded result is the required exact solution for Abel’s * (9)”

» Application (3): Consider the Abel’s integral equation:

x 1
3x2 = ftzomu(t)dt (10)

Applying Soham transform equation (10)

Applying convolution theorem,

1

e v.S{x 2}_5{u(x)}
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:%z v. \/i S{u(x)}

@
v2

LI Ly
v vz

6 vz
= S{ulx)} = ) \1/7_5
1 6
SN =7 e
v2

S{u(x)}=i[ 0 ]

3
VT [patatt

Taking inverse of Soham Transform,

Then

8 3
ulx) =—xz
T

The concluded result is the required exact solution for Abel’s *“ (10)”

» Application (4): Consider the Abel’s integral equation:

L jx 1_ u(e)de (11)

i
o
ﬁ

gs{xg} = S{L;\/%u(t)dt}

4 |—6+1) _ 1
Then EV;OH-OH-l - S{x 2 u(x)}
4|—(§)_ 1 43 VT 1 Vi _t
-1 = sftiuw) =i sl euw) e = s o)
Applying convolution theorem,
T 1
4 == U.S{x_f}.é‘{u(x)}
v7+1
Vi Vi
== Vg STu()
v7+1 v2+1

a

5 S} =t S5 = = SO} =

pa+i pa+a+i
v2

Taking inverse of Soham Transform,

Then u(x) =x
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The concluded result is the required exact solution for Abel’s integral equation(11)

» Application (5): Consider the Abel’s integral equation:
* 1
(12)

8 3
2\/§+—x5=f
3 t=oVX —t

Applying Soham transform equation (11)

25 [x%} + gs{x%} =5 {ft;\/%u(t)dt }

1 3
2F(—+1) 8|—(_ ) =S C (t)dt
= = -
v5+a+1 3 v?+a+1 tzomu
3 5
=2 r(;) +§ r(;) =S ) . u(t)dt
patatl v37“+a+1 emoVx —t
Applying convolution theorem,
NG 83 Vrm 1
2——+2. o —=v.5 {x 72} S{u)
2(v2+06+1) 3 4v7+(x+1
Vi Vi 1 2 Vi
Ry v <T+?) T Stu)
2
,,a+1 + va+a+1

> Sfu()} = ve (; + %) > S} = 5 + oy = S} =

Taking inverse of Soham Transform,

(1 1
u(x) =S ! {U“+1 + Uot+a+1}

Then, u(x) =1+ 2x
The concluded result is the required exact solution for Abel’s integral equation (12)

» Application (6): Consider the Abel’s integral equation:

3 * 1
—mx? = t)dt 13
e =10 (13)
Applying Soham transform equation (13)
3 S{x?} 5{ i (t)dt}
=Tl X = u
8 =0 VX —t
bud _1
Applying convolution theorem, g# = v.S{x 2}.5{u(x)}
3 m \r T v(;
Yo = v S0} 2 3 = S0} = Sl = m 7
3 VT
=Su)} ==

Taking inverse of Soham Transform, u(x) = #S‘l { QH}
v 2

3
Then, u(x) = xz
The concluded result is the required exact solution for Abel’s integral equation (13)
301
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V. CONCLUSION

In this paper, Soham transform has been used to find
the exact solution for the Abel’s integral equation. It has [14.]
been concluded from solving some Abel’s problems using
Soham transform that Soham transform is successful tool
which gives the same solution given by using other integral
transform easily. [15.]
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