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Abstract:- The try to prove the importance and
advantage of using the truncation method and the
mollification method to regularize an ill-posed elliptical
problem. To find appropriate solutions, we will try to
calculate the difference between the original solution and
the approximate solution. We give a concrete example to
see how to apply the theoretical results developed in this
search.

l. INTRODUCTION

We propose two spectral regularization methods to
construct an approximate stable solution to our original
problem.

Finally, some other convergence results including
some explicit convergence rates are also established under a
priori bound assumptions on the exact solution. But other
methods can be used in our case here. The complexity of
studying a poorly posed problem requires mastery of certain
concepts, especially in elliptical case.

1. REGULARIZATION AND ERROR

ESTIMATES
» The Truncation Method.
From
u(y) =U(y) + W(y) .
1 [ee]
=3[ (e an
Y

We can see that the term e¥¥? is the cause of
unstability. In order to overcome the ill-posedness of
problem:

uyy (y) = Au(y), 0<y<lL,

u(0) =f, )
u, (0) =0,

we modify the solution by filtering the high
frequencies using a suitable method and instead consider
(1) only for A < B(8), where B(8) is some constant which
satisfies lign - B(8) = +oo.

According to spectral theory of self-adjoint operators
[20],for any bounded Borel set, Ag={y < t < B} € o(A) =
[y, +oo, we can define the orthogonal projection
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1, = [ 1, dE, = Eg )

To solve (1) in a stable way we approximate f by its
projection g and instead of considering (1) with f we take
its projected version

ug(x) = cosh(yx/ls)fs @
= 1+ (oyva
- zfv (ey +
e ) 1y, 1dE, £,

Where 1,5, is the characteristic function of the
interval [a,b] for a < b. The quantity 8 is referred to as a
cut-off frequency. Let f (resp.,fs) be the exact
(resp., the measured data) at y=0, such that ||f — f5]] < 8.

Abstract and applied Analysis.

The approximated solution vg corresponding to the
measured data fy is denoted by

viy =2 (" + e 15 0dEafs (3)

For simplicity, we denote the solution of problem (1”)
by u(y), and the regularized solution associated to the data

fs by Vg ).
Our first main theorem is the following theorem.

> Theorem 1. The solution defined in (2) depends
continuously in C ([0,L], H) on the data f; that is, if ué

and ué are two regularized solutions corresponding to f;
and f,, respectively, then on has

[uie) — 2| < eVBlIf, —fll. @

This inequality implies that the solution of the
regularized problem (2) depends continuously on the data f.

Now we compute the difference between the original
solution u = u(y;f) and the approximate solution vg =

V33 ).

» Theorem 2. Letu € C([O; L]; H) be a solution problem
(1") with the exact data f e H; then the following
estimate holds:
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@) - upWl < @I )
Proof. From relations (1°*) and (2) we have

uy) — ug(®) = f;wcosh(y\/?_\)dEkf (6)
=f Oocosh(y\/X)1[3_+m]dElf
Y

Then

u(y) —ug(y)

_ J-+oo cosh(yva)
T A cosh(LVA)

1(g 4 00]c0Sh(LVA)dE, f,

[u) = ug»||*

+00 (cosh(yvA) z 2
< (msh(L ﬁ)l[ﬁ*‘”]) cosh(LVA) dIIESfIl2. (7)

Using the inequality

(cosh(y\ﬁ_\) L ) .4
cosh(Lv2) Breol | = e20-yVE,
f;m cosh? (LVA)dIIEflI? < [lu(L)II?, (8)

Abstract and Applied Analysis

We derive
4
lu@I* < m||U(L)||Z- 9
Using (4), (5) and the triangle inequality, we obtain
lu) = v

< lu@) = ugM|| + [lug — vl (10)
2
s;;ﬁﬁmam+aﬁ&

This completes the proof.
0

> Remark 1. If we choose\/Ez (1/L)log(M/8), where
[lu(L)]| = M, then we have the error bound

luG) - Vg(y)” < 3ME-V/Lsy/L, (11)
From (11) we see that (3) is an approximation of the
exact solution u(y). The approximation error depends

continuously on the measurement error for fixed 0 <y < L.

However, as y — L, the accuracy of the regularized
solution becomes progressively lower. Consequently, we
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have note any information about the continuous dependence
of the solution if y is close to L.

In the theory of ill-posed Cauchy problems, we can
often obtain continuous dependence on the data for the
closed interval [O,L] by assuming additional smoothness
and using a stronger norm.

Now we show two error estimates under the following
conditions:

(HD)u(L) € D(AP),
(H2)u(L) € G,p > 0.

» Remark 2. In practice, we know that it is very difficult
to verify the conditions (H1) and (H2), so we give
different assumptions on the given data f as follows:

+00
u(L) € D(AP) & j 220 cosh?(LVA)IIE,fI12 < oo
Y

+00
o [ wrer ik < o,
Y

u(l) € G, &
[ 2P cosh?(LVR)dIIE,flI? < oo

+00
o [ el < o
Y
S feGy,, (12)

» Theorem 3 If

[ w e ||, fll2
fy+oo e2(1+q)L«/Xd”EAf||z < EZ,)p >0,q>

0, then one has the following estimates:

< E? (resp.,

lu@ = vl

ya

<(9) Elog() "+ 0<a<1 (1)
[u@) = vg|| < e"WPE, + e¥VBs.

Proof. From the expansions

+0o
u(y) = f cosh(yV2)dE,f,
Y
UB(Y)
+o0o
= f cosh(yV) 1y, g dE;f, (14)
Y
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We have
+0oo
u(y) —ug(y) = f cosh(yﬁ)l[s_m]dE;\ﬁ (15)
Y
Then

lu@) = ug]f*

L7 (P21 )’ cosh? (yVR)AP A 2

2LV p

+o0
2
< f (}\_p/21[8_+00]) COSh2e d”E;f”z (16)
Y

<BP [ AP, £

<JB TE2

Using theorem 3 and the triangle inequality, we can write
lu@ = vl
< [lu@) - w ||
+lus@ vl a7
< \/E_pEl + evVBs,

By choosing, \/E= (a/L) log(1/6), we obtain the
desired inequality.

Using the same techniques, we have

u(y) —ug(y)
= J-we'qﬁcosh(y\/x)eqﬁl[&m]dE;\f, (18)
Y
Hence
) = us I’
= foo (e‘qﬁl[B’Jroo])z (cosh(y\/i)ezq‘/x)2 d|[E, f]|?
Y
< e 2N Eu)lI? < e729/PES (19)

Using (4) and the triangle inequality, we obtain
lum) = v
< [u@ —ug® | + [lug ) — vl (20)

< e~WBE, + e¥V/B5.
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By choosing, /B = (a/L) log(1/8), we obtain
luGy) — Vg(y)” < §3U/LE, + §1-/L 21

» The Mollification Method. Now, we approximate the
original problem (1) by the sequence of problems

uyy=Au, 0<y<lL,
u(0)=f, = Mf, (22)
u, (0) = 0.

» Theorem 4. If f € H the approximate Cauchy problem
(22) admits a unique solution u, which depends
continuously upon the data f with respect to uniform
topology of C([0,L]; H).

Proof. From the representation

u.(y) = cosh(y\/K)fo(

+oo -
= j cosh(yv) (1 + aepL‘/X) ' dE,f, (23)
¥
We have

lug@IF = [ (= g,

2

< [ ) alEe. (24)

e Ifp =1, we obtain
[ ]

seonltaI? < = IIfII (25)
e If p>1, the function M(s) = e /(1 + aeP!s) with
s= VA=.y achieves its maximum at s*=

(1/pL)log(1/a(p—1)),p>1,  from which we
deduce

M, = M) = o (1), (26)

cp) =ptp-DP <1

From this bound, we drive

semp Il < (3 ) Ifl. @7)

From the linear property of our problem, stability
estimate of problem (22) may be written precisely in the
following corollary.
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> Corollary 1. If uy,(y;fy) (resp,.ua_z(y,fz)) is the

approximate solution corresponding to f; (resp,. f,),
then

1

1\p
e G et ) 1 o W TR 28)

» Remark 3. We have

reTs 1
N(s) = ———— <=k
(s) 1+ aePTs ~ )
1
= asre‘(p‘l)Ts, p>1, 29)
s=VA> ﬁ

It is easy to show that

K(s) < K(s* - (30)

G-D)

_ (Tr_l))r e = k(r,p, L) < oo.

This remark shows that u,(y) € D(A™/?) for all y € [0, L].

Proof. The inclusion u,(y) € D(Ar/Z) is equivalent to
|AT72u, ()] < oo. We have

+00 2
/2 2 _ cosh(yv2) 5
1A 0. )] fy ¥ {—1+ocepL &1 dlIEfl

1 2 +o00 r 2
<(2) f (VA e} gliE, i1
Y

[od

1 2
<(3) Kep L2l <o (3D

r r
— —(p—l)LV)L = ; -r
Where k(r, p, L) = supys, VA e (<p_1)L) €

Abstract and Applied Analysis

> Theorem5. Iff € G, then

sup

seon i@ = ug I =0, a— 0. (32)
Proof. We compute

lu@) —u MII?

= fﬂo(l — Mo ()" cosh?(yvA)dI|Exfl|2
,

< f +00(1 — M, ()" cosh?(LVA)dI|E, fI|2
Y
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+oo
<[ (-m ) A RlE 2
Y

= [l - M
Where = e"Afand |[f]|* = fy+°° e?VA[E, f]|2 < oo,
This implies that ¢ o1 llu(y) — u, Wl < || = M|

And by virtue of (1) of theorem , we conclude the desired
convergence.

The following technical lemmas play the key role in
our analysis and calculations.
» Lemma 1. Let
[v,4+[3s > Q({a,r,q,L};s)
1

- 4
ast + ae~als”’ (B4

Where a>0,a>0,v>0, q>0, L>0,and r=1. Then
one has

Qtarahs) <2 (). 39)

log(kz(1/))
Where k, (r,q,L) = rqL,k,(qg,r,L,a) = gL *a/r.

Proof. Differentiating the expression and setting the
derivative equal to zero, we find

d
E Q({a, r,q, L}; S)

-1

= m(arsr_l - qae_qLS) =0. (36)

The function
0 admits a unique solution

(d/ds) Q(fa,r, q, L} s) =

s = {s — ars"™}N{s — qae s}, (37)
Therefore

Qfa,r,q,L}s) <Q({ar,q,L};9)
1 1

S e @ G8)
We have
R . g
(ar$™™1 — qae™8) = 0 & s™ledld = - (39)

By using the inequality (et >t t=>0), then for t=
qLs, we obtain e > qL§ and we can write
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a gL\ 1 r-1
4 _gr-10ais < edl$ (e > = (i) erdls, (40)
ra qL qL
Which implies that
rL'1a

1
> (—) log (q ><—) .Hense, we obtain
rqL r o

)

1
» LY L , S e S - —_— , 41
Qtar.q Lis) a8’ al 1 l (41)
\log k, (&) /
Wherek, (r,q, L) = rqL,k,(q,r, L,a) = q"L'*a/r.
> Lemma 2. Let
[v,+o[ 3 s » R({p,q,L};s)
epLs 1
- == , (42)
(1 + aePLs)edls ~ e(@-p)Ls 4 gedls
Where p>1q>0, a>0,v>0andL >

0. Then on has the following.
If1 <p<qthen

R({p,q,L};s) <e @Pls ce=@Plv <1 (43)

fo<g<pp=1 0<x<(p-—q)/q then

1 (p-a)/p
R(,0, 139 < ks ()
— ag\(P-d/p
q/p—q
kz(p,q) = 5<T) <1 (44)

Proof. By a simple differrential calculus,
we show that the function R({p, q, L}; s)

achieves its maximum at§
= (1/pL) log((p — @)/

[ q). Consequently

(p-q)
R(p.a k9 <RApa D =k (5) * . @9

Now we assume the following a priori bounds hold:

u(L) € D(A™/?)
o ar i

c:f VL IIEfI2 < B2 < 0,  (46)
Y

u(L) € Gq
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+ 00 2
PN f VA @R G|EfI2 < E2 <. (47)
Y

» Theorem 6. Let
u(resp., u,) be the solution of problem (1) (resp.,

(22))

With the exact data
f. If (46) (resp. , (47)) is satisfied, then on has the

Following error estimates:
r

1
I = 0l =0 (75

(48)

lu@y) —ue I

_(0(w), if1<p<q,
~|0(a9P), if0<q<pp=1  (49)

Proof. Putting

epLVA 1
B,(M) = Tt cor i v
1

= <B,(
Wt oy -

1
S S

epLVA 1 1
eq]«‘/X - e(q_P)L‘/X + aeqL‘/x

B, () = {1 + aePlVA

Using the change of variable, s = VA, we obtain the new
expressions

1

B,(s) = —4————, 51

0= e OD

o 1

B3(S)_e(q‘l’)'~5—+aeq'~5- (52)

By virtue of lemma

1 (inequality (35)and Lemma 2 (inequalities (43)

1 k
Ez(s)s—(—l \| (53)
“\ee( @)

Where  ky(r,p,L) = rqL k,(p,r, L v¥') = g, LF-1yy "
Consider

And (69)), we can write
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1, ifl<p<gq,

B;(s) < {(E)(p—q)/p, (54)

, ifo<q<pp=L1l

o

Abstract and Applied Analysis

We Have

lu@) — u I

+00 aepL\/X 2
= f m COSh2 (Y\/)_\)dllEAfllz
Y

+00 r
< o2 f {BZ(A)}Z\/XZ e?Vh q||E, f]]2
Y

2 sup B, (s) ’ 2
Sa<52ﬁ>E1, (55)

lu@y) —u, I

too( qepLVA ’
= f ——— ¢ cosh? (y\/?_\)dIIE)\fII2
%

1+ aeplVd

+o0
< J (B, O PeL0+VE d||E, ]2
Y

— 2
e (PBOY
- s> ﬁ

Using (53) and (54), we drive
() ~ I < ag| —~— |
log (k2 (&))
1 r
- (e

a, ifl<p<gq,

_ 2 <
WO w0 ca a1, GO

Combining (28), (48), and (49) with the help of triangle
inequality

[MOEIHO!

< llu@) = u Wl (57)
Hu@) i = 4, +4,,

We deduce the following corollary.

> Corollary 3. Let u(y;f)(resp.,ud(y;fs)) be the
solution of problem (1) (resp., (47)) with the exact data
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8.1f (46) (resp., (47)) is satisfied, then one has the following

error estimates:

(caser=>1)

1/p
lue) - ug )l = 0(6, ) + () &, (58)
Abstract and applied Analysis

(Casel1<p<q)

) -l =o@@)+(3) s 9

(Case0<g<pp=1)

lu) - w)l = 0(6s@) + (D) 75 (60)
Where

1 r
el(a) =0 <m> ) (61)
0, (a) = 0(a), 0,(c) = 0(a®/P).

If we choose a = a(8) = 8P/® with w > 1, then we have

5(5) = 80 (62)
0, =0 (7)) (6
0,(a) = 8P/®, B;(a) = 0(a¥/®). (64)

» Example: Cauchy Problem for the Modified Helmholtz
equation.
In this paragraph, we give a concrete example to see
how to apply the theoretical results developed in this Study.

Let us consider the Cauchy problem (modified
Helmholtz equation) in the infinite strip R x (0, 1)

Ugy (%,y) + U (x,y) —yulx,y) =0,x€ R, y €
0,1), (65)

u(x,0) = f(x),u,(x,0) =0, x€R,
Where y is a real positive constant

LetG(€,y) = (Fu)(€,y) be the Fourier transform of
u(x,y):

5 y) = 7=y egu G y)dx (66)
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With the help of the Fourier transformed, problem (1°°) can
be transformed to an equivalent problem in the frequency
domain:

ﬁYy(E' Y) - Ezﬁ(a Y) - Yﬁ@ Y) =0,
EER,  ye(OD),
00 =1(®,0,(50 =0, TeR

It is easy to check that the formal solution of problem (67)
has the form

(5 y) = cosh(y /(& + V))I(®),

Or equivalently, the formal solution of problem (65) is given
by

ux,y) = (F ') y)

= [, el y)de (69)

7=y ecosh(y & + M),

Putting ©(&) = /(82 +y). Then © (§) — 4w [§| —
+oo From this remark, it is easy to see that a small
perturbation in data f(¥) may cause a dramatically large
error in the solution G( €). In addition, the magnifying

factor is (%) ~ el¥l, hence, the problem is severely ill-posed.

Since the data f(.) are based on (physical) observations
and are not known with complete accuracy, we assume that f
and fg satisfy

IIf —fsll <8, (70)

Where f and f5 belong to L2(R), f5 denotes the measured
data, and 6 denotes the noise level.

For this problem, we define the regularized solutions with
noisy data fs.

ud(xy)

= \/%fnx i*cosh (y /(82 + v))Es(®) 1y ny (®)dE

1

N
S, % cosh(y /& + 1)) (©)dg (72)

Where 1;_y v is the characteristic function of the interval
[-N,N]

u(x,y)
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cosh(y (&2 +y))

==y e (p—@m) fs(®)dg

Where p = 1. The quantities « = o< () and N =N(6) are the
parameters which were defined in Sections 3.1 and 3.2.

. ‘CONCLUSION

We were able to solve the problem with the truncation
method and the mollification method. Our goal will be
devoted to problematic waters with unknown (uncertain)
operators: Since the physical model proceeds from an
idealization of physical reality and is based on simplifying
assumptions, it is thereféi®)also a source of uncertainty. Any
regularization theory must therefore take into account the
possibly incomplete for uncertain character. Also, we give
some extensions to our investigation.
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