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Abstract:- Let A be any ring and f(xy) = f(x)y+xha(y),
where f be any generalised inner derivation(G.1.D ) a be
the fixed element of A.

In this paper, it is shown that (i) ha must
necessarily be a derivation for semi prime ring A. (ii) 3
no generalized inner derivations f : A — A such that

f(xey) = Xey
or
fxey)+xoy = OVXYEA,

We have proved Havala [2] def. p.1147, Herstein
[3] Lemma 3.1 p. 1106 as corollaries, along with other
results.

l. INTRODUCTION

We have defined the G.I.D. of a ring. “Let A be any
ring. An additive mapping f: A — Ais said to be G.I1.D if

f(xy) = f(x)y + xha(y)

where ha: A —> Ay — [ay] V X,y € A, fixed element a
€ A,” Let G|D(A) be the set of all G.1.D of A into itself. We
prove that f(xyz) = f(x)yz + xha(yz), V,x,y,z € A, f € GID(A).

In Theorem 2.2, we have shown that ha must
necessarily be a derivation on A where A be any semi prime
ring. In Corollary 2.3, replacing haby d, we get Havala [2]
def. p-1147 of Generalized derivation. In Corollary 2.5
replacing f by d, we get Herstein [3] Lemma 3.1, P-1093.

Keywords and phrases. G.1.D, semi prime ring, 2 torsion
free semi prime ring, Unity.

A. In Theorem 3.2, we have proved that 3no G.I.Df: A —
A such that

f(x>y)

f(xoy)+xoy = OVXY€EA

Xey
or

and x e y = xy + yx. , For any 2 torsion free semi prime
ring A with identity .
Finally in Theorem 4.1 we have proved that

(1+H())[xy]+[a,[x,y]] = 0 for any non-zero ldeal K of A
with unity.
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» Generalized Inner Derivation
In this section, we study the G.1.D in a ring.

Definition 1.1. (Generalized Inner Derivation): An
additive mapping f : A — A is said to be G.I.D if f(xy) =
f(x)y + x[a,y], for fixed elementa € Aand vV x,y € A

We are taking the definition as
f(xy) = f(x)y + xha(y)

where
ha: A— Ay — [a,y] is the inner derivation.
Let G|D(A) be the set of all G.1.D of A into itself.

Lemma 1.2 If f € GD(A). Then f(xyz) = f(x)yz + xha(yz),v
X,¥,Z € A.
Proof. Now
f(xyz) = f(xy)z +xy[az],
= (fy + x[ay])z + xy[a.z]
= f(x)yz + x[a,y]z + xy[a,z]

= f(x)yz + x(ay — ya)z + xy(az —
za)

= f(x)yz + xayz — xyaz + xyaz —
Xyza

= f(x)yz + x(ayz — yza)

= f)yz +x[ayz]

f(xyz) = f(yz + xha(yz)
Hence proved.
B. Inthis section, we take A be any semi prime ring.
Definition 2.1. (Semi prime ring) : Let A be any ring.
Then A is said to be semi-prime ring ifxax=0vVa e A =x

=0

Now A = semi prime ring has the following property:
“IfAa=0,a€Athena=0"

This result is used in Theorem 2.2.
Theorem 2.2 Let A be any semi-prime ring and f be a

generalized inner derivation of A. Then h,; must
neccessarily be a derivation.
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Proof. Now

f(xyz) = f(x)yz + xha(yz). 1)
Also

f(xy)z + xy ha(2)
(F()y + xha(y))z + xy ha(2)

f(xyz)

= f(X)yz + xha(y)z + xyha(2)(2)
From (1) and (2), we get

X(ha(yz) — ha(y)z — yha(2)) = 0 ©)
Now

fx(y+2) =10y +2) +xha(y +2)

=ty + f(X)z + xha(y +(4)

2).
Also
fixy+2) = fxy+yz)
= f(xy) + f(x2)
=ty + xha(y) + f(x)z +(5)
Xha(2)
From (4) and (5), we have
X(ha(y +2) = ha(y) —ha(z)) = 0 (6)

Since A is semi prime ring and if Aa=0Thena =0, a € A.
= From (3) and (6), we have

ha(yz) — ha(y)z — yha(z)
ha(y + 2) — ha(y) — ha(2)
= h(yz) = ha(y)z + yha(z) ha(y + z) = ha(y) + ha(2)

Hence h,is a derivation. Hence proved.

Corollary 2.3 f(xy) = f(x)y+xha(y) where h, is a
derivation replacing ha by d, we get Havala [2] def. P.1147
of Generalized derivation

Corollary 2.4 Havala [2] result is also proved. “Let A
be any semi prime ring. Then f(xyz) = f(xX)yx + xyd(x) +
xd(y)x V X,y € A
where f is generalized derivation of A. ”

Corollary 2.5 Replacing f by d in Corollary 2.4, we
get Lemma 3.1
P.1106 of Herstein [3]
d(xyz) = d(x)yx + xd(y)x + xy d(x)

C. In this section, we take A be any 2 torsion free semi-
prime ring.

Definition 3.1. Let A be any ring which is 2 torsion

free and also semi prime. We define
Xey=Xy+yxVvxyeA
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Theorem 3.2 Let A be any ring which is 2 torsion free
and also semi prime with Identity 1. Then 3 no generalized
inner derivation f : A — A such that
f(xey) =XoyVXYEA
orf(xey)+xey = 0.

Proof. If possible, let 3 a generalized derivation
frA—>Astf(xey)=xeoy

orf(xey)+xey = 0V xy€EA.
Now
fixey) = xey
or
f(xey)+xey = 0
Puttingy =1
> f(xel)=x-°1 or f(xe1)+x°1=0
=>fxX+x)=x+x or f(x+x)+x+x=0
= f(2x) = 2x or f(2x)+2x=0
= f(2x) = 2x or f(2x)=-2x
= f(2x) = £2x V x € A&A is 2-Torsion free.
Now xy + yx = Xoy==xf(xeoy)
= zf(xy + yx)
= (=(xy +yx)) (v fx e y) =—(x°y) xy +yx
= F(xy +yx)
= 2(xy +yx) = 0
=>Xoy = 0

Since A is 2-Torsion free
=>x=0
Now

Xey = 0

=>Xeo(x+1) = 0 (Takingy =x+ 1)

= 2X = 0

=X = OVXEeEA

which is a contradiction ( -+ Identity is 1).Hence our
supposition is wrong.
So, 3 no generalized inner derivation f satisfying
fixey) = Xxey
or

f(xoy)+xey = 0 VXy€eEA

Hence proved.

D. In this section, we take A be any ring with unity and we
consider non-zero Ideal of A

Lemma 4.1 Let K 6= {0} be an Ideal of A with unity
and f be a
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G.1.D of A. Then Vv x,y € K satisfying xy + f(xy) = yx + f(yx)
(1 +f(1)xy] + [a[xyl] =0

Proof.

xy + f(xy) = yx + f(yx)

= xy + f(x)y + xha(y) = yx + f(y)x + yha(x)

= xy + (f(1)x + 1ha(x))y + xha(y) = yx + (f(1)y + 1ha(y))x +
yha(x)

= xy + f(1)xy + axy — xya = yx + f(1)yx + ayx — yxa

= (xy —yx) + f(L)xy — f(1)yx + axy —xya—ayx +yxa=0
= [xy] + f(1)[x,y] +a(xy —yx) — (xy —yx)a=0

= [xy] + f(1)[xy] + alxy] — [x,y]a=0

= [xy] + f(1)[xy] + [a,[xy]] =0

= (1 +f(1))[x,y] + [a,[x,y]] = 0 Hence proved.

1. CONCLUSION

We showed that for any Ring A which is semi prime ,
hais a derivation . We also proved Havala [2] def. p.1147,
Herstein [3] Lemma 3.1 p. 1106 as corollaries of our
results.
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