Volume 7, Issue 11, November — 2022

International Journal of Innovative Science and Research Technology

ISSN No:-2456-2165

Homotopy Analysis Laplace Transform Method for
Analytical Solution of Porous Medium Equation

'Dhara T. Patel, 2Amit K.Parikh
! Research Scholar, 2 Principal
Mehsana Urban Institute of Science
Ganpat University Mehsana, Gujarat, India

Abstract:- In the present paper, we have derived an
analytical solution of a porous medium equation utilizing
Homotopy Analysis Laplace Transform Method
(HALTM). The suggested approach is an amalgamation
of Homotopy Analysis Method and Laplace Transform
Method. The analytical solutions have been obtained in
terms of convergent series by proper choice of
convergence control parameter. The results conclude
that this method is extremely simple and efficient. This
method is suitable for other nonlinear differential
equations.
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I. INTRODUCTION

Nonlinear differential equations arise in a broad area
of wildly different contexts in natural world, such as fluid
dynamics, classical mechanics, nanotechnology, economic
and physical structures. In this paper, we consider the
nonlinear partial differential equation (heat equation) called
the porous medium equation[1].

ow d ow
w_9( mIW 1
ot ax(w ax) )

where m is a rational number.

Porous medium equation mostly arises in mass and
heat transfer problems, flow through porous media,
population dispersal and combustion process. Porous
medium equation has been studied by many researchers such
as J.D.Murray[3], A. D. Polyanin and V. F. Zaitsev [5],
J.L.Vazquez [6] , S. Pamuk [4], D. Mishra et al [2].

We will solve the initial value problem given by(1)

and the initial condition w(x, 0) = g(x) by the Homotopy
Analysis Laplace Transform Method (HALTM).

UISRT22NOV184

I1. METHOD

The general type of a time-dependent differential
equation is analyzed to represent the fundamental concept of
the Homotopy Analysis Laplace Transform Method as
described below:

B(W(x, t)) —h(x,t)=0 3

WhereB is a differential operator, w(x,t) is an
unknown function andi(x,t)is a known analytic function.
Moreover, we divide B into two parts

aw(x, t)
at

B(W(x, t)) = + R(w(x, t)) (3)

where %is a simple part that is easy to manage,

and Rincludes the rest parts of B. So, equation on the given
domain y:{0 <x<w;0<t<T} can be described as
follows:

ow(x,t)

P + R(W(x, t)) =h(x,t),(x,t) €y (4)

with  the initial conditionw(x,0) = g(x) for
anyxe[0, )

Now, we apply Laplace transform on both sides of
equation(4), then we obtain

g{aw(x, t)

ot } + Q{R(W(x, t))} = Ph(x,t)} (5)

Utilizing the property of the Laplace transform and
using initial condition in equation (5), we get

Hwlx, )} =s"1g(x) — s HR(w(x, 1))} (6)
+ s 1 h(x,t)}

The nonlinear operator is considered as

N[UGx, t;p)] = AU(x, t;p)} — s g(x)
+s T HAR(U(x, t;p))} (7)
— s A h(x,t)}

We can create a homotopy that satisfies [1]
MU(X, t; p)' WO (X, t): H(X, t), h, p}
=1 @)
—p)(AU(x, t;p) —wo(x, )}
— phH(x, )N{U (x, t; p) }
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where w,(x, t) is an first guess of solution of equation
(24) that fulfills the initial/boundary constraints (45). p is an
embedding parameter./ is a convergence control parameter
and H(x, t)is an auxiliary function.

Implementing a zero value for the homotopy
equation(8), we have
SAU (x, t;p); wo (x, ), H(x, ), 1, p} = 0 9)

We develop a homotopy of zero order deformation
equation as

(1 —=p)(AU(x, t; p) — wo(x,)}) (10)
= phH(x, t)N{U(x, t; p)}

Putting p = 0 into the equation (10), we get

U(x,t;0) = wy(x, t) (11)

Putting p = 1 into the equation (10), we get
Ulx, t;1) = w(x, t) (12)

As the embedding parameter grows from zero to unity,
the solution progressively shifts from the initial prediction to
the desired solution. We have, according to Taylor's
theorem,

UG 6p) = UG t;0) + . w, G, Op* )
k=1
where
1 0%U(x, t; p)
wy(x, 1) = —————— (14)
k! dapk =0

If the first prediction, convergence control parameter,
and auxiliary function are all chosen correctly, the series
converges at p = 1, and we obtain

w(x, t) = wy(x, t) + Z wy (x, t) (15)
k=1

which unquestionably illustrates one of the solutions to
the nonlinear partial differential equation.

By differentiating equation (10)k times with respect to
p, diving by kland setting p to be zero, we can obtain the
following k th order deformation equation

Lwi(x,0) = Wi (x, 0} = hH (¢, O Ry (Wye—r) - (16)

where
1 9 IN{U(x, t;p)}
‘%k (Wk—l) = — (17)
(k-1 opk-1 =0
and
_ {0, k<1 (18)
=1, k>1

Equation (16) yields the following results when the
inverse Laplace transform is applied to both sides

wi (%, 0) = xwy_1 (6, 8) + hZ H{H G, OR, (W)} (19)
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which is an approximate solution of equation (2). The
series (15) leads to an exact solution when infinite series
converges.

I1l. THE SOLUTION OF THE TWO SPECIAL CASE
OF THE POROUS MEDIUM EQUATION WITH
(A)m = -2 ANDBm =1

Example-1. Let us take

dw 0 ( - OW) (20)
- (y2Z

Jat ox d0x .

with the initial condition w(x, 0) = (2¢,x) % (1)
Solution:

We can rewrite equation (20) as

ow 0°w w2 (22)
2 _ow-3 (2

TR (ax>

By using Laplace transformation on both side of
equation (22), we have

ow 9w ow\? (23)
— = -2 — -3 —
g{at} Q{W oz 2 <ax> }

Employing the property of Laplace transform, we have
sw(x, t)} —w(x, 0)

_0%w L (O0wn? (24)
= {WZW‘ZW@)}
w(x,0)

s (25)

N 1$ _,0%w - <6w>2
s o2 W \ox
The nonlinear operator is considered as
1 -1
N[UGx t5p)] = AU, &)} - <[ 27 |

1 —20%U(x, t;p)
—EQ[(U(x, tp)) 2% (26)

oU(x, t; p))z}

HAw(x, t)} =

—2(U(x t; p))_3 ( I

We can create a homotopy as follows:

AU (x, t;p); wo (x, t), H(x, t), h, p} @7)
= (1 -p) AU, t;p) — wy(x, )}
— phH (x, t)N{U(x, t; p)}
-1
where w, (x, t) = (2¢,x) 2 is an first guess of solution
of equation (20) that fulfills the initial constraint (21)

A homotopy of the zero-order deformation equation is
generated as

1 -p) AU, t;p) — wo(x, )}
= phH (x, ) (N{U (x, t; )} (28)

where p is an embedding parameter. #is a convergence
control parameter and H (x, t)is an auxiliary function.
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It is obvious that when p is zero and p is one, equation

(28) becomes

-1
U(x,t:0) = wo(x,t) = (26,27 (29)
and U(x, t; 1) = w(x,t) (30)
We can get k th-order deformation equation as
Py (x, ) = xxWi—1 (x, 1)} = hH (X, ) Ry Wy—1) 31)
Where
_ 1 " "U(xt;p)}

9 =
Ry (Wi_1) k= 1) apk1 o (32)
and

0, k<1 (33)

Xie = {1, i>1
When both sides of equation (31) are subjected to the
inverse Laplace transform, and H (x, t) is set to 1, we obtain

wi (1) = xewy_1 (6, 8) + W [ Ry (Wi 1)]
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-1
eV
= ot sy - 290 Clsx) -
1 02
B il
s dx? (35)
owp >
— 2w."3 (_0)
Yo Ox
=3
= —hc;?(2cx)2 t
Taking k = 2 in the equation(34), we obtain
w, (x,t) = xowi (x, t) + hgl[ﬁz(v_@)]
w, (x, t) = wy (x, t) + h¥ [ R,(W,)] since y, =1
=3
w,(x,t) =h (—012(2019() 2 )t
-3
+ W <—c12(261x)7t (36)

—_5¢2

-5t
+ 3¢;*(2¢,%)2 E)

(34)
. L . . Substituting the values from equations (29), (35)and (36) in
Taking k = 1 in the above equation(34), we obtain equation (15), we have
wy (x, 8) = xawo(x, t) + h ™[Ry (Wy)] w(,t) = ) wi(x,t) =wy+w; +w, + -
k=0
— 1 = H — -1 -3
wy (x, ) = he [ R, (Wy)] since y; =0 — (2e,0)7 + 20 (—c12(2c1x)7t)
-3
+ W <—c12(261x)7t (37)
-5 t?
+3¢*2x) 7 —
2!

We draw the % -curves of the 15th order approximation
utilizing math  software Maple. The #A-curves of
we (1,1), we (1,1), we (1,1) are given in Fig. 1. To achieve
a convergent series solution, we select the appropriate value
of the convergence control parameter 7 = —1.
(1.1, (1, 1) we, (1,10}

5 __
"'”:E; 1.5 —1 —0.5 0
A F ]
: -5
- ~10
W, (1,13 — — 5, (1.1} ----- W, (1.1) |

Fig. 1: The & -curves of w,(1,1),w,,(1,1), w,,,(1,1)
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Pluggings = —1 in the equation (37), we have

w(x, t) = (26135)_71 + (—clz(chx)_?3) t

+ (3C14(2C1x)_75)% 4o (38)

-1
= (2¢;x — 2¢,%t)z

Example: 2

ow 0 ow

—=—(w— 39
ot ox (W ax) (39)

_ 2
with the initial condition w(x, 0) = =& 4
6¢2 ng (40)

Solution:
ow 2w /ow\?
7 - 41
ac " ox? (ax) (1)

By using Laplace transformation on both side of
equation (41), we have

)=l () o

Employing the property of Laplace transform, we have

2

2

0x? ox

2
Pw(x, )} = W(J;' 0 +%Q{ Ow + <6w) }

Yoxr T \ox (44)
The nonlinear operator is considered as
N[U(x, t;p)] = AU(x, t; p)}
1|-(x+¢)? ¢
ity o
s 6¢, )3
1 0%U(x, t; p) (45)
‘zg{‘“’" 2
U (x,t;p)\*

We can create a homotopy as follows:

%U(x' t; P): WO (X, t): H(X, t)! h! p}
=1 -pAUKx, t;p) —wo(x,t)}  (46)
— phH(x, t)N{U(x, t; p)}

-1
where w, (x,t) = (2¢;x)z is an first guess of solution
of equation(39) that fulfills the initial constraint(40).

A homotopy of the zero-order deformation equation is
generated as
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= phH (x, ) (N{U (x, t; p)})

where p is an embedding parameter. Ais a convergence
control parameter and H (x, t)is an auxiliary function.

It is obvious that when p is zero and p is one, equation
(47) becomes

U(x, t;0) = wy(x, t) (48)
and
U(x, t; 1) = w(x,t) (49)

We can get k th-order deformation equation as

Lwg (x, 1) = xeWi—1 (X, )} = hH (x, ) Ry (Wi_1) (50)

Where
1 YU, t;p)}
%k(Wk—1) = _
(k—1)! opk-1 =0
= Awy_1(x, )]
1|-(x+¢)? ¢
o il o
S 6c, 3
k-1 ’ (51)
1g Z azwk_l_j
57 )« Wi 2
Jj=0
N - ow;\ [OWy_1_;
L 0x ox
j=0
And
0, k<1
Xk—{l, ]>1 (52)

When both sides of equation (50) are subjected to the
inverse Laplace transform, and H (x, t) is set to 1, we obtain

wy (6, 1) = xpWy—q (3, ©) + hZ [ Ry (Wy—y)] (53)
Taking k = 1 in the above equation, we obtain

w,y (x, 0) = xywo (x, ) + hZ Ry (Wy)]
wy (x,t) = h [ R, (Wy)]

= hg_l {% — W, aZWO _ (aWO>2}

sincey; =0

at % axz  \ox
- 2 ;
Substituting the value of wy(x,t) = % +5 in
2 ng

the previous equation, we have

wy (x,t)=h (-(JC++1)2CZ_2 + %C3 (CZ_TAL)> ¢ (54)

Taking k = 2 in the equation (53), we have

w, (x,t) = xowy (x, t) + hg_l[t%z(wﬂ]
wy(x,t) = wy (x, t) + hZ R, (W,)] since y, = 1
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—(x+c¢)%c%2 1 -4
w, (x,t) =h<++§c3 (623) t

(x +c;)?c, %t
2 —————ee
(S

3 (e)e

1(x + ¢;)?c, 3t2

(55)

_i 5 t?
-7
+ 6 C3 (Cz?) 5)

Substituting the values from equations (48),(54) and
(55) in equation (1), we have

w(x, t) = Z wi (o t) =wy +wy +wy + -
k=0
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=t c)Pe™

3 +c3 (cz_?l)

+on —(x +¢;)?%c, 2
6
1 -4
(x +¢)%c, %t
2 —————————
i ( )

1 -4

- §C3 (CZ 3 )t
1(x + ¢)?c,73t2
3 2!

+gC3 (Cz%);_zl) + -

We draw the 7 -curves of the 15th order approximation
utilizing math  software Maple. The #A-curves of
w; (1,0), w;(1,0), w;(1,0) are given in figure Fig: 2. To
achieve a convergent series solution, we select the
appropriate value of the convergence control parameter 2 =
-1.

(56)

f, (1,00, W, (1,00, w,,,(1.0)}
20 —
10
I I T I T T
-z “1s -1 a5 0 \‘
P i
| W, (1.0) i, (1.0) . (1.0) |

Fig. 2: The & -curves ofw, (1,0), w,,(1,0), w,(1,0)

Pluggingh = —1 in the equation (56),we have

—(x+c)?c; 7!

w(x, t) = 5

+C3 +

+< (x+c13) c,”3 g (_)>

IV. CONCLUSION

The primary concern of such paper is to build an
analytical solution with various powers ofmfor porous
medium equation. Our aim is fulfilled by applying the
Homotopy Analysis Laplace Transform Method (HALTM)
on the porous medium equation. The major benefit of such a
method is that it gives analytical approximation, in most
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((x +¢;)%c, 72
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1 -4
Lo (o3 )>t

—(x + ¢;)? 3

1

6(t + CZ) (t + C2)§
situations an exact solution. This method is easy and short in
calculation compare to other available numerical methods.
Its convergence rate is depend on convergence control
parameter Awhich indicate that the technique is accurate and
significantly improves the solution of differential equations
over current technique. At last, we suggest that HALTM can
be seen as a good refining of the current numerical
technique.

(57)
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