Special Issue-(2nd ICTSA-2022)

International Journal of Innovative Science and Research Technology

ISSN No:-24562165

On Generalization Property of I°>-Open Sets in Ideal
Topological Semigroups

Amin Saif
Department of Mathematics, Faculty of Sciences
Taiz University, Taiz, Yemen

Abstract:- In this paper, we introduce and investigate a
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l. INTRODUCTION

The notion of an ideal topological spaces is introduced
by Kuratowski, [7]. Many researcher studied about the an
ideal topological spaces. An ideal | on a topological space
(X;7) is a nonempty collection of subsets of X which satisfies
the following conditions:

1-ifAelandBc AthenBel,2-ifA€elandB €|
thenAUB € .

Applications to various fields were further investigated
by Jankovic and Hamlett [2], Dontchev [6], and Arenas and
et al. [4]. An ideal topological space is a topological space
(X,7) with an ideal | on X and it is denoted by (X,z,1).

This paper is organized as follows: Section 3
introduces the concept of generalized I°- open sets in ideal
topological semigroups with its relationship among other
known sets. Section 4 introduces the properties of product
and relativity of generalized I°-open sets.

1. PRELIMINARIES

» Theorem 2.1.
[5] For a topological space (X;z) and AB € X, if Bisan
open set in X, then CI(A)NB < CI(A N B).

» Theorem 2.2.
[5] For a topological space (X;7),

o CI(X—=A)=X~—Int(A) forall Ac X;
o Int(X—A)=X-CI(A) forall Ac X.
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> Definition 2.3.

[8] A subset A of a topological space (X;7) is called a
generalized closed (simply g—closed) set, if CI(A) € U
whenever A € U and U is an open subset of (X;z). The
complement of g—closed set is called a generalized open
(simply g—open) set.

» Theorem 2.4.
[8] Every closed set is a g—closed set.

> Definition 2.5.
A topological space (X;7) is called:

e aTyy—space [8] if every g—closed set is a closed set.

e aTiy—space [5] if for each disjoint point x 6=y € X, there
are two open sets G and H in X such that x e H,y € G, x
/e Gandy/e H.

» Theorem 2.6.
[8] A topological space (X,7) is a T12—space if and only
if every singleton set is either open or a closed set.

> Theorem 2.7.
[5] A topological space (X 7) is a Ti—space if and only
if every singleton set is a closed set.
In an ideal topological space (X1, (1) is
de- (X, ) the ideal topological semigroup with
opined by: reation m: X X=X,
where nfiy) = xor
rlxy) =yforall sy € X A(1) = {x € X N4 /€ [for each open neighborhood U of x}

Is called the local function of A with respect to | and t,
[7]. When there is no chance for confusion A+(l) is denoted
by A=. For every ideal topological space (X,z1), there exists a
topology = finer than z, generated by the base

plr)={U-1:Uerandl €}

Observe additionally that CI<(A) = A U A+, [9] defines a
Kuratowski closure operator for z*. Int<(A) will denote the
interior of A in (X;z+). If | is an ideal on topological space
(X;7), then (X;7,1) is called an ideal topological space.

WWW.ijisrt.com 4


http://www.ijisrt.com/

Special Issue-(2nd ICTSA-2022)

» Theorem 2.8.
[3] Let (X7 1) be an ideal topological space. Then for
AB c X, the following properties hold:
e A c Bimplies that A* < B
G € rimplies that G N A<< (G N A)*;
A+= CI(A*) < CI(A);
(AuB)*=A-U B
(A7) < A,

By topological semigroup (X.7), we mean a
topological space (X;z) which is space with associated
multiplication * : X x X — X such that * is continuous
function from the product space X x X into X. By an ideal
topological semigroup (X«,z1), we mean an ideal topological
space (X,z,1) with associated multiplication = : X x X — X
such that = is continuous function from the product space X
x X into X. A pair (Y,°) is called I-subspace of an ideal
topological semigroup (X.,z,1) if Y is a subspace of X and the
continuous function ° takes the product Y X Y into Y and
o(x,y) = *(x,y) for all x,y € Y . We denote the operation of
any [—subspace with the same symbol used for the operation
on the an ideal topological semigroup under consideration.
For any ideal topological space (X,z,1), we mean by

» Definition 2.9.

[1] A subset A of an ideal topological semigroup
(X+,7,1) is said to be an I°*-open set if A < Cl[Int*(CI*(A))].
The complement of I°—open set is said to be an I>—closed set.
For an ideal topological semigroup (X,z1), the set of all I°-
closed sets in X denoted by I°C(X,7) and the set of all I-open
sets in X denoted by 1°O(X, 7).

» Theorem 2.10.

[1] For a subset A
semigroup (Xs,z,1), 1SCI(A)
I—closed set.

X of an ideal topological
A if and only if A is an

nin

» Theorem 2.11.

[1] For a subset A < X of an ideal topological
semigroup (Xz1), isInt(A) = A if and only if A is an I*—open
set.

» Theorem 2.12.
[1] For a subsets A,B < X of an ideal topological
semigroup (X.,z1), the following hold:

If A € B then sCI(A) < sCI(B);
IsCI(A) U IsCI(B) < IsCI(A U B);
IsCI(A N B) € IsCI(A) N IsCI(B);
IsCI(A) < CI(A).

» Theorem 2.13.
[1] For a subsets A,B < X of an ideal topological
semigroup (Xs,z1), the following hold:

If A € B then sInt(A) < sInt(B);
isInt(A) U isInt(B) < isInt(A U B);
isInt(A N B) = isInt(A) N sint(B);
Int(A) < isint(A) .
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» Theorem 2.14.
[1] For a subset A < X of an ideal topological
semigroup (Xs,z,1), the following hold:

o sInt(X — A) = (X — sCI(A);
e SCI(X —A) = (X — FInt(A).

1. GENERALIZED IS-OPEN SETS

> Definition 3.1.

A subset A of an ideal topological semigroup (X,z,1) is
called a generalized I°closed set (simpIyIs?-cIosed) if 1SCI(A)
€ U whenever A < U and U is open subset of (X.,z,1). The
complement ofZs-closed set is called a generalized I5-open
set (simplyzg-open).

For an ideal topological semigroup (X.z1), the set of
all Ié?-closed sets in X denoted by _I;C(X »T)and the set of
all If—open sets in X denoted byIfJ O(X, 7).

> Example 3.2.
In an ideal topological semigroup (X5z1), where X =
{abc},

t={0X}1={0,{a}}and = {0, X {b,c}}
T:C(X,7) = P(X)

And

L:0(X,7) = P(X)

g9

» Theorem 3.3.
Every I°-open set is an Ig*-open set.

Proof. Let A be an I*-open subset of an ideal
topological semigroup (X.z,1). Then X—A is I*-closed set.
Hence X — A = sCI(X — A) € U whenever X —Ac Uand U

is open set. That is,A is I.E;—open set[]

The converse of Theorem (3.3), no need to be true. In
example (3.2),{a} 18 Z;_open set but it is not I°open set.

» Corollary 3.4.
Every I5-closed set is an Ig*-closed set.

» Theorem 3.5.
Let (X.,z1) be an ideal topological semigroup. If (X7)
is a Ty2-space. Then everyI.r}cIosed set in X is I°-closed.

Proof. Let A be anZs-closed set in (X«,z1). Suppose
that A is not I>-closed set. Then there is at least x € |sCI(A)
such that x /€ A. Since (X 7) is a Tizspace then by Theorem
(2.6), {x} is an open or closed set in X. If {x} is a closed set
in X then X — {x} is an open set. Since x /€ A, we have A <

X—={x}.
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since”! 8 Zj-closed set and X —{x} is an open subset
of X containing A, we get SCI(A) € X — {x}. Hence x € X —
iSCI(A) and this contradiction, because x € SCI(A). If {x} is
an open set then it is 1°-open set. Since x € ;SCI(A) we have
{x}NA 6= @. That is, x € A and this contradiction. Hence A
is I-closed set in (Xs,z1). O

» Theorem 3.6.
Let (Xsz,1) be an ideal topological semigroup. Every g-
open set in (X.,7) is I4°-open set.

Proof. Let A be a g-open set in (X;z). Then X—A is g-
closed set. Hence X—A = CI(X-A) € U whenever X —Ac U
and U is open set. Since SCI(X — A)  CI(X —A), we get
iSCI(X —A) < U whenever

X —A c Uand U is open set. Therefore X — A is ;.
closed set. That is 4 15 Z5-open set. O

The converse of Theorem (3.6,) no need to be true. for
Example,

» Example 3.7.
In a ideal topological semigroup

(X%z,1), where X ={ab,c}, = {0,X,{a,b}},1 =
{0.{a}} and = = {0,X,{b}.{a,b}.{b,c}},

{b,c} is anI?j—open set and it is not g-open set, because
U = {a,b} is an open set in (X;7) and {a} < U but CI({a}) =
X*U.

» Theorem 3.8.

If A is anZs-closed set in an ideal topological

semigroup (X,zI) and B is a closed set in (X7z) then
AN B is I ¢josed set.

Proof. Let U be an open subset of (X,z) such that ANB
C U. Since B is closed set in (X,z) we obtain U U (X — B) is
an open set in (X7). Since A is anZo-closed set in X and A €
U u (X—B)soon IsCI(A) € Uu (X—B). Hence

IsCi(4 N B) € IsCi(4) N CI(B) C sCi(4) N CI(B)
= LsCHNBCS[UuX-B)]NB
c UNBCU

Thus, A N B is Z;_closed set. O

» Theorem 3.9.
For any x € X in an ideal topological semigroup
(X«,z 1), either the set {x} is I*-closed or the set

X A} s Z)_closed in (X.,3,1).

Proof. If {x} is not I>-closed set in (Xs,z1) then {x} is
not closed set in X and so X —{x} is not open set in X. Then
the set X is only open set in itself containing {x} and hence

SCIX —{x}) € X. Thatis,X — {1 5 Zj_closed in (X.,z,1). O
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» Theorem 3.10.

A subset A of an ideal topological semigroup (Xs,z,1) is
Ig°-closed if and only if for each x € ;sCI(A), CI({x}) N A 6=
@.

Proof. Suppose that A is anZa-closed set in X+, 1) and
X € SCI(A) be any point. Let CI({x})NA = @. Since CI({x})
is a closed set in X we obtain X — CI({x}) is an open set in X.
Since A € X —CI({x}) and A is Ig>-closed set we get SCI(A)
€ X—CI({x}) but this contradicts with x /e X-CI({x}). Hence
Cl({x}) N A6=0.

Conversely, suppose that for each x € ;sCI(A), CI({x})
N A 6= @ and U be any open set in X such that A € U. Let x
€ 1sCI(A). Then CI({x})NA 6= @. Then there is at least z €
Cl({x}) andz € A. Then z € CI({x}) and z € U. Since U is an
open set in X we get {x} N U 6= @. Hence x € U and so

IsCI(A) < U. Hence,”! @ Zj-closed set. OJ

» Theorem 3.11.

A subset A of an ideal topological semigroup (X-,z,1) is
an I.i;—open set if and only if F < sInt(A) whenever F < A
and F is closed subset of (X;7).

Proof. Let A be anIE;'—open subset of X and F be a
closed subset of (X,z) such that F € A. Then

X —Ais Z] closed set, X— A S X — Fand X — Fisan
open subset of (X,7). By Theorem(2.14), we get X — sInt(A)
= 8CI(X — A) € X — F, that is, F < isInt(A).

Conversely, suppose that F < sInt(A) where F is a
closed subset of (X;z) such that F < A. Then for any open
subset U of (X,7) such that X — A € U, we have X —U € A
and X —U < sInt(A). Then by Theorem(2.14), X — isInt(A) =
sSCI(X—A) c U.

Hence X — A 18 7] closed. That is, 4 15 Zg -open
set.]

» Theorem 3.12.

If 4152 closed subset of an ideal topological
semigroup (X.,z,1) then |sCI(A) — A contains no nonempty
closed set in (X 7).

Proof. Suppose that SCI(A)-A contains a nonempty
closed set F in (X 7). Then

F < sCI(A) — A < isCI(A).

Since A € sCI(A) we have F € X —Aand so A € -
closed set and X—F is an open subset of (X;z), we conclude
iSCI(A) € X — Fand so F € X — sCI(A). Therefore

F < sCI(A) N (X—sCI(A)) =0

X —F. Since Ais I

And so F = @. Hence sCI(A) — A contains no
nonempty closed set in (X;7). O
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> Corollary 3.13.
If A is anZg-closed subset of an ideal topological
semigroup (X7 1) then SCI(A)— A is anIg-Open set.

Proof. By Theorem (3.12), sCI(A) — A contains no
nonempty closed set in (X.z) and it is clear that @ <
sInt(sCI(A) — A) then by Theorem (3.11), IsCI(A) — A is an

IE‘I-open set in (X,,7,1). O

» Theorem 3.14.

If A is anZo-closed subset of an ideal topological
semigroup (X.z,1) and B < X. If

A € B < sCI(A) we obtain® 18 an Zj_cjogsed set.

Proof. Let U be an open set in (X,z) such that B < U.
Then A € B < U. Since A is an Ig*-closed set then ;sCI(A) S
U. Since B < sCI(A) then

IsCI(B) < isCI[isCI(A)] = isCI(A) < U.
That is, B is an Ig*-closed set in (X, z,1).C

> Theorem3.15.

Let A be anZs-closed subset of an ideal topological
semigroup (Xsz,1). Then A = IsCl(sInt(A)) if and only if
iSCI(isInt(A)) — A is a closed set in (X,7).

Proof. Let sCI(;sInt(A))—A be closed set in (X,z). Since
isInt(A) € A and A < sCI(A), we conclude IsCI(isInt(A)) <
iSCI(A). Then sCI(isInt(A)) — A < sCI(A) — A, this implies
IsCI(isInt(A))~A € X—A = A € X—(isCI(isInt(A))-A).

Since A is anZs-closed set and X=(sCI(sInt(A))— A) is
an open set in (X;z) containing A,we have IsCI(A) € X —
(isCI(isInt(A)) — A), this implies

IsCI(isInt(A)) — A € X — sCI(A).

Therefore,

IsCI(isInt(A))—A < sCI(A)N(X —isCI(A)) = .

Hence isCI(isInt(A)) — A = @, that is, IsCl
(isInt(A)) = A.

Conversely, if A = sCI(sInt(A)) then IsCI(isInt(A))-A
= @ and hence ;sCI(isInt(A))— A is a closed set in (X;7). O

V. PRODUCT AND RELATIVELY

For a bitopological semigroup (X«,z,p) and a subset A
of X, the zp-closure set of A is defined as the intersection of
all p-closed sets containing A and it is denoted by ,,CI(A).
The zp-interior set of A is defined as the union of all zp-open
sets of X contained in A and it is denoted by ,,Int(A).
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»  Definition 4.1.

A subset A € X is said to be I,closed set in a
bitopological semigroup (Xs,z,p) if 7pCI(A) < U whenever A
€ U and U is open subset in (X,z). The complement of I,-
closed set is said to be I,,-open set.

» Lemma4.2.
For a subset of an ideal topological semigroup (X,z1),

e .CI(A) = sCI(A).
o Int(A) = sInt(A).

Proof. It is clear from the definitions.

» Theorem 4.3.

A subset A € X is anZs-closed set in an ideal
topological semigroup (Xs,z1) if and only if it is I.4-closed
set in bitopological semigroup (X-,z,7).

Proof. It is clear from the definitions and Lemma (4.2).

» Theorem 4.4.
Let Y be an open subspace of an ideal topological
semigroup (Xs,z,1) andAC Y . If

A is anZo-closed set in (Xs,7,1) then A'is Lyyqy closed set
in bitopological semigroup (Y.,zlv,zly).

Proof. Let O be an open subset in (Y,z]v) such that A <
0. Then O =U N Y for some open set U in (X;z) and so A <
U. Since Ais an Ig*-closed set in (X7, 1), we get SCI(A) € U.
By Theorem (4.3) and Lemma (4.2), zziClly (A) = sCI(A)|v
(A) = sCI(A)NY c UNY =0.

Hence A is Iy -closed set in (Y.,z

Y, TIlY ) . D
» Theorem 4.5,

Let Y be an open subspace of an ideal topological space
Xs,gl)and A € Y . If Ais lgry -closed set in bitopological
semigroup (Y. zlv,zly) and Y is I>-closed set in (X,z1) then

A'is I closed set in (Xs 1 1).

Proof. Let U be an open subset in (X;7) such that A € U.
ThenAc UNYandUNYisopensetin (¥,z]y). Since A is
a lyray -closed set in bitopological semigroup (Y., zly,zly ), we
get -Clly(A) €U N Y. Since Y is an open set in (X;z) and Y
is an I°-closed set in (X,z,1) we have By Theorem (4.4) and
Lemma (4.2),

IsCi(4) = IsCiA N T) € sCiA) N sCIT)
= IsCl(4) N T=35Clls (4) = Clls (4)
cCUNYCSU

Henced ¥ Zi-closed set in (X.,z1). O
» Lemma 4.6.

Let (X.z,1) and (Y.p,1°) be two ideals topological
semigroup. If A € X'and B € Y then the following hold:
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o X@X,10)Int(AXB) = ;sInt(A)x,0sInt(B).
o X@*X,10)CI(A x B) = ;sCI(A) x ,0sCI(B).

Proof. 1. Let (X,y) € (xp)(eixpi0)INt(AXB). Then
(A=B)(U=I) C (=T )N{U=Y )= (4ANUxT )= 0= =0 by
the definition there is at least one a (z x p)(z1 X pi0)-open set
U x1 in bitopological semigroup (X« X Y.,z X p,7i X p|0) such
that (x,y) € U x | € A x B. Then by Theorem (2.9) Ais an I*-
open set in (X.,z,1) and B is a I*-open set in (Y.,p,1°). So x € U
C Aandy €l € B. Then x € isInt(A) and y € \0sInt(B). This
implies (x,y) € sInt(A) x 10sInt(B). Therefore

(X @*,10)Int(A x B) < isInt(A) x 0sInt(B). Similar,
IsInt(A) % 10sInt(B) S :X,)@X,10)Int(A x B).

2. Let (x,y) €/ sCI(A) x 0sCI(B). Then x /€ IsCI(A) or y
/€ 0sCI(B). If x /€ ;sCI(A) then by Theorem (2.9) there is an
I5-open set U in (X.,7,1) containing x such that A N U = @.
Then by Theorem (4.3) U is a rr-open set in bitopological
semigroup (X«,z,7) containing x and Y is a pp0-open set in
bitopological semigroup (Y.,p,pi0) containing y. Hence U x Y
is a (zzi)(ppi0)-open set in bitopological semigroup (X.xY.z
xp, 71 Xpi0) containing (x,y) and Then by Lemma (4.6),
ISCI(A)*,0sCI(B) = (:X,)zix,10)CI(AXB) S U1xUs>.

This implies, 1sCI(A) € Uz and isCI(B) < U.. Hence A is
an Zo-closed set in (X+z7,1) and B is an Zg-closed set in
(Yo,p.19.

Conversely, suppose that A is an 's*-closed set in (X.,z,1)
and B is Ig*-closed set in (Y.,p,1°). Let U1xU, be an open set in
(XxY,txp) and U;xU, € A x B. Then Uy is an open set in (X;7)
and Uz is an open set in (¥,p) such that U; € A and U, € B.
By the hypothesis, sCI(A) < U;iand sCI(B) < U,. Hence by
Lemmas (4.6) and (4.2),

(fxp)(ﬂx/)'O)Cl(AXB) = |SC|(A)X|OSC|(B) c UxU,.

Hence AxB is luxp)@xp0)-closed set in bitopological
semigroup (X«x Y.,z X p, 71 % p)0). O

This implies (X,Y) €/ (xp)@x0)CI(A x B). Therefore
X2)@%,10/CI(A x B) < sCI(A) x ,0sCI(B).
Similar,
iSCI(A) x (0sCI(B) S (:%,)@*,10/CI(A x B).

» Theorem4.7.

Let (Xsz,1) and (Y.p,1° be two ideals topological
semigroups. A subset A x B © X X Y iS lgxp)ixp10)-closed set
in bitopological semigroup (X« % Y.,z X p,71 % p0) if and only
if Ais an Ig*-closed set in (X.7,1) and B is an Ig*-closed set in
(Y., 19.

Proof. Suppose that AxB iS luxp)eix:0)-closed set in

bitopological semigroup (X« xY.,z Xp,71 Xpi0). Let U; be an
open set in (X;z) and U, be an open set in (Y,p) such that U; <
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A and U, € B. Then U;xU; be an open set in (XxY,7xp) and
UixU; € A x B. Since A X B iS i) @ixpi0)-closed set in (X. x
Y.,z X p, 11 X pi0) we obtain (zxp)(z1xpl0)CI(A x B) € Ul xU2.
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