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I INTRODUCTION

We introduce the notion of norms over finitely
generated commutative ring over field F.Also we give the
concept of right and left invariant of the ring over field F.

1. PRELIMINARIES

A. Definition

A group is a set of together with an operation * that
combines any two elements a and b from another elements
denotes a*b or ab. The set and operation (a,*) must satisfies
four requirements

Closure: Foralla,beGa*be G

Associative: a, b, ceG (a*b)*c=a*(b*c)

Identity element: e*a=a*e=a

Inverse element: For eachain G, there exists an
element b in G, commonly denoted a*

B. Definition

A semigroup is a set S together with a binary
operation F:SxS-S that satisfied associative property for
all a,b,c €S (a*b)*c = a* (b*c).

C. Definition:
If Ill: G — [0, +0) is a group-norm if it satisfy the
following condition

Ll gi*=g, IS g1 11 +1 go |l
2. g, I> 0 with || g, II=0 iff g,=e

3 git =Nl gy liforallgi,g:€ G

D. Definition:
If I'l: G —[0,+0) is said to be an abelian norm if ||

9192 1=1 g9: Il forall g,,9, €G
E. Note:

Let G= (A, e,.) be a finite abelian group. Then ||a|=log
ord(a) is a group norm.
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F. Definition

If (G,IIll, &) is said to be right variant it satisfy
d:GXG—R by dg(g:.9,)= gi' * g2 I forall g, ,9, € G
where d denotes the distance function .

G. Remark:
The product of finite sequence of normed groups is a
normed group.

1. MAIN RESULT

A. Definition:
A vector space V with a ring structure and a vector

norm such that for all v,weV,
LI vwll [<lviliwll

2. lIv*wIIIVI+IT wil

3.If V has an additive identity 0 such that || 0 [|=0

4.1f V has a multiplicative identity 1 such that |[1]=1,
alsollvll = 0 with [IvlI=0 iff v=e, || v~ [I=]lvI|

B. Note:

The field of real number R is a normed ring with
respect to the absolute value.
The field of complex number C is a normed ring with
respect to the modulus.

C. Definition:
A ring norm is said to be commutative norm if its
satisfy ||ry 7 ||=||ry. 72 || for all ;7 €R

D. Lemma:
If II'll:R,, =»(—0,+0) by Il a ll,,..= Mmax{a, n-a}, a€
R, then (R, lIll , e, +,%)is a normed ring.

> Proof;
(i) Let a,be R, since |l a+ b llpe= max{atb, n-
(a+b)} then,
max {a+h, n-(a+b)} <max {a, n-a} +max {b, n-b}
I @+ b llnax SIa lpmaxtll b llpax
sl a+ b llmax <N @ llpgx Il b gy
I ab o= max {ab, n-ab} <max {a, n-a}. max {b, n-
b}<llall [[bll
(if) If max {a, n-a} >0 for all a€ R,, and max {a, n-
a} =0ifand only if a=e=0
(iii) Let a€ R, we have [l @™ ll,qx=Il 1 — @ ll;pgx
I n—a lle,=max {n-a, n-(n-a)}
=max {n-a, a}

=l a lmax
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Hence | @™ g =l @ g
(R, IIll , e, +) is a normed ring
Obviously,
(R,,, Il , e,%) is a normed ring
s (R, Il , e, +,) is a normed ring.

E. Definition:

If (R,II:Il,e,*) is said to be right invariant if d:RxR—
R by dg(ry,r,)=|lr; * ;7| where r,7, € R where d
denotes the distance function.

F. Definition:

If (R,II:Il,e,*) is said to be left invariant if d:RXxR— R
by d(r;,1,)=|Ir, * r,7*|| where r, r, € R where d denotes
the distance function.

G. Lemma:
If R=(B,IIll, e,.) is right and left invariant with respect
to [x,y] and [y,x] then
()dg(xy. yx) =0 iffxy=yx
(i)dg(xy, yx) =dg(yX, Xy)
(ii)dg((xy)a, (yx)a) =dg(xy, yx) for any acR
(iv)Let a=[x,y] b=[p,q] c=[s,t] then d(a,c)<d(a,b)+d(b,c)

» Proof:
By 3.4 definition,
d(ry, )=l 1y * 71|
Let dg(xy. yx) =0
To prove that xy=yx
dr(xy. yx) =l xy = (yx)~H I

O=lixy *x 1y~ |
0 =lxx~Lyx Ly Lyy Tt
O=lel
e =0then
Xy=yX
conversely
Xy = yX
to prove that
dg(xy. yx) =0
dr(xy. yX)= dg(yx. yX)
=l yx = ()~
=llyx *x~ty =1 |
=ly (x*x~ Dy~
=l yy~ti
=l ell
=0
(ii) dr(xy. yx) =lixy * (yx)~*
=lxy*x 'yt
=lyx *y~tx7t
=lyx * (xy)~t I
=d (yx.xy)
(iii)dg ((xy)a, (yx)a) =ll(xy)a*[(yx)a] I
=li(xy)a*(x*y™*) a*l
=li(xy)a* a* (x*y*) I

=l(xy) (@* a*) (x'y™) Il
=N(xy). (xty ) I
=N(xy). (yx)I

= dg(xy. yX)
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iv)let a=[x,y] b=[p,q] c=[s.t]
d(a,c)=lla*c!
=lla.excl
=lla.(b*b™) *c |
=lla*bL. b*c|
<lla*b|I+llb*c|
=d (a.b) +d (b.c)
d(a,c)<d(a,b)+d(b,c)
Hence proved

» Remark:
If R is a commutative normed ring if and only if

dr(xy , yx) =0=d,(yx , yx) for all x,ye R

H. Lemma:

Direct product of two commutative normed ring over
F (R lller™) and (R II°ll,,e2 @) is a commutative
normed ring over F with respect to a norm define an Rings
(Ry,*)and (R,,®)respectively.

» Proof:

Let R; X R,={(u;.u,) /ui€ Ry, w2€ R, } define a
norm on R, X R, by norm |lull=(u,.u,)||=||usllz+Null2,
u=(u;.u2) € Ry X R, (by 3.1(2)definition)

i)let u. ve (R, X Ry) then u= (u;.u,), v= (v;.v,) with
u,, v, € Ryu,,v, ER,
luvil=Il(uy. u;)(v1. v2) |l
=N(uy * vy), (up.v2) |l
=|| (ul * Uy "1 +ll (uz-vz) II2
<N(uy) Nt (vy) Natli(uy) l2+li(v,) 1l2)
= ((ug) Na+li(uy) N2) +(H(vy) Natl(vy) Nl2)
=l (ug u)lll (g v2) |l
=lfull + vl
Hence lluvii<liull+livll  for all u, v€ R; X R,
Obviouslyll uvll Il ullll vIi
ii) Letu € R, X R, then u= (uy.u,) with u; € Rju, €R,
Since R, and R, are normed ring over F
We know that [[ull>0 and [lull=0 if and only if a= (e;.e;)
iii)Let u = (U1, U2)ER1XRy, then
lu = (ua™ uz™) I
=lluzla+luz
=llualla+lluzllz
ui=lull

Hence direct product Ri1XR; is a normed rings over F.

Now we have to prove that if it is finite and commutative.
Let Ry and R, be a normed ring over F and (R,lI"ll;, e))where
i=1,2,3.... n can be written as

ln=1 Ri = Ri1XRyXx.... Ry

1 R;={(us, Uz.... Uy) where ui€R; for each i}
The algebraic operations [[L;R; for uve[[L,R; is
defined component
uv=(Uz,Uy,...un)(V1,V2,....vn)=(U1V1,U2V2,...un,Vn)  define a
norm for the finite product of normed ring over F []-, R;as
follows.

lull = Nl(u1, Uz...un) II = lluglls+liuzllz+.... llusll, Where
ui€R; for each i
(Ry, IIIl, ;) where i=1,2,3...n is also normed ring over F.
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. Analogy:
The product of finite sequence of normed ring (Ry, IIll
,8i) is normed ring over F.

J. Theorem:

If R is a Finitely generated commutative ring over F
then R=Z'X Z, XZ,, X...... X Zy, for some positive
integers r such that ni>n,> ....ns>2 and ni«|n;. Also it is
unique.

K. Analogy:

Let R be a finitely generated commutative normed
ring over F. then there exists norm [-llon R such that (R,
lI-11) is a normed ring over F.
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