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The Concept of Global Baseline Matrix and of
Baseline Matrices Associated with Elements of M(r,c)
Subsets of Complex Matrix Spaces of Order m by n,
Where m#n

Debopam Ghosh

Abstract:- The present article introduces the concept of Global Baseline Matrix associated with M(r,c) subsets of Complex
Matrix spaces of order ‘m’ by ‘n’, where m#n. It then presents a mathematical scheme to define subspaces of the
corresponding Matrix space using elements of M(r,c) subset that are involved in computation of the Global Baseline
matrix. The article next introduces the concept of “Local Baseline Matrix”, i.e. the Baseline matrix associated with an
element of the M(r, ¢) subset and finally develops the concept of Fundamental subset associated with an element of M(r, c)
subset.

Keywords:- M(r,c) subsets of Complex Matrix spaces, Global Baseline Matrix of M(r,c) subsets, Baseline Matrix of elements of
M(r,c) subsets, Spacer Matrices associated with Complex Matrix spaces, Discrete dynamical systems, Markov Matrix, Hadamard
Product of matrices.

Notations

e N denotes the set of all Natural numbers
C denotes the set of all Complex numbers
e M., (C) denotes the Complex Matrix space of Matrices of order m by n

e R(A) denotes the Global Mass Factor associated with the matrix A, _,
e [ isthe numerical realization of the R(A) Factor
e C(A) denotes the Global Alignment Factor associated with the matrix A,

e C isthe numerical realization of the C(A) Factor

. |C| denotes the modulus of the complex number C

e C" denotes the complex conjugate of the complex number C
o {|el>,|e2>,....,|em>} denotes the standard Orthonormal basis in C™ and {| f1>,| f2>,....,| fn>} denotes the standard

Orthonormal basis in C"

1 1 v,
1 1 v,
s Amy=p ] dm= V= VRN v W
_1 dmx1 _1 -nx1 _VS sx1
. |3=[b,j]mm,<v||3|vv>=Zl‘d_lbijv;wj
1=l J=

e M(r=rf,c=C¢) is a subset of the Complex Matrix space M _ _(C), characterized by the numerical values of the Global

mxn
Mass factor and Global Alignment factor, f and €, respectively.
e 'S’ denotes the Embedding Dimension associated with ordered pairs (m,n) and (n,m)

e X, denotes the Spacer Matrix associated with the Matrix space M, . (C)
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. f‘( ) denotes the complete transformation associated with the “Phase readjustment Algorithm” presented in [27]

o W™ denotes the Hermitian conjugate of the matrix \W
e W' denotes the Transpose of the matrix W
o U_ oV _  denotes the Hadamard Product** 231 of the matrices U and V of order m by n

e B, >0 implies B=Zmlzn:bxy|ex><fy‘ , Bisreal-valued and bXy >0,V x=12,....mandy=12,...,n

x=1 y=1

e B__ >0 implies B=Zmzzn:bxy|ex><fy‘, Bisreal-valuedand b, >0, V x=12,...,mand y=12,....,Nn

mxn = Xy —
x=1 y=1

e (R.)'=RR.)-(R,,) (ordinary matrix multiplication ‘A" times)
I INTRODUCTION

M(r,c) subsets of complex matrix spaces M, . (C), where m#n , are characterized by the Global mass factor ‘r’ and the

Global alignment factor ‘c’. In this article the concept of Global Baseline Matrix <G>mxn associated with a M(r,c) subset is
presented. The mathematical framework used in computation of the Global Baseline Matrix is then utilized to formulate subspaces
of the complex matrix space M _ (C) using elements of the M(r,c) subset to form appropriate spanning sets. The article
introduces the concept of local baseline in context of the framework and defines the Baseline Matrices associated with elements of
M(r,c) subset, this is followed by presenting the concept of the Fundamental subset FS(AM) associated with an element A
of the M(r,c) subset.

mxn

The formulation of the Global Baseline matrix, spanning sets for the subspaces of M (C) and the Local Baseline

matrices involves Markov type matrices © 13 3% and their powers, created from the singular values of the Spacer Matrix X

mxn

corresponding to the Matrix space M
8; =01, =0,¢; =1)

nxm (C) and accompanying Phase terms readjustment to ensure the compatibility criterion (

The article presents numerical examples at appropriate places to illustrate the introduced concepts and concludes with a
discussion on the presented framework and the features of the numerical illustrative examples.

1. MATHEMATICAL FRAMEWORK AND ASSOCIATED ANALYSIS

The following results, stated in [21], [22], [23], [24], [25], [26], [27], [28] provide the mathematical groundwork for the
concepts introduced in this article:

> AeM,_ . (C) , Azzmlzn:aij|ei><fj‘ ., @;=rC; , such that: aij;/:O'_)rijz‘aij"cijec"cij‘zl and
i=1 j=1
8; =01, =0,c; =1
> R(A)=Zmlzn:rij : C(A)=1EIILICij , we therefore have the following:
i=1 j=1 il j=1
R(A)>0,C(A) eC,|C(A)|=1VAeM,,,(C)
> M(r=fc=€cM_.(C),M(r=Ffc=€)={AeM
the condition: f>O,CeC,|C| =1
> L :Zmlzn:rij |ei><fj‘ » P :Zmlznlcij |ei><fj‘ . wehave: A =X oD,
i=1 j=1 i=1 j=1
> s=max(m,n)+|m—n|, wehave: m=n > s*>mn

m=n mn(C)|A=0, . R(A)=F,C(A) = C} , Where we have
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The Analytical Expressions of the Markov type matrices [> 9 3 %1 P(X) and Q(X) generated from the Spacer
Matrix[242526281 X' associated with the Matrix space M. (C):

e case(m<n):

> rank( X,.,) =M
S
> singular values (In non-increasing order) of X _ - 0'1:\/_ , O, =..=0, =1
m.n
> o7 =Zay
y=1
.
o,
> . . —n
| Px Y = {( -) ( ) (GT)}
:
> _ no, no, . no, 1 1 . 1
9c)ea [(GT[Zn—m]) (aT[Zn—m]) (aT[Zn—m]) [2n-m] [2n-m] [2n-m]

e case(Mm>n):

> rank( X,,.,) =N
S
> singular values (In non-increasing order) of X @ o, = , O, =...=0, =1
! Jm.n ?
> o7 =ZO‘Y
y=1
>|p>=(m0'1)(mo'2) (man 1 1 1 '
X o.[2m-n]" ‘o [2m-n]" o.[2m-n]" [2m-n] [2m-n] ' [2m-n]
T
o,
> oy ). = {( ) ( ) : : (—”)}
Ot

Therefore, we have the following for both cases (M<n andm>n):

> [ Px)20p  [0x)20,, . (M py)=(nay)=1
1
> [P(X)]mxm:|pX><m|+(m)[lmxm_|pX><m|]
1
> [Q(X)]nxn=|qx><n|+(m)[lnxn_|qX><n|]

The Analytical Expression of the Global Baseline matrix <G>mxn associated with M (r =f,c=¢) :

We consider M(r=Ff,c=€cM__(C), >0, ¢eC, |(|=1

men (

> 2(0),., —ZZ(—)|E <f ‘ , @©0),.., _ZZexp(+—)|e >< y‘ here ‘i’ is the imaginary unit, i.e.

x=1 y=1 m.n x=1 y=1
i?=—1, wehave & €[0,27) suchthat: exp(+ig) = ¢

> We define the matrices S, and T, as follows:
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Sy = GG XP(H(ED), ... Xp(+(M - D))

T.., =diag[1, exp(+i(%z)), e EXP(+Hi(N —1)(%[))]

(m.n)

(D)= () 2 PO 0 RO, T

> It <z>m><n >0, then <CD>mxn :[Smxm](m-”) ((D(O)mxn)[-rnxn](m.n)
> |If <Z>mxn >0, then <CD>mxn :f‘([smxm](m.n) ((I)(O)mxn)[-l-nxn](m.n))

> <G>mxn = <Z>mxn 0<CD>mxn , clearly <G>mxn eM(r=r,c=¢)

Numerical Example:  (Determination of the Global Baseline Matrix associated with M(r=2,c=1) , Where
M(r=2,c=1)cM,,(C)

: lei, o,=1
J6

Ol ol
O|N O

wWIN wlN

0.554294 0.387628 0.387628
Q(X)=|0.237372 0.404039 0.237372 ...(upto 6 decimal
0.208333 0.208333  0.375

A4

(x) | 0683608 0516837
| 0.316497 0483163, ,

3x3
places)

S,., =diag[1, (-1/2)+ (\/§/ 2i] , T,,=diag[L,—11] , here ‘i’ is the imaginary unit, i.e. i’ =1

1 1 1
CD (O) 23 = 1 1 1
2x3

\4

\4

2(0) 23~

Wik Wik
Wik Wk
Wik Wik

2x3

. (@) 111 5), = 0.567953 0.352993 0.311449
26701 1 1, 2310353565 0.219933 0.194107

} ...(upto 6 decimal places)
2x3

[0.567953 0.352993 0.311449

> (G = to 6 decimal pl
Gz 0.353565 0.219933 0.194107L3 (upto 6 decimal places)

Subspaces of M __(C) generated from elements of M (r =F,c =€) Subset:

mxn

Wehave: M(r=Ff,c=€6)cM,__(C), F>0, CeC ,|¢|=1

t=0,12,... , te{O}UN , The Recursion Model is as follows:

> (V) =[PX)mn] E0) ) [RX) ] t=1,2,3,.....
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> 1f Z(t),,., >0, Then O(t),.. =[S,,..] (@), )T...]' .
It 2O 20, Then D), =[Sl (@) )T, ]) - t=123,...

mxn —

> G(t),,., =2t),,, o P®),., » t=012,..., te{O}UN , clearly G(t),,eM(r=f,c=C€) Vte{0}UN

> V(t)=span(G(0),.,...G(t),..) . V(t)cM__(C) , t=012,..., te{0}UN
Numerical Example:

We consider: M (r=2,c=1) =M, ;(C) , then we have the following:

111
3 3 3
> G(O)Zx?;: ’ V(o):span(G(0)2x3)
111
3 3 3l
0.531971 -0.351613 0.316756 )
> G@),,= . . ) ... (upto 6 decimal
-0.177198+0.306916i  0.117121-0.202860i —0.105511+0.182750i |, .
places)

V(D) =span(G(0),.5, G(1),.5)

0.569356 0.353086 0.311288 }
...(upto 6
2x3

> G (2)2><3 = H 1 i
—0.176813-0.306250i —0.109651-0.189921i —0.096671-0.167438i
decimal places)

V(2) =span(G(0) .5, G(1) 5,3:G(2),..5) and so on.

The Analytical Expression of the Baseline Matrix A associated with matrix A € M(r =Ff,c=¢):

mxn

Wehave: A eM(r=Ff,c=¢), f>0, €eC, [¢|]=1, A, =5,,°P

> T =[P ] ErIQ(X) ]

> IfX >0, Then @
If i 2 0 ’Then (T)mxn :f(smxmq)mannxn)

mxn —

XN = Smxm(D T

mxn " nxn

> z\T1><n = i"m><n o(T)mxn ! clearly 'E\nxn € M (r = f,C = é)
The Fundamental set FS(A,,,) associated with matrix A, , A, €M(r=rf,c=¢):

We consider the following:

> ClAZ (A e = AC ) + AC ) HAV(E). ), 220, 220, (2)20, 2+2+(2)=1

> 1f G142, (A)pn >0 , Then <c1>> =@

mxn
mxn
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If (£] 2, 2,(A)) e =0, Then <ci>> =F(@®,.)

> FS(Avn) ={Avn €M, (O)| Ay = B1 AL (4D, o( D)
FS(A,,) SM(r=F,c=¢)

,/1ZO,ZZO,<A>20,2+Z+<2>21} clearly ,

Numerical Examples:

1 0 O
0 1 0

. 1o o} o _{1 1 1}
2x3 T ! 2x3 T
0 1 0], 11 1],

[0.579202 0.371067 0.250071
... (upto 6 decimal places)
10.362720 0.270344 0.166596 3

} , A ,eM(r=2,c=1) , Wehave the following:
2x3

Sl

1 -1 1 .27 U . . o 2
23 = , Where @ =exp(+i—) |, here ‘i’ is the imaginary unit, i.e. 1 =—1
6 -0 6 |, 3

_ 0.579202 -0.371067 0.250071
As= . . ) ... (upto 6 decimal places)
—0.181360+ 0.314124i 0.135172-0.2341251 —0.083298+0.144276i 3

2 0 0
2. B,;= , B, €M(r=2,c=1) , We have the following:
0 0 0],

2—200 @_111
700 0, |11 1],

[0.757724 0.324490 0.284793
1 0.350864 0.150255 0.131874

M

23 =

} ... (upto 6 decimal places)
2x3

_ 1 -1 1 .2 o L L2
D,, = , Where @ = exp(+i—) , here ‘i’ is the imaginary unit, i.e. 1° =—1
o -0 0 |, 3

_ 0.757724 —0.324490 0.284793 )
B,;= . . . ... (upto 6 decimal places)
-0.175432+0.3038581  0.075128-0.1301251 —0.065937 +0.114206i |, .
-i 0 0
3. D= ) , D,;€M(r=2,c=1) , We have the following:
0 +H 0 |,

2_{100} q)_{—il 1}
2x3 T ' 2x3 T -
0 1 0], 1 +Ho1
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_ _{0.579202 0.371067 0.250071
2x3

... (upto 6 decimal places)
0.362720 0.270344 0.166596 3

- -1 -1 1 .27 Y L L.
D, = . , Where @ =exp(+i—) , here i’ is the imaginary unit, i.e. I° =—1
% -6 0 | 3
_ —0.579202i —-0.371067 0.250071 (Upto 6 decimal places)
= ... (Upto ecimal places
#3 1.0.181360+0.314124i  0.234125+0.135172i —0.083298+ 0.144276i o P P

. DISCUSSION AND CONCLUSION

The present article introduces the concept of Local and Global Baseline in context of M(r,c) subsets of Complex Matrix
spaces M (C). Each element A, . belonging to the M(r,c) subset is associated with an M(r,c) element A_ , which is

mxn xn !

defined as the “Local Baseline Matrix™ or the Baseline Matrix of A . The M(r,c) subset is associated with a set element

<G>mxn, which is defined as its “ Global Baseline Matrix” , it can be observed that starting with the initiator matrix pairs

(2 Do) and (2(0),,,.,, P(0) ) Markov matrices P(X), .., Q(X),., and their
powers forming the appropriate propagator matrices various interesting mathematical structures can be generated from and out of
the M(r,c) subsets, in this category the article defines the iterated subspaces of M _ (C) generated using the

with matrix pair (S, T,

mxn? mxn ) ' nxn

mxn
{G(),,.,1t=0,12,...,|t e{0} U N} matrix sequence defined on the M(r,c) subset and introduces the concept of

“Fundamental subset” of elements belonging to the M(r,c) subset.

The Numerical llustrations demonstrate the above mathematical formulations using the M (r = 2,¢ =1) subset of the

matrix space M, 5(C). It can be observed that the three different numerical realization A, , , B, ;and D, ,are associated

with numerically different local baseline matrices which are also numerically different from the global baseline matrix associated
with the M (r = 2,¢ =1) subset. Under appropriately defined proximity measures, these numerical separations can be quantified
and utilized in numerical/computational studies involving the M(r,c) subsets and its associated mathematical structures.
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