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Abstract:- In this paper, we introduce and investigate two |az|,|asz| and |a,] for functions in these two new subclasses
new subclasses of the function class ¥ @ of A-q-bi- for functions.
spirallike functions defined in the open unit disc.
Furthermore, We find estimates on the coefficients Keywords:- Univalent Functions, Bi-Univalent Functions, g-

A-Spirallike, Subordination, Coefficients Bounds.
I INTRODUCTION

Let .4 denote the class of functions of the form
f@=z+X5.; ayz" (1)
Which are analytic in the open disc E = {z:z € C and |z| < 1}. Let § denote the subclass of function in <4 which are

univalent in E and indeed normalized by £(0) = f'(0) — 1 = 0. It is well known that every function f € § has an inverse f ~*
defined by

ff(@) =z (z€E),

and
U H @) = o, (o] < 1)1 = i)

A function f € A is said to bi-univalent function in E if £ and f ! are together univalent functions in E. Let 3, @ denote
the class of bi-univalent functions defined in E. The inverse function f ~*(w) is given by

h(w) = f Yw) = @ — a,w?® + [2&% —az)w® — {5(1% -
S5a,a; + ag)w*+.... =

Spacek [22] introduced the concept of spirallikeness which is a natural generalization of starlikeness. Spirallike functions
can be characterized by the following analytic condition:

A function f in A is A-spirallik if and only if,

A =iz
N {e L } -0, z€E, 3)

Where ? <A< % In [11], Jackson introduced and studied the concept of the g-derivative operator d; as follows :

9 f(2) =FETLID (22 00<q <1, 3f(0) = f(O). &)

Equivalently (4), may be written as
dgf(z) =1 + X [n]lg an z""L, z =+ 0, (3

—_gh
Where [n],; = 11_—1, note thatas g — 17, [n]; — n.
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> Definition 1.1 Let A-g-§Pyq(o) denote the class of A-g-bi-spirallike functions of order o, (JA| =7 /2,0 = o < 1). The
function f(z), given by (1), is said it is in A-q-SPy, () if it satisfies:

FEX @and W (e"‘l %) > gcosd (z € E), (6)

and

14 wdgh(w)
ffi(e“1 %) > gcosd (w € E). @)

» 2 Main Results

> Theorem2.1 Letf(z) =z + 2>, a,z"
Be in A-g-SPL, (14| < =,0 < B <1.Then

lay| < 2 €os (i)
J(@Bg-213-DB+(1214-1?) g
28 (2 [21q -1
- [E]q_lcos (,8) 0 Eﬁ = [2]g+1’
sl = L cos (i) Baml_p <
([21g-1)*+(2[3]g (21 (21g-1)-3) B)' gt T T

13 Jeos () eos ()] 0<p<h
|ay| [4]25_1 :1 +§A1 ’cos(%) cos(%)}, A<B <A,

28 [([21g-1° Gldlg+2031q(2lg—4131g-2021g-D4D) | 2 (i (g
001 | (g D3 Glslg—4Blg—22lg+ VF+2(3lg-1) | 31,08 ﬁ) cos ﬁ) A==l

IA

Where

L= (2] +[2]) - [Blyl2] + 4)
3(121; - D(23]q — [213 - 1) +/(36[3]% + [2]3 + 42[2] + 8[2]3 + 73) — 45
4(3[31,[21, + 3021, - [213 - 8)
2(2(331, 121, + 3121, - [21 - 8)B° - 3([2], — D)(2[31, - (215 - 1)B - ([2]g - °)
3([2], ~ DY (@] — D2+ (23], — [212 - 1)
Bl -2 - Bl + D
t [3112],
Ag = 12[3][2]2 - 36[3], — 88[2], — 24[3],[2],).

l:

Proof. Let

ja2dqr(2) _ . n
et TUE =g(@) GEESB<A<IH, )

g(z) is analytic in E and satisfies g(0) = e and |argg (2)| < %,8 (z € E). It can be checked that the function ¢ (z) defined
by:

g(z)% = cos(%)(p(z) + isin(%), (z €E),

Is a member of the class P.
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Let (z) = 1+ d,z+dyz%+...,(z € E).

By comparing coefficient in (9), we have

_sa”® 2
a; = Cos (ﬁ)' (10}

[2]-1

(Blg — Daz — ([2); — Va3 =

~(3) (2}, BE-D 4o -2(3) (2
Bd,e 'F cos(;) +=-—dje "#'cos (I_?) 5

3 2fd i
(14, - 12y ~ Dagay + (2], - e = ﬁd;e"l'ﬁ-'cus[g) LB(B - 1)dyde z{ﬁ'lmsz(g)

-0 - sl L (12D
+_E[ﬁ J:[lg -]de 3']_'9_|m53(_JI

Where

D = ([3]4 +[2]4 — 2).

Similarly we take

ja wdgh(e) -r R
et = = G(w) (z€E,— B <A<Zp), (13)

Where G(w) is Analytic in E and Satisfies
G(0) = e and |argG(w)| < %,8, (w € E).
The function g(w) defined by

6(0)? = cos(Da(w) +isin(3), (w € E).

Is a Member of the class P. Let (@) = 1 + c;w + cow?+..., (w € E).

By comparing coefficient in (13), we have

-i(3)
Feye i
£ —cos( ) s
(2[§]q - [Zlq — l)a% —— ([3]ql_ 1)“3 —
Beze ™ Beos(2) + 222 3™ cos? (2).

as

—(Tazaz + ([4]l4 — 1ay) = ,Bc;e_‘{ﬁ}lcos [%) +H(F — ljclcze_zl{ﬁ}lcosa (_%)

) (16)
4 BE-DG-2) 1;': £-2) cfe_zitﬁ}cof (%} .

Where
T= [5[4]; - 2[3]-; _[2]1 _2}“5 - [SH]; _[3]; - [2]; -

3
From (10) and (14) we have
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cy = —d;. (17)

We shall obtain a refined estimate on |d,| for use in the estimates of |a;| and |a,|. For this purpose we first add (11) with
(15), then use the relations (17) and get the following:

(2([3], — [2]5)a3 = B(d; + czileﬂ':‘%)ﬂﬂs l:i} +

B
i
BB-1 4o 2 —i2(g) _2f2
—— (di +cp)e cos {,&)

-i(3)
Putting a, = Bdie cos (i) from (10) we have after simplification:
[2]q—1 B
d% _ ([21g-1)2(dat+cz)

—i i :
(([214-1)2+(2[3lg—[213-1)B)e (ﬂ)cos(%)

By applying the familiar inequalities |d;| = 2 and |c;| = 2 we get:

4([2]g-1)
ldy| = — ]
(2([31q-[213 - 1B+([21g=1)?)cos(5)

(19)

2([21g~1)
J(@131g-[213-DB+(21g-1)2)c0s(5)

and

lag| =

Blaylcos(%) 28 (ﬂ)
COs | —=

[Zlq-1 J (2131 -[212-1) 8 +([21g-1)?) By

We next find a bound on |as|. For this we substract (15) from (11) and get
2([3]q . Vaz = 2([3]q — 1)ai + B(d; "
eye () cos (2) + 2E2 caz — c2re (B cos? (2).
The relation df = ¢§ from (17), reduces the above expression to

el
2([3]q — Das = 2([3]q — 1)a2 + B(dz — c2)e ) cos (%) o

. _ ,Gcle_i B i
Using a; = i1 COS (ﬁ) and (18), we get
7 Iz
2([3], — Das =2@lg=D pa 12 -12(3) . 2 (2 e U3 e (A
q ([2]q_1)2,8 die cos (3)"‘5(@2 cy)e cos (.8)
zr[:]g—nﬁz :[2]q—1}={a:+¢-:,e":f$] - (i) +
(Ez]q_l}:' - - _I{_.t-J a COSs 3
(([2)q—1)2+(2[3q—[213-1)8e ‘Blcos(F)
= K.

g 2 _ _ —
(([21g—1)2+(2[31q—[2]3—1)8) [Mmd, + (((2)7 — DB - (2]q

1)2)ez]e (%) cos(%),

UISRT22DEC1495 WWW.ijisrt.com 108


http://www.ijisrt.com/

Special Issue-(2nd ICTSA-2022) International Journal of Innovative Science and Research Technology
ISSN No:-24562165

Where
K = B(d, — c3)e i cos( )
M = ((4[3]; — [212 — 3)B + ([2]; — 1)?)

Therefore, the inequalities |d,] =< 2 and |c,| < 2 give the following: 2([Blq — Dlas]

26 _mE_ 12— (212 — i < <[2]q_1
[, o (9 9 -2k - DfJens(z). <6 <Gt
_ - (413, - (2 - 3+ (2 - 1)ﬁ)cos(5) g <

(@~ D+ @, -ZE-Dp) ) 2,1

Which Simplifies

lag| =
28 i a1
) o<p <,
i .J:] [2]a- 1 - -
(([2]q=1)2+(2[31y~[2]([2]g=1)=3) ]Sms{: . —[zj,,-: < g < 1

Now we find an estimate on |a,|. At first we shall derive a relation connecting d,,d»,d3, ¢, and c3. To this end, Now we
collect (12) and (16) we get

M(—a3 + a;a3) = Pid; +ede “ ms{ ]+ B(B—1)dyd; + e50; ]le- g/ (-:ls (1}
Y@

ﬂEI.l

+ (d} +¢})e " "”mss {%J

Where

M = (5[4]q —2([Blq +[2]g) — ).

Now we are putting ¢; = —d; in (21) we get
-a3 -' 2 4 - - -z E : T
M(=a3 + aya;) = B(d; + c3)e cns(ﬁ) b B(6 - 1)dy(ds —c3)e Foos? (5}' (22

Where

M = (5[4]q —2(Blq +[2]g) = 1)

A
Substituting a; = a2 + (d; — c)e ( )cos( )from(20) in (21) we get after simplification:

_F
2(138]g~1)

A

(5(4], - 23], + [2,) -1 (- cz)e"(ﬁ)cos(%) - By o) Peos (g)

—r
EA

A
t BB - Dis(d;- e ‘Z(ﬁ)mz(ﬁ)
. _ Ba, —i(%) )
Since a; = 2,1¢ cos (,s)’ we have
_ _Bas “'(%) A
SINCE a; = 2-1° cos (ﬁ),WE HAVE
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Where

M = (5[4], — 2([3]; + [2],) — 1).

A i
2([3]g-1)(da+ca ]eillﬁ]ms{%}
" (5[41q-413]g-2[21g +1)8+2([31g-1)

di(d; = c3) (23)

Or

i
28l ~ Dy = (0t~ 203, -9 +514) ~ Dot +Blds ol Deos )

A .
- BB~ 1)dsd - cic)e Do G+ =@ - e s’ (5)

6

Observing that ¢; = —d; we have d; — ¢; = 2d;3 and therefore

2[4, ~Dag = —(5[41; — 231, + [21) - 1)ad + (541, - 2([31 + [21,) - 1) oz — (2021, — 2)a

' 20+ 2~ + B e}
n B8 - ), (@, + ¢ Beos? (;) + waﬁﬁ@)mﬁ (g)
We Replace

—(5[4)q — 2([3]4 + [2]14) — Dad + (5[4], — 2([3]4 +
[2]5) — 1)azas

By the right hand side of (22) ,

_ 2 f _ -i(3) A
puta; = a; + 2([3]q_1](d2 c)e ‘Bcos (ﬁ)

gd e_i(%:]cos(i)
* B

and a; = @D

This gives
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2([4], - Day = m@+@p*@m{9+ﬁw—nmwrwﬂ€4$w¥@)

mlelifpstoc) g
) 3 COSE

(2l -1 (2, - 1? 2B, -1

+ H

+ Blds— ca}e_i@)cos(g) +B(f - 1)d,(d, + cz}e_u@cosz (%)

.1
Eﬁad.ae cus (4 y
o (ﬁ) 1}09 a(ﬁ)msa(%)

& ﬁ([3]q[2]q—1}15’—([3]q[2]q— 2], [3],+1) it
= Bros> (s — Benel_
2Bdqe cosﬂ + LD, -1 dy(d, —¢,)e  Pceos 7
wh A NEP-BEP+2([2],-1)°B , - A
+ B(B-1)dy(ds+co)e ﬂcuszﬁ + 3, - 1}3 de (EJ:: (—)J
Where

H=2([3], +[2]; - 2)

N =(6(13]5 +[2]; — 3) + ([2], - D)?)

E=3([2], - 1)?

Next, replacing d, (d- —c-) by the expression in the right hand side of (23) and ¢} by (18) we finally get

‘|f|

e T P

([d]q e WU AR
b gy - D™ g
# G ;

e L D OO S a1 OO IR e i L ARG Y
H[[!]d-h‘ [[!]q-l|‘+[![ﬂ]q-[!]$-hﬂ Lg ”C[lsﬁ-?ﬁdﬂ msﬁ+[["]<, '[5[4]<, 4[H]<, "["]<,+ ﬂ+"[[ﬂ]q dﬂ)g " m(ﬂ)+ i[[!]d-L\[[[!]q-l\‘+[![i]q-[!]$-ln “L(dm!)g e (ﬁ)
) ﬁl"[[ 2y=L S0 -4~ B G L “']d

I (2]~ L 581,08 =202+ LB+ 2L :

2B Bl Pl B Bl Pl Bl (oL Ol - A] |[) 1
+ dy(dy +dy)eos | 5|6 Weos =),
[[!]{,-].I][5[4]:,4[3]:,-![!]q+llﬁ+![[ﬂ]q-].lCa E[[!]q-L|[[[!]¢,-L|*+[![ﬂ]¢-[!]$-L|| L[ H)EDS (ﬁ') ¢ (ﬁ)

Where H = 3([2], — 1)(2[3], — [2]7 — 1)8 — ([2], — 1)%.

This Gives

lag| < 8 “2‘=5{4I;°[22:l?2:--'~[?2;-2 r.,-sS«sm:;-squ:st::q-:n}I
17 20000-0) (5[81g=4B1g=2[1g* DB +2([B1g- 1))

;]

+ | 2Bl -1)8-([31gl2lg~[21g~Ble*1)) Il
([21g=1)7(5[43y =434 221 g+ )8 +2([B]e—-1)
23Rl +302 1~ (23 -8)8% - ¥ 2 ] i
t [Pl- U Rl -1+ (2@ o~ [215-1) (3) Cos(g)

Where H = 3([2], — 1)(2[3], - [2]5 - 1};1' - (121, - 1)
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10| £
f s A — - agay pas gaa | T
¥ |- 5[-‘.4'.-.;[3.4'4[3.4'7[7.4-3* ’.\‘.;'.*.;.-r.;"[:.;'* | L i,
| Sule-4Pl 2T+ B+ AR 1) : ‘J'l,':"'“ ‘5] » O<p<d
S QN T O T M P ) (1)
‘”3 - 4--5-.-1.1|ms(£]. ALP <Ay
T | B4l 4o=21 e + LB+ 2= 1)) T
N T O R T PO R ) (1]
| e B e[, A<pst
Wig=tl L) e PR PRI UF Vvo¥ (24)
A=
EI|:[!:¢-L|[![!:¢-[!: E,-L}+u[;5[;;§I+[!;;+4![!;§r+e[2;§[+?a |-[L![!:q[!:::I-EB[EI:,{-EE[!:q-!d[!:q[!:q|
A3 -
Where
0302 #3021~ 25808~ (21~ (203~ 2 - 18 - (2= )
L 3([2 - DY ([~ * + @13, - 125 - 1)
__ ([B1ql2] — [2]q — [3]q + 1) — 2([3]4[2]g — DB
([2]; — 1*(5[4], — 4031, - 2[2]; + DB+ 2([3], - 1)
_ _ 2(31gl2]q — DB - (13]4[2], —[2], — [3], + 1))
(12, - P3[4, — 4131, - 22 + DB+ 2([3], - 1)
(140215 = [Elg =3 g+ 1)
A== i[ra:q[:: .
By applying the inequalities |d,| = 2. |e,| = 2 (n = 2,3) we get
(A .
26 2 ’ no
[4]q 1 1‘5141 cos(ﬁ)cos(ﬁ) , 0<f<4;
= il l+gf'|1 cas(%)cos(%) ) A=f<Ay
[4,-1] 3 Bl \B
28 -([Z]Q - 1}3(5[4]4 + 2[3]q[2]q _4[3]q - 2[2]q -1)+L) 2 1 A
¥, 1| (@~ 00, 4Bl - 20, + D 20, D) 3 ooy} st
Where
L= (2([3] + [2]5) - ([3]412]; + 4))
A

_ 32, - 1][2[3]q - [2]5. - 1) t 1{-"(36[3]5 + [2]# +'°:2[2]£. + 8[2]3. +73) - (12[3],;[2]3. - 30[3], - 88[2], - 24[3[, [2],)

4(313),[21, + 302, - 12 -
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_ 2020311502 + 3120, = (25 - 8)8° - 320 = ) (203 - 12 - 18- @1y - )

3([2g - DY, - D* + 203, - [25-1)
_ (Blgl2lg - [2]g - 3]y +1)
[31e2, |

As g — 1~ inthe above Theorem we get the following:

4

> Corollary 2.1 [21] Let f(z) = z + Tz apz" bein A-5PE (14| £ 5,0 = 8 < 1. Then

las| < T_ cos (") (25)

o) = ﬁc::ls (%) . 0=pg ‘_:i o6
o ':f; cos (%) ; i =F =1

lag| <

28], 2168°-38-1 2 i ] o ]
- l—2 Ty cos(s)cos(s). 0<g< g

);

{2 l+'“3‘ —— mcos(

3+V73
3 3 VisP vcos 8 8)] Sp<L

L% _%«l»’“s;_ﬁ. = cos(;)cos %)]

@7

> Theorem 2.2 Let f(z], given by (1) inthe class 5Fz z (7. q). (1] = ;ﬁ 0 =g = 1). Then

2(il-g)cosd

Q.| = |—— (28
la: | ([Blg—[31g) (28)
|ﬂ=| _-H —=gjcosd (29)

[3lq
and

2(1-zicoal S g-[Blg—4
19l = et (Blq-(2]g)c0sd - GO

Proof. Let f € Pz z(@. g}, then by Definition 1.1 we have

=2
o—id 3;_‘:3' = Q.(z)cosd + isind (31)
and

AT
=225 % = p (w)cosA + isind  (32)

hiw)
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Where ®{Q,(z)) = o,
0,(z5)=1+d;z+d-z"+..(z€ E)
and M{F (w)) = o,

Filw)=14+cyew -I—cgcd!-l—...[m e E)

As in the proof of Theorem 2.1, by suitably comparing coefficient in (31) and (32) we have

a.e~ =’:_1_"';_“‘1 (33)
=aq

((13]g — Da; — ([2)g — Dai)e™™ =
d.cosi, (34)

(([4]; — 1)ay — Ha.a; + ([2];— 1) ag}e'ﬂ = dycosd. (35)
Where H = (([3], + [2], — 2)Jand

—id ¢ cosl
—_—T —_ —_— 35
2@ [Fla-1 (36)

(213)- (20~ 1)az = (3], - )aze™ =

€ C0SA a7
—(R + (141, — Dag)e™™ = ¢;cos4, (38)
Where

R = (5[4, - 2[3], - [2], - 2)a3 - (5[4], — 3], — [2], - 3)az0s.
In order to express &, interms of d- and ¢, we first add (34) and (37) and get

2([3] - [20)@ = (d: + )5 39

dy coal
[Zg-1

Again putting a,e™* = from (33) we have

2([3)g—[21g) d3 coal
([2lg-1% e2id

coad
=(d. + szs_-._,:_

Or equivalently

([21g—1)2eid

2([31g-[21g)c0sd

di = (d; + ¢z) (40)

The familiar inequalities |d.] = 2(1 — &) |e:| = 2(1 — &) yield

2([2]g— 1% (1-7)

d,|* =
Id, | ([31q—[Z]q)c0al
Which Implies that
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S([Cig=1)*(1-0)

ld,| = |— -
- \ ([31g-[2]q)c0sd
d- A
and |a| «ldaics 41)
i [-.q'l
2(1=0) [2(1-c)cosd
G [ m—t— GO ] = [ e—t—
\ ([Blg—[21g)c08d \ (Blg-[21g)

Following the Lines of Proof of Theorem 2.1, with Appropriate Changes, we Get that

. [3g ([Elg—2) :I coal
2 — = —=1 g — .
2([3]g = Las ([3:;—[::;- = ([Eg-Ea) -

eid

The inequalities |d-| = 2{1 — o). |e=] = 2{1 — &) yield

We shall next find an estimate on |a, |, By substracting (38) from (35) we get

2[4 = Vag = -(5[;1']q-?[3]q-3]ﬂ§ T34, -

Daag +(d; - ;)7
A substitution of the value of &, from the relation (33) gives

2([4]q - Dy = —(5[4], — 2[3], — 3)d}- ::mn

[ q—LIRPRM

cosd coal
5([41q ~ ey~ +(da = ) 7

Therefore, using the inequalities |d;] = 2(1 — &}, |e3| = 2(1 — &), the estimate for |d,| from (41)and the estimate for |ay |
from (42), we get

cos 1

= T8, - 1ld,

2[4 = Dlaal = (31415 - 2[3], - ] |r:!3|-|-|n’!—t?3||:|:|5.1

21—} 2(L-a "

y (Blg g~ [2lgicoad [B]g-[2lg

= (O - 23], - 3) |

+5 4 1) | 2Ll-&) 2(1l-&)
I::[ ]':I' ]‘-J'[!:#'[::"EDE‘]‘ |[!:,—[:'a|
S[4lg-[B4-4 I-l].—..-ll:l:lﬂ]

(Bl q-[21g) -.Jl[ﬂ,-

cos“A+ 4(1 - g)cosl

< 41 - og)cosd [1 +

Or equivalently,

g, 2(1-g)coal l]— S[4lg-[Elg—4 I-lL—..-lEDE.lI
S - (Blg-121g) + (BElq-[21g)

As g — 1~ inthe above Theorem we get the following:

> Corollary 2.2 [21] Let f(z}, given by (1) in the class § Pz z (7). (|1] = Z.0=<g = 1).then
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@~ | = 1,.,-"2{1 — @ jcosd
@ = 2(1 — F)cosd
21l —wooal r
lay] = =—2"2[1+ 13,/2(1 — o)cosAl.

Il.  CONCLUSIONS

In this paper, we introduced and investigated two new
subclasses of the function class Y @ of A-q-bi-spirallike
functions defined in the open unit disc. Furthermore, We find
estimates on the coefficients |a,|,|az| and |a4[for functions in
these two new subclasses for functions. Future work making
use of the values of a2 a3 and a4 we can caluculate Hankel
determinant coefficient for the bi- spirallike function classes.
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