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Abstract:-This article discusses the permutation matrix,
which is a weak commutation matrix. This weak
commutation matrix is determined by compiling the
duplicate entry, i.e., two, three, and four which are the
same in different positions in the 4 x4 secondary
diagonal matrix. It uses the property of the
transformation vec matrix to vec transpose the matrix
for determining the weak commutation matrix of the
secondary diagonal matrix. We have 24 weak
commutation matrices for the secondary diagonal
matrices.
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l. INTRODUCTION

The vec matrix is a unique operation that can change a
matrix into a column vector [1]. It can also be said to
change the matrix into a vector by stacking the column
vertically [2]. Note that vec(A) and vec(AT) have the same
entries, but the composition of the elements is different. If
the matrix 4, m X n, and its transpose is matrix A7, then the
vectors vec(A) and vec(AT) are mn x 1. The commutation
matrix is the permutation matrix that changes the vec(4) to
vec(AT) [3, 4].

A unique commutation matrix that transforms vec(A)
to vec(AT) for any matrix m x n. But then, by [5], states
that for the matrices in the Kronecker quaternion group
found in [6] are several matrices that are like a commutation
matrix. So, [7] defines the weak commutation matrix.

The organization of this paper is as follows: Basic
Theory; it is introduced a lot of basic concepts and notations
of vec, permutation matrix, Kronecker product, and
commutation matrix will be used in the section Result and
Discussion. The section Result and Discussion discuss the
the transformation of the permutation matrix on the vec
matrix and vec transpose matrix, that is, the weak
commutation matrix for the secondary diagonal matrix. The
first step is to determine various the secondary diagonal
matrix with duplicate entries (matrices in (3.1), (3.2), and
(3.3) in Section IIl).  Next, it presents the weak
commutation matrix of the matrices.
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1. BASIC THEORY

> This Section Presents Some Definitions, Properties and
Theorems Related to Commutation Matrix.

< Definition 2.1 [8] Let A = [a;;] be an m x n matrix,
and 4; the column of A. The vec(A) is the n column
vector, i.e

Let S, denote the set of all permutation of the n
element set [n] := {1,2,...,n}. A permutation is one-to-one
function from [n] onto [n]. Permutation of finite sets are
usually given by listing of each element of the domain and
its corresponding functional value. For example, we define
a permutation o of the set [n]:={1,2,3,4,56,7} by
specifying (1) =7, 0(2)=1, o(3)=3, o(4) =6,
0(5) =2,0(6)=4,0(7) =5 A more convenient way to
express this correspondence is towrite o in array form as

~0230390 e

There is another notation commonly used to specify
permutation. It is called cycle notation. Cycle notation has
theoretical advantages in that specific essential properties of
the permutation can be readily determined when cycle
notation is used. For example, permutation in (2.1) can be
writtenas ¢ = (1 7 5 2)(4 6). For detail see [9].

» Theorem 2.2 [9] Let w and ¢ be a permutation in S,,,
then P(r)P (o) = P(mo).

If o is a permutation, we have the identity matrix as
follows:

« Definition 2.3 [10] Let o be a permutation in S,.
Define the permutation matrix — P(o) = [8;4¢] .
51"0-(]') = entl‘J(P(O')) Whel’e

s _ {1 if i =a(j)
W N0 if Q% o())

Example 2.1 Let n:={1,2,3,4}and o = (14 2).
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P(142) = [S1p] 08100y = {g it 1 2 o) entie(P(0)) = Buoay = 81y = 0 (012) = 1

ent,;(P(0)) =6 =6,,=0(c(3) =3);
(1t044102;3103;,2t01; d1) =4, 0(2) =1, 5(P@) = 8us) = 043 =0 (0(3) = 3)

0'(3) =3, 0(4) = 2) ent44(P(o-)) = 64‘0(4) = 642 =0 (0'(4) = 2),
ent;;(P(0)) = 800y 814 011 613 61p

634- 63 1 633 632
64-4- 641 643 642

0

84 051 8,35 6
ent;;(P(0)) = 8100y = 614 = 0 (0(1) = 4); P(142) = |92+ (21 O3 O22 8
1

S OO -
o RrRrO O
o OoORr o

enty, (P(U)) =015 =011 =1 (0(2) = 1),
< Definition 2.4 [1] Let A € R™" and B € RP*4. Then

enty3(P(0)) = 81503 = 613 = 0 (6(3) = 3); Kronecker product of A and B, denoted by A®B €
R™P*"4 and is defined to be matrix
enty4(P(0)) = 815(4) = 612 = 0 (6(4) = 2); auB a;;B . anB
A®B = a,B a,,B .- a,,B _
enty,(P(0)) = 8554 = 624 = 0 (a(1) = 4); 0B a,B B
ent,,(P(0)) = 8,529 = 821 = 0 (0(2) = 1); > Theorem 2.6 [1] Let A € R™", B € RPX4, ¢ € R™*¢

and D € R7%5. Then (AQB)(C®D) = (AC)®(BD).
entzs(P(U)) =08303) =023 =0 (0(3) = 3);
« Definition 2.8 [11] Let I, be the identity matrix and
enty,(P(0)) = 85504 = 852 = 1 (0(4) = 2); e;,, is an m —dimensional column vector that has 1 in
the i position and 0's elsewhere; that is
entsl(P(U)) =03401) =034 =0 (a(1) = 4);
e;m=1000,.,0,10,.,0" and I,Qe;, =

ent32(P(a)) = 63,0’(2) = 631 = 0 (0(2) = 1)1 aijei,mTv aij € In.
ents3(P(0)) = 83503 = 833 = 1 (6(3) = 3); The commutation matrix, denoted by K, , is given by
ent34(P(a)) =03654) =032 =0 (0(4) = 2); L ®em"

= In ® eZmT
Km,n - .
enty; (P(0)) = 8451y = 84s = 1 (0(1) = 4);

In®emmT
Example 2.2. Matrix K3 , is
1 0 [[tlt o ol o1 o ol
L®eyT I[[O 1]®[1 0 0]]| |[0[1 0 0] 1[1 0 0]]|
1 o [ |[ftfo 1 o] ofo 1 o]
K3z = ﬁzgew: =|[0 @0 1 O]ri[O[o 1 0] 10 1 o]i
2 @ ez 10 10 0o 1] oo o 1]
&[0 0 1]
o 1 ] l[O[o o 1 1o o 11l
Specipically
[1 0 0 0O 0]
[0 0010 0]
K..=]|0 10000
32710 00 0 1 0
001000
000001
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The matrix H;; can be conveniently expressed in terms of the column from the identity matrices I,,, and 1I,,. If e;, is the i-th
column of I,,, and e; , is the j-th column of I, then H;; = e; . e;,,".

1. RESULT AND DISCUSSION
This paper aims to determine the weak commutation matrix of the following matrices, i.e.,

The arbitrary matrix 4 x 4 with two duplicate entries in its secondary diagonal:

* * *

¥ 1 1 ’ * ’ * 1 (31)
* * *
* |k *
* * *
B T : ' (3.2)
* * *
* * *
%]
: (3.3)
*
| *x

» Note: Symbol * is Duplicate Entries

¢ Definition 3.1 [7] Let A be an m X n matrix. Then the weak commutation matrix of A, denoted by P*, is a permutation
matrix in which P*vec(4) = vec(AT), where P* is an mn X mn matrix.

» Proposition 3.2

a. For any matrix in (3.1), (3.2), and (3.3), the weak commutation matrix for A is
P(25)(39)(413)(710)(814)(12 15)

b. FOI’ a14 = a23, a14 = a23 = a32, a14_ = a23 = a41, a.nd a14 = a23 = a32 = a41, the Weak Commutation matriX OfA iS
P(25)(3 9)(4 13 7 10)(8 14)(12 15)

C. FOI’ a14 = a32, a14 = a23 = a32, a14_ = a32 = a41, a.nd a14 = a23 = a32 = a41, the Weak Commutation matriX fOI’ A iS
P(25)(3 9)(4 13 10 7)(8 14)(12 15)

d. FOI’ a14 = a41, a14 = a23 = a4_1, a14_ = a32 = a41, a.nd a14 = a23 = a32 = a41, the Weak Commutation matriX fOI’ A iS
P(2 5)(3 9)(7 10)(8 14)(12 15)

e. For ay,s = asy, Q14 = Qp3 = A3y, Ay3 = A3, = Ayuq, ANA Ay, = Ay3 = A3, = Ayq, the weak commutation matrix for A is
P(25)(39)(413)(814)(1215)

f. FOr ay; = @41, Q1s = Qp3 = Quq, Qy3 = A35 = Auq, ANd Ay, = A3 = A3, = A4y, the weak commutation matrix for A is
P(25)(39)(471013)(814)(1215)

g. For az, = ayq, Q14 = A3y = Qyq , Qp3 = A3y = QAyq, aNd @y, = Ay3 = A3, = A4y, the weak commutation matrix for A is
P(25)(39)(410713)(814)(1215)

h. For a;, = a,; = as, and a;, = a,3 = as, = a,q, the weak commutation matrix for A are
P(25)(39)(4137)(814)(12 15)
P(25)(39)(41310)(814)(1215)

i. For a;, = ay; = a,, and a,, = a,3 = as, = a,q, the weak commutation matrix for A are

P(25)(39)(7 10 13)(8 14)(12 15)
P(25)(39)(47 10)(8 14)(12 15)
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j- For a,, = az, = a,, dan a,, = a,; = as, = a,,, the weak commutation matrix for A are
P(25)(39)(71310)(814)(12 15)
P(25)(39)(4107)(814)(12 15)

k. For a,; = as, = a,; dan a,, = a,; = as, = a,q, the weak commutation matrix for A are
P(25)(39)(4713)(814)(12 15)
P(25)(39)(41013)(814)(1215)

I For a,, = a,; = as, = a,,, the weak commutation matrix for A are
P(25)(39)(410)(7 13)(8 14)(12 15)
P(25)(39)(410)(814)(12 15)
P(25)(39)(410137)(814)(1215)
P(25)(39)(471310)(814)(1215)
P(25)(39)(47)(1013)(8 14)(12 15)
P(25)(39)(47)(814)(12 15)
P(25)(39)(713)(814)(12 15)
P(25)(39)(1013)(814)(12 15)

> Proof.
For a. it is use Definition 2.8, we have

= P(25)(3 9)(4 13)(7 10)(8 14)(12 15) = P*

R
cCoocococoococOocOocoORrROO OO
f=l=i=1=r=1=1==l=l==l==R=E=)
cCoOorROcOoOOROOOCOOO OO
CoocococOoocOcOocOoCOCOOO R O
cCoococococococoOoRocOO OO
cCoocococorocOocOoOcOOOo OO
cCorRrococOocOocOocOocOocOcOoO0 OO
cCoocococoococOoc0cOocOoOoOR OO
cCoococococococoRrRocOoO0Oo OO
===l ===l =1 =E=
N t=t=i=1==l=l= =l ===
CoOoCOCOoOocOoCOooCOoOoORO OO
i=t=t=l==l= 1=l =t==1=1= ==
==l N=t=t==l=l= =1 =E=
N Y-t=l=l=i=l=r=l== =l ===

Next, we have P(2 5)(39)(4 13)(7 10)(8 14)(12 15)vec(A) = vec(AT), and proven a.

For b.—I., Since there is a duplicate entry, the position of the permutation in the matrix can move each other for the same entry
and not change the results of P*vec(A) = vec(AT). We directly proven that
P(16)(25)(39)(413)(7 10)(8 14)(12 15) vec(A) = vec(AT) for A with condition b, and so on.
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