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Abstract:- Process of electrical contact heating can be
described in spherical model of temperature
distribution in electrical contacts introducing by R.
Holm. In this research two phase spherical Stefan
problem is considered and solution represented in series
for integral error function and heat polynomials with
undetermined coefficients. All coefficients are founded.
Series convergence is proved by condition of constant
temperature on the free boundary.
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I INTRODUCTION

Heat flux entering into electrical arc with radius
smaller than <107 distributed radially in spherical field and
at initial time liquid zone starts boiling at electrical spot and
on free boundary liquid zone and solid zone has melting
temperature. The free boundary can be calculated by
Stefan’s condition, you can see more detail in [1], [2]. Such
one problem is calculating temperature distribution in
liquid and solid zones in modeling electrical contact
phenomena [3]. Solution of such like problems can be
found by separable variable method based on radius and
time. In this research, Integral Error Function series is
representing the solution of spherical problem which satisfy
the spherical heat equation. To calculate the temperature of
zones, two calculation algorithms will be developed. The
first of them is based on the integral method of heat
balance, where Integral Error function act as basic
functions. It will be used in the calculation of heat of zones.
The second method, based on the asymptotic approach, will
make it possible to analyze the beginning of the process of
softening and melting of the contact material. The similar
approaches considered in researches [4]-[7]. The
mathematical model, which will be used to study the
problems of heat and mass transfer with phase transitions,
is based on the representation of the solution in the form of
linear combinations or series of Integral Error function and
heat polynomials that a priori satisfy the differential
equation.
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1. PROBLEM FORMULATION

The heat distribution in liquid and solid zones can be
modeled spherically as follows:

224,22

1
ot an’ r arj’ a()<r<p(), t>0, (1)

00, .[ 00, 206,
= +===2| Bt)<r<o, t>0, (2
o ( or* ror AU
at initial time we have
6., =0, ©)
0,|_, = f(r) (4)
subjected to free boundary conditions
1|r=a(t) = On: ©)
006, (6)
A2 =Q
o |—aq
where o P®)  and
27a” (t)
o |r:ﬂ(t) =0, |r:ﬂ(t) =0, ()
the Stefan’s condition
0 0% 1,88 @
o lep o lep dt

at infinity condition we get
6,|,_ =0 9)

Where P(t) — a function of heat flux and ¢ _is a

melting temperature of electric contact material. The heat
spread in the solid is negligible because of the physical
properties of contact material. This condition is valid for
refractory metals like wolfram.
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11. PROBLEM SOLUTION

i u _

To solve this problem, we use 9:?+9m and r=x to
reduce linear simple heat equation problem (1)-(9) as the
following

% =a’ a;’il , at)<r<pt), t>0, (10)
%:azz%, B(t) <x <o, t>0, (11)
x=a(t): u(a),t)=U,, (12)
~A {a(t) %—ull " =F;+t[) : (13)
x=pM:  u(Bl),)=u,(B) 1)=0, (14)

the Stefan’s condition

_ a _ __ N, _ + AL dﬂ

ap0Siou] alpofon] rou g
(15)

and at infinity

U, (o0, t) =0, (16)

at initial condition

t=0: u(0,0)=0, 17)

u,(x, 0) = f(x). (18)

Let analytic functions at initial time and at boundary
condition can be written as expanded form of Maclaurin
series

PO=3 "0, =y T O (9
and

a)=2 al?, pO=Y AL

The solution of (10)-(18) can introduced as the following
form

uy (X, t)=an0 Ay, (23,41)” {iz“erfc 2;3_1)\(/'[— 2nerfc 2a1\/_}

" < e \/{2n+1 i2"arfc —X i2"arfc
2; Ansl22l) { 2a4t ZQJ}

(20)

+C,i"erfc ——=

u,(x, t) = Z (2a,4t)" {Blerfc
(21)

Where A, , A, .., B, and C_ coefficients must be

founded. Using Hermit’s Polynomials, we represent (20) in
the form of Heat polynomials:
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o n 0 n
ul(X’ t) = z Aan X2n_zmthZn,m +z AZn+lZ X2n_Zrm—lthZnJrl,m
n=0 m=0 n=0 m=0

(22)
From condition (12) we get expression by making
substitution \/t =7

z Aznz [a(T)]Zn—thman'm + z A2n+lz [a(r)]zn_2m+1thZn+1,m =lJm
n=0 m=0

n=0 m=0

By using multinomial coefficients of Newton’s Polynomial
we have

2 n 2n—2m
Z A2n Z alslazszll.aik12(31+252+...+ksk+m)
2n-2m

n=0 S +8p+.. 45 =2N— Sll Szy ---Sk
2 n 2n-2m+1
S . S: 2(sl+25 +o.Aks+m)
+Z A2n+l Z alaZ 0! : * _Um
= S +8y+... 48 =2n-2m+1 Sll Szl ---Sk

(23)

To get recurrent formula for finding A, ., we take

both sides of (23), 2k-times derivatives by taking as 7 =0,
by using multinomial coefficients we can obtain the
following expressions.

n-1 21-1 2l-n-

Z AZ Z C2n m[4|]ﬁ2n m + Z AZn Z 2n, m+2(n—|)[4|]ﬁ2n,m+2(n—l)

n=1 m=0 n=I+1 m=0

+A4Iﬂ4l,2l [4|] + z A2n+1z C2n+1,m[4|]ﬂ2n+l,m

2l-n

+Z A2n+lz C2n+1 ,m+2(n-1)- 1[4|]ﬁ2n+1 m+2(n-1)-1 =0

n=l+1
(24)
if k=2l and for k =2l +1

1+1 2141 2l-n+1

Z A2 z C2n m[2(2| +l)]ﬁ2n m + z A2n Z C2n m+2(n-| I)[2(2I +1)]ﬂ2n m+2(n-1)

n=I+1

+ A1 By 2221 +1)] + Z A2n+1z Conanl2@1+ D185

n=1 m=0
2l-n

+Z A2n+lz Cona me2(n—1)- S22 +l)]ﬂ2n+1 me2(n-1)-1 =0

n=I+1

(25)

Thus A, ., coefficient are found explicitly and can be
expressed from (24) and (25) where C,;[41] or
C, ;[41 +2] are multinomial coefficients.

From condition (13) with making substitution Jt=1

2n-2m-13) .
0 n atoy? ..ok
A | @)D Ay (2n-2m) > S5 Sy S ) L 2K

n=0 m=0 Sy +8p+.. 48 =2n-2m-1 2(5,+25y+...+ks, +m)
o+ Hksy
3 ﬂZn m
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n 2n—2m
+A, 0 (2n-2m+1) ( J n
m=0 Pyt Pott P=2n-2m p1’ pz """ pk

—{gAzn Z (2n—2m

Sy +8y+.. 45 =2N-2m

s 2(sl+23 +..4ks, +m)
al az ak ? X ﬂZn‘m
Sy Syr Sk

(26)

n 2n-2m+1
s, Sk - 2(8;+25;+...+ks, +m)
z ( ooy ..ot 2 By

Sy +8p+... 45 =2n-2m+1 511 SZY ...Sk

+z AZ n+l
n=0

o (n)
POO)
=~ 2zn!

If we substitute expression (23) into (26) then we get

x n

_ﬂ'l a(r) Z A2n

n=0 m=0

2n-2m-1
atay ..o

(n-2m) Y [sl,sz,..., s,

Sy+Sp+. 48 =2n-2m-1 2(s; 428, +..+ks, +m)
2+ +ks
3 ﬂZn,m

y 2n-2m
+Azn+lz(2n*2m +l) ( ]alp]azpz"'akpkTZ(pl+2p2+'+kpk+m)ﬂ2"+1vm:|
Pt Pott Py =2n-2m Pys Pyyeees Py
N (O) Zn
— U -
m] ; 2zn!

@7)

Since P(t) function is analytic and can be expanded
into Maclaurin series we can easily derive recurrent

formula for A2n by taking both sides of expression (27) 2k

and 2k+1 times derivatives and equate coefficients of both
sides

_PPo 2k]-(2n-2
27[21(2k)'a » (;AZ %Can[ n-— m ﬂZn m]
2k-n
( glAz ZOCZn m+2(n—k) 1[2k] 2(2k n- m+1) ﬁZn ,m+2(n—k) 1j

k n-1
_(Z AZn+lZCZn+1,m [Zk] (2n +1_ Zm) ' ﬂ2n+1,mJ+
n=1 m=0

2k-1 2k-n-1
[ Z A2n+1 z C2n+1m+2(n k) [Zk] ( (Zk —-n- m)+1)'ﬁ2n+1,m+2(n—k)]

n=k+1

_A4k+1 " Vak+1,2k [Zk] ' ﬂ4k+1,2k
(28)

P(2k+1) (0)
27(2k +1) !0(2“1

2k+1 2k—n+1
[Z AZn Z Can+2(nk1 [2k+1] 2 2k n-— m+2) ﬂan+2n kl)J

n=k+2

(kiAz”Zcm[ZkH] (2n—2m). ,Banj

n=1 m=0

[ZAZnHZCZm-lm 2k+1] (2n+1 Zm) ﬁ2n+lmj

=1

2k-n
[ z A2n+l Z C2n+1 m+2(n—k) 1[2k +1] ( (2k -n- m)+3)'ﬂ2n+1,m+2(nk)1j
n=k+1

_A4k+3 *Mak+3,2k+1 [Zk +1] ! ﬂ4k+3,2k+1
(29)
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PO (S S 2] (2n-2m) i |

27[(2k)|a2k n=1L m=0

2k-1 2k—n
+( Z A2n z C2n,m+2(n—k)—1 [Zk] . 2(2k —n-m +1) : ﬂZn,m+2(nk)1j

n=k+1 m=0

k n-1
+(z A2n+1202n+1,m [Zk] (Zn +1- 2m) . ﬁﬂw—l,mj_
n=1 m=0

2k-1 2k-n-1
z A2n+1 Z CZn+1m+2(n k)[2k] ( (Zk_n_m)+l)'ﬂ2n+l,m+2(nk)j
n=k+1

+A4k+1 “Cypan 2k [Zk]‘ﬂ4k+1,2k} / ZCAk,Zk—l[Zk]'ﬂ4k,2k—l
(30)

P(2k+1) (O)
Ak =V 5 o T
272k + Dy,

2k—n+1
[Z AZn z C2nm+2(n k- 1)[2k+1] 2(2k n- m+2) ﬂan+2(n k 1))

n=k+2

+[Z AZn+1ZCZn+1,m [Zk +1](2n +1- zm)'ﬁZMLmj_

n=1 m=0

(kiAZnanm[Zkﬂ] (2n—2m). ﬂanj

=1 m=0

2k-n
z A2n+1 Z CZn+1 m+2(n—k)-1 [Zk +1] ( (Zk —n-— m) + 3) . ﬁ2n+1,m+2(nk)1j
n=k+1

+A4k+3 : CAk+3,2k+l [2k +1] : ﬂ4k+3,2k+1} / 2C4k+2,2k [2k +1] : ﬂ4k+2,2k
(31)

And from condition (14) for x= £(t) and u,(x,t) we can
determine the coefficients of «(z) in non-linear equation.

By using L'Hopital's rule for (14) we can introduce the
property of Integral Error Function

. i'erfc(—=x) 2
lim———==—
xom nl
yields

. . X 2
lim(2ayt)i"erfc| - ——= |=— X"
Ho( \/_) ( Za\/fj n!

Then we get

1
B,== f™(0
=5 170

To calculate coefficient C , at first, we use Leibniz

rule. Then we have

o [2"*z"i"erfc B] 2"k

«n  (32)
Py r=0" kon)! [i"erfc 5]

Faa-di Bruno’s formula and Bell polynomials for a
derivative of a composite function gives us the following
form
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0% [i"erfe(+5)] R m
= 0" 2, (i"erfc(x£)) 50
B nn(B'(@), B"(1), s BV

(33)

R Rl Jken-mit
1 2 ﬂS M k-n-m+11

—-m!
where B, =Y - .(k r.1).

' Jl l Jz . "'Jk—n—m+1 '
and j, J,, .. satisfy the following equations

jl + j2 ot jk—n—m+1 =m
+2j,+..+(k-n-m+D)j . ..., =k-n

and for m>n we have

r ( n-m +1j
[i"erfc(+ )™ |,_o= (-D)"i" "erfcO = (F1)" 2 )

(n—m !)\/;
(34)
From (14) for x = g(t) and u,(x, t) we have

r n—m+1]
Kk f(n)(o) 2 k= ( 2 .
nZ:0: 2 '@ ! mz (n-my'Jr

r(n m+1j
I ﬁknmﬁZC " X Z"(—l)“72~

(k=m! & (n-m) !z

11 ! Jz !'"kanf

(k—n)!
. Py kjiin"jn*h:O
zh Vi Vb mlﬁﬂ ’
(35)

From this expression we get coefficient

k-n r( 2
n)! m:l( P nomidE
k—n). b A

Z ( h Bl Jen-ms1

n-m +1j
f (0)(2)1/2

C,=- jl ! J2 !'"jk—n—m+1 ! 12 Pken-ma
n r ( n—-m +1)
k—n 2
l/2+1 l L2 )
@ (k- n)lml( ) R
» (k=n)! Co
. I 1 2 P n—mat

jl I JZ - "'Jk—n—m+1 -
where

Let a =a, =1 (it is always possible by substitution
r=a’t)
To calculate coefficient of S(z), we use Stefan’s condition

(15) , making substitution Jt=7 and using condition (14)
and above expression (15) we reduce to following
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1 aU 1 aul B .
250 o [x=p@ " @ o x=p PO
(3)

By making both sides of (36) k-times derivatives at 7 =0
we have

A { o u,, (B(x), f)/)”(r)]}

or* =0
K 4 (37)
» {a L (6. 17 (r)]} AU
where
U (B(z), 7) = X= A() and i=12

Finally we have following recurrent formula from (15)

B, :ii(Zj{iw[(_D"Bn

L7 p=0 n=0 (k - p_n) !
k—p-n _ 1 Rk . Jk-p-n-ms1
. Z in,merfcﬁlz ( p) ﬂl ﬂ p-n-m+1 +
m=1 Jl ! JZ " "'Jk—p—n—m+1 !

k—

p-n ] I 2". Jk-pon-ma
+Cn Z i" merfc( ﬁl)z .p) ﬁl kpnmﬂ}}

m=1 ' Jz - "'Jk—p—n—m+1 I

(38)
k—p-n n !ﬂh jz'" Jnomaa
( 1) m+ _ l. 2 . n-m+1 }_
{ z ! Z Jl I ]2 !'"Jn—m+1!

A { 0 [u, (B(z), 1B (z) }

Ly or* 7=0
where
|:ak[U1x (:B(;-)nk‘[)]ﬂil(f) :| _ [ZI: AZn & Con [2| ] 2n 2m) ﬂzn . j
T n—1 m=0
( Z A2 Z:n C2n m+2(n-1)-1 [2|] 2 2' n- m+1) IBZn m+2(n-I) 1)

+ (Z A2n+1z C2n+l‘m [2| ](Zn +1_2m)'ﬁ2n+1,m j+
n=1 m=0
21-1 2l-n-1
( Z A2n+1 Z CZn+1 m+2(n-1) [ZI] ( 2k_n_m)+l).ﬂ2n+1,m+2(n—l)j

n=l+1

+A4|+1' 4141,21 [ZI]'ﬂ4I+1,2I

if k=21 andfor k =21+1
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Mu, (B@). D) | (&, & . ol cong e B
|: 6Tk :| - (; Aan=0 C2n m [2| +1] 2n 2m) ﬂzn m j nZ:[;Cn (Zt) |:| erfC—\/_:| <

B

L@ { "erfc 2\/Ei| .
I § 21+1]-(2n+1-2 CZZ; <ZZ(;t_'
+(Z A2n+1ZC2n+1,m[ + ]( n+1- m)'ﬂmﬂ,mj n= (2to)n |:i2nerfc l"lO :l n= 0

( z A2n+1z CZn+1 m+2(n-1)-1 [ZI +1] ( ( _m)+3)‘ﬂ2n+1.m+2(nl)l]

21+1 2l-n+1
+( Z AZn Z CZn,m+2(n—I—1) [2| +1]'2 (2| _n_m+2)'ﬂ2n,m+2(n|1)j

n=l+2 m=0

2
n=1+1

These are geometric series and the series for u, (x,t)
+A4|+3 “Ya143,2141 [2I +1]‘ﬂ4l+3‘2|+1 . .
converges for all X<|,, while the series for u,(x,t)

Finally, by making summary we can see that converges for all x>, and t<t,. The series B(t) can be
coefficients A, A, C, and coefficients of free estimated similarly from the equation (38).
boundaries a(t) , #(t) can be described from (12)-(15).
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following:
Let A(t)) =W, for any time t =t,. Then the series
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