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Abstract:- There are fifteen groups of order p*, Out of Il. CLASSIFICATION OF p-GROUPS OF ORDER p*
which five are abelian and the rest are non-abelian. In o ) ]
this paper, we compute the automorphisms of some _As per the clas_smcatlon provided by the W. Burnside
non-abelian groups of order p*, where p is an odd [2], if p is an odd prime number, then there are 15 groups of
prime and the verification of number of automorphisms order p*. Five of which are abelian and rest are non-abelian
has been made through GAP (Group Algorithm which are listed below:

Programming) software.
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I. INTRODUCTION

Out of available research papers related to
automorphisms of p-group for instance [1], [5], [4] etc. We
take G be a p-group of order p*, p - odd prime and
Aut(G) be the group of all automorphisms of a group G. In
[1], the automorphisms of groups of order p3 are computed
along with the automorphisms of abelian groups of order p*.
This paper will serve as an extension of the research work in
[1].There are 10 non-abelian groups of order p*, In this
paper, we shall compute the automorphisms of two groups of
order p*. W. Burnside [2] classified all groups of order p*.
Burnside’s [2] classification will be used to compute the
automorphisms of groups of order p*. Two sections will
constitute this paper . The first section is devoted to the
classification of p-groups of order p* and the second
section will investigate the number of automorphisms of
some non-abelian groups of order p*.

A. Abelian Groups:
4
G, =< wl:wlp =1> =7,

3
G, =< wl,wz:wlp = sz =Lww, =w,w; > = Z3 X Z,

2 2
G; =< wl,wz:wlp = Zp =Lww, =w,w; > =72 XZ2
2
_ PP P P _ _ _ ~
Gy =< Wy, Wy, W3iwy =W, =Wy =1L wiw, =wW,Ww;, WoWs = WaW,, Wy W3 = WaW; > =72 X Z) X Z,
- cwP — P — P — P — _ — — —
Gs =< Wy, Wy, W3, Wei W, =W, =Wy =W, =1L Wiw, = WoW;, Wy W3 = WaWy, WyW, = WyWy, WoW3 = WaW,, WoW,

= WaWp, WaW, = WyWs > =7, X Z, X 7, X Z,,

B. Non-Abelian Groups:

3 2
_ P P — _ 1P ~ 2
Ge =< wy,wyiwy =w, =Lw,w; =w; ~ wy >= 73 Xy Z), o) « (1 +p*)
2 2
_ o — P _ 1t ~
Gy =<wy,wyiwy =w, =Lw,w =w,  w, >=Z2 Xy Z2, o) o (1 +p)
2
Gg =< wy, Wy, w3t w] =w) =w) =1Lww, = Wywy, WwoWs = WaWy, WaWy = wywows > = (Z, X Z,) X Z 2

— — WP = — — — —
S =W, =W, = 1, WaWs = WaWy, WoW, = WyWo, Wi W, = WyWy, WoW3 = WaWy, WoWi W3
= WaWy, WiW, = Wowy > = ((Z, X Z,) X Zy) X Zy,
— cP — P p
For P> 3,610 =< Wy, Wy, W3, Wi W, = W,

— P — P P
Gy =< Wy, Wy, W3, Wy W, = W.

— — WP — — — - -
S =Wy =W, = LW,Ws = WoWsW,, WaWy = Wy Wo Wy, Wy Wy = WyoWyp, WoW3 =
W3Wy, Wy W3 = W3Wy, Wi Wy = WoWy >= (2, X Z, X Z,,)) X Z,,
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if p=3, then <w,wy,waiw! =wh =wl = Lww, = wowy, wyws = waw,wy, wyws = waw, Tw, >
G, =< Wl,wz,w3:wlp2 =wy =wh =1 ww =w, Twy, Wyws = Wawy, wows = wawy > = (Z2 X Z,) X Z,
Gy, =< Wlp2 =wy, =Wy =1L w,wy = Wy, Wy Ws = WaWy, WaW, = Wy Wows > = (Z,2 X Z)) X Z,
Gz =< W1,W2,W3:W1pz = 2p = W§’ =1Lw,w, = W11+pW2,W3W1 = WiW, W3, Wo Wy = WaW, > = (sz P Zp) X, Zp,¢1(z)
< (1,1,0)%
For p>3,G, =< W1,W2,W3:W1pz = Wf = W_f =1Lw,w, = Wllﬂowz,w3w1 = W11+pW2W3,W3W2 = W1pW2W3 >= (Zyz ™

Zp) RNy, Zp, P2 (2) © (1,1,1)*

2
- 1+ —
if p=3, then <wy,wy,wgiw! =wl =1,wl =w, wyw, =w,w, ", wyw; = waw,w; L, waw, = wowy >

p? D _ 1+dp

For p>3,6Gi5 =< Wy, Wo,Wsiw, =W, = Wg =1,w,w, = Wllﬂowz,w3w1 =W, WoW3,WaW, = Wflpwzw3 >= (Zyz ™
Zp) Ry, Zp, P3(2) © (1,1,d)? where d = 0,1(mod p),

2
_ oo PY P p_.P _ 1+p _ -1 _
For p =3, <wy,wy,,ws;wy =w, = 1Lw; =w, ", wyW, = Wow, ,WyWs = WaWiW; -, WaW, = Wows >

11l. NUMBER OF AUTOMORPHISMS OF SOME NON-ABELIAN GROUPS OF ORDER p*

The automorphisms of five abelian groups namely G,, G,, G3, G,andGs of order p* are already computed in the paper [1]. In
this paper, we compute the automorphisms of some non-abelian p — groups of order p* particularly G,,andG,; denoted above.

A. First we are going to compute automorphisms of G;,.
2
G, =< wl,wz,w3;wlp = sz = W3p =1, waw, = W1pW2W3,W2W1 = Wi Wy, WiW3 = Wawy >= (Zp2 X Z,,) X Z),

From this it is straight forward to find the formula for following expressions:

. i T .
whw] = wy”w]w}
n(n-1)
n — 2 n n
(wow3)" = w; Wy W3
. n(n—l)l.],p .
ivoJyn — 2 ni,,,
(wawy)" = w, witw,

With these we begin our study of automorphism group of (Z,z X Z,,) X Z,,.
Let ¢ € (Z,2 X Z,) X Z,, be defined as

wy > wiw,wk, i €Z.,j k€ Z,
p:qw, = wiwl'wg, | € Zy2,m,n € Z,.

wy = quwzrwgf, q € Zy2,1,S € Z,
If order of wy € (Z,2 X Z,,) % Z, is p?, then the order of ¢(w,) isalso p?, So

(Wiwywh )P # 1
>wlt 1
=>pti

Also, order of w, € (Z,2 X Z,) X Z,, is p, so order of ¢(w,) isalso p,

wiw'wi)? =1
= Wllp =1
=p/l
= | = pt; forsome tez,
And order of w; € (Z,2 X Z,,) X Z,, is p, therefore order of ¢(ws) is p
= (Wi wiws)P =1
= qup =1
=>p/q
= q = pu; for some u € Z,
Since this is a non-abelian group, we also must have that if wyw, = w’w,w; then

dw3)p(w,) = ¢(W1)p¢(wz)¢(w3) .

QT Sl Muon — (urbiard KNPy Ly, My, N Ty, S
= w, wiwswiwg'wit = (Wiw, wi )Pwiw witw, wy ws
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pi q
= W1 W1W2 W3 WZ W3 =w W1W1 WZ W3 WZ W3
q+l smp

From abelian relation,w; w, = w,w;, we get

Also, w;w; = wywy, then

(1) and (2) are two homogeneous equations with sm — nr # 0 determinant. So they have only trivial solution.

Therefore we have that j=k =0

=>w! wiw, P wirtwswl = wllequw2 w, PwIwlws
= w! WP wrwinwstn = wllequwf”rpw2 wlwpts
= W1q+l+smpw2r+mw?f+n — 1pl+l+q+nrpW%n+TW§l+s
= Wlsmp — 1pi+nrp
= smp = pi + nrp(mod  p?)
=>sm=i+nr(mod p)
=2>i=sm—nr(mod p)
dw)p(w,) = p(wr)p(wy)
= wiw) wiwiwl'wl = wiwl'wIwiw] w¥
= wiwlw) wiwi'wl = W{W{W%”W}}WZJW?’,c
= wittw]w T PwiwEwy = witiwn W;”pwzjw??wé‘
= Wz+lW1kmz7W21W2 W?I’c+n — Wl+lW1anW WZJW3n+k
= W11+l+kmpW]+ka+n — Wll+l+n]pW;n+]W§l+k
W =
= kmp = njp(mod  p?)
= km = nj(mod p)
= km —nj =0(mod p) (D)
Pw)p(wz) = p(wz)p(wy)
wiw)wiwlwIws = wlwlwiwiw) wk
= wiw!w)wiwIws = wiwiwlwsw) wk
= w MW wl P wiwkws = wlttwy Wls]pWZjW§W3k
= w, WP wIwrwkts = wittwIPyr W2]W§+k
= W1q+l+krpwj+rwk+s — W1q+l+51pW ]W—DI.HS
WP = P
= krp = sjp(mod  p?)
= kr = sj(mod p)
= kr —sj =0(mod p) (2)

=>j=k=0.
, i=sm—nr=0, p/l and p/q are the only constraints. we must place on the

homomorphism to satisfy the relations of the group . Now, we only have to see when it is bijective. Since we are talking about finite
group, so, it is enough to show that it is injective and so we can show that the kernel is trivial. Let a"wzwa € (Zy2 XZ,)xZ, and

is mapped to identity of group.
ie. pwiwyw$) =1

> W

> Ww.

=>ix+ly+—— y(y
my +rz=0(mod p),

NISRT22JUL242

mnp +qz+

:>.¢(W11)x¢(W2)y¢(‘;’V3)z =1
= (V(Vl’)’;(Wlwsz")y(Wl W(er§S)Z =1
y(y— lmnp m qz+zzl
Y.y
w, wymw, 2
1).unp qz+z(zz_ )
w.

ly+=——=

rsp
=>W w;

witws? =1

1x+lyTy(yz_

TSP m n
Wy y

SZ —
Wy wifws? =1

n
wiZwy”

1
ix+ly+ 1).unp qz+z(zz_1)
1 w.

ix+ly+

Y-
2

TSP my_  nyrzp
w, yW Y W3Z =1
1)

y(yz— mnp+qz+ )

z(z—1
TSP nryzp  m ny+sz
2 w. pr yW W3y
1)

=1
TSPANTYZID  my+rz  ny+sz
wy Y W =

1)

ix+ly+ mnp+qz+

1

Y-
2

z(z—
2

(

rsp +nryzp = 0(mod  p?), (3)

and (4)
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ny +sz=0(mod p) (5
(4) and (5) are two homogeneous equations with sm — nr # 0 determinant. Hence these equations have only trivial solution.
>y=z=0.

by using the values of y and z in (3), we get
ix =0(mod p?)

But i 20(mod p)=>i=Z0(mod p?).Sox = 0(modp?)
So, if g € (Z2 X Z,) x Z, and ¢(g) = 1 itmust be that g = 1. Hence the kernel is trivial and ¢ is an automorphism with

the constraints we have already deduced. Now, we can calculate the order of automorphism group. There are p choices for both I,
q and m,n,r,s will in some sense be equivalent to a matrix in GL,(F,), so that will give as (p*> — 1)(p* — p) choices for those

elements. Hence ¢ € (Z,2 X Z,,) X Z,, isreally defined as:

w; = wmTm, sm—nr # 0,
t
P:iw, & Wlp witwg, t € Zp,

pu
W3 =Wy Wyw3, UEZ),

and
|aut (2,2 x 2,) %1 2,)| = p* (0 - D@* - D.

B. Now we are going to compute automorphisms of G,

2
— el — P — P — ., 11D — — —
Giz3 =< Wy, Wy, WaiW, =W, =w; = Lw,w; =w, "W, W3W; = WyW, W3, WoW3 = WaW, >= (sz i Zp) X, Zp,(pl(z)
< (1,1,0)*
By using structure description of group G,; and elementary calculations, we can find some useful relations as:
wiw] = w!/ Y Pwi
RN JETR
wiw; =w,; w, W3
. nn-1)..
. ni+ ijp i
wiw))"=w, ? w,’
. ., pin(n—-1) (i-1)j (n—2)ij) nn-1) ij .
ivoJ\yn — ' 2 Y 2 3 2 N
(wiwz)" = w; . , 'sz W,
R
(wWiw, w3)" = w, w, w3

With these we begin our study of automorphism group of (Z,2 % Z,)) ¥, Z,.

Let ¢ € Aut((Z,2 X Zp,) X4, Z,) be defined as
wy > wiwlwk, i €Z,,jk € Z,
p:qw, = wiwi'w}, L€ Zy2,mn € Z,.
wy = wlqwzrwgf, q € Z,2,1,5 € Z,
As order of wy € (Z,2 % Z,) Xy, Z, is p?, therefore the order of ¢(w,) is also p?, So
(wiw,wi)P # 1
S>wlt 1
=>pti

Also, order of w, € (Z,2 X Z,,) Xy, Z, is p, so order of ¢(w,) isalso p, hence

wiw'wi)? =1
= Wllp =1
=p/l
=l =pd;for some dE€ Z,
And ,order of w; € (Z,2 X Z,) X, Z, is p, hence order of ¢(w3) is p
= (W wiwiP =1
= qup =1
=p/q

= q = pf, for some f € Z,
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As the group G5 is anon-abelian group, we also must have that if wy;w, = w,w,w; then

P(ws)pw) = p(wy)dp(wz)p(ws)

j j q
= W1 Wz W3 W1W2 W3 = W1W2 W3 W1W2 W3 wy W2 W3
d
=4 W1hW2 w3 W1W2]W3 W1W2]W3 Wlp WZ w3 WlhWZ W3
si(i-1)
i Em— d
=4 W1hW2W 2 W2 W3W2]W3 = Wlwf WlhWZW3 Wz W3 W2W3
si(i— 1)17
i+pd+
=4 Wlpfw1 2 W2 W1W2 W2]W3 W3 =w P hWZ WZ Wz W3 W3 W3
f+si(i—1)p
i+7Q si+ i+pd+ j+m+r
= w, 2wl Pwl w; 1W§+k w; p hWZJ whtnts

pf+SL(L 1)p+1+r1p

r+si+ i+pd+ +m+r

=>w, w, ’W§+k =w, " hW] witnts
SL(L 1)

———p+rip , d
>w, * wst = Wlp witw3
sz(z

> p +rip = pd(mod p?) or

= —Si(iz_l) +7r

~.

=d(mod p), (6)
And si=m(mod p),(7)
and n=0(mod p) (8)

_ 1P
Also wow; =w; “w,

= ¢(W2)¢(W1) = ¢(W1)1+p¢(w )

= W1W2 wi W1W2]W (wiw) wi Hrwiwitwl

j 1+ Pd m
= W1 W2 W1W2W (W1W W3) Pw;ws

= wfdwlmmpwz W2]W§‘ = W1W2 w3 (W1Wz W3 )p 1 Wzm
= Wlpdﬂiﬂimpwénﬂlwé" = Wlwzjwé"'wlplwlpdyvz
= Wpdﬂﬂmpwénﬂwé" = Wlwlplwlpdw2 w) w¥
N W1pd+t+tmpW;n+]W3]‘< — W11+Pl+deZm+JW31‘c
= lemp = Wlpl

= imp = pi(mod p?)
= im = i(mod p)
But pti

= m = 1(mod p) 9)

Abelian relations gives unnecessary information.
Use (7) in (9), we get

si = 1(mod p)
From (6),
TlEd—T(mOd p)
i—1
:>p/ri—d+T
=>ri—d+i_—1=prorsomexezp
2
i—1
>ri=px+d-— >
1

:>r=(px+d—%)/i

We must place on the homomorphism to satisfy the relations of group. Now we only have to see when it is bijective. Since we
are talking about finite group, it is sufficient to show that it is injective or to show that kernel is trivial. Let wiw; w# be any element
of (Z,2 % Z,) Xy, Z, such that it is mapped to identity element of group.
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¢(W1 Wz ) =1
= d(wy) p(w;)?p(ws)* =1

= (wiwy wi)* W wy)? Wi wiws)? = 1
xi‘pX(X—l)L/(L Dk | 4 (x— 2)Lk

=w 2 C g Tt )WZ X(xz 2 WkalpdyWZnyfZWZ S7 = 1
= WXi+pX(Z_1)L<(L_zl)k+f+(x_32 )Lk)wlp Pwllw KA Wzy wywikws? = 1
1 o ; W,
= Wfi””‘(’;‘”‘é zl)k +&= 2) k)+pdy+psz2x;+ (= )lk+y+TZka+sz =1

= xi + PR (4 + O 4 pdy + pfz = 0(mod p?),  (10)

0+ ik +y+rz=00mod p),  (11)

xk +sz=0(mod p) (12)

From (10),
Copx(x—=Di (i—-Dk . (x—-2)ik
p?/xi + ( ) +pdy +pfz
Copx(x—=1Di (i-Dk | (x—2)ik
= p/p*/xi+ ———( + ) +pdy +pfz
Copx(x—=Di (i-Dk . (x—2)ik
= p/xi + > ( > +j+ 3 )+ pdy +pfz
= p/xi
But pti
=>p/x
=x=0.
Using this in (12), we get
sz = 0(mod p)
Butpts
=z=0.

Using these in (11), we get

y=0.
Soif h € (Z,2 % Z,) Xy, Z, and ¢(h) =1 itmust be that 2 = 1, hence the kernel is trivial and ¢ is an automorphism with

the constraints we have already deduced. Now we can calculate the order of an automorphism group. there are p* — p choices for
i and p choices for all j, k, 1, q. Therefore

. . .
wy > wiwwf,  piti, j, k€ Z,
d
Piqw, = wlp wy, de Zyp,

Wy —>W1pfw2w3, fe Zy, D¥s.
And

|Aut(Z,2 % Z,)) x4, Z,| = p°(p — D).
IV. CONCLUSION

In this research, we calculate the automorphism group of

two groups (Z,2 XZ,)xZ, and (Z,2x
Zp) Mg, Zp, ¢1(2) < (1,1,0)*. The automorphism group for (Z,2 X Z,) % Z,, be
w; = wimT, sm—nr + 0,
¢:{ W2 —>W1ptW2 w3, tEZ,
w3 = Wlpuwzw3, u € Z,.
and

|Aut ((sz X Zp) X Zp)| =p3(p — D(p? — 1).

And also for(sz X Zp) Mg, ¢1(2) < (1,1,0)%, the automorphism group is
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[2.]

[3.]

[4.]

[5.]
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wy > wiw)wk,
pd

P:{w, > w; wy,
pf
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pti
d € Z,

ws o> wy waws, [ €Zp,

And

J

keZ

pits.

|Aut(Z,2 % Z,) x4, Z,| = p*(p — 1).
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